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ÈÅÙÑÇÔÉÊÁ ÈÅÌÁÔÁ

ÈÅÌÁ 1ï ¸óôù K Ýíá óþìá êáé Ýóôù V Ýíáò K-äéáíõóìáôéêüò ·þñïò. Íá áðïäåé·èåß üôé Ýíá ìç êåíü õðïóý-

íïëï A ⊆ V åßíáé ãñáììéêþò åîáñôçìÝíï åÜí êáé ìüíïí åÜí õðÜñ·åé Ýíá ðåðåñáóìÝíï õðïóýíïëï

{v1, . . . ,vn} ⊆ A, ôÝôïéï þóôå ãéá êÜðïéïí i ∈ {1, ..., n} ôï vi íá ãñÜöåôáé ùò ãñáììéêüò óõíäõáóìüò

ôùí vj , j ∈ {1, ..., n}r{i}.

ÈÅÌÁ 2ï ¸óôù üôé ôï K åßíáé Ýíá óþìá êáé üôé ïé U1, U2 åßíáé äõï ãñáììéêïß õðü·ùñïé åíüò K-äéáíõóìáôéêïý
·þñïõ V. Íá áðïäåé·èåß üôé ïé äéáóôÜóåéò ôùí U1 ∩ U2, U1, U2 êáé U1 + U2 óõó·åôßæïíôáé ìÝóù ôïý
áêïëïýèïõ ôýðïõ:

dimK(U1 + U2) + dimK(U1 ∩ U2) = dimK(U1) + dimK(U2).

(Íá èåùñçèåß ùò ãíùóôü ôï üôé êÜèå ãñáììéêüò õðü·ùñïò åíüò K-äéáíõóìáôéêïý ·þñïõ äéáèÝôåé Ýíá

óõìðëÞñùìá åíôüò áõôïý.)

ÈÅÌÁ 3ï ¸óôùüôé ïé V,W åßíáéK-äéáíõóìáôéêïß ·þñïé (K ôõ·üí óþìá) ìå ôïí V ìç ôåôñéììÝíï êáé üôé ôïB ⊆ V

åßíáé ìéá âÜóç ôïý V.Íá áðïäåé·èåß üôé ãéá ïéáäÞðïôå áðåéêüíéóç θ : B −→W õößóôáôáé áêñéâþò Ýíáò

ïìïìïñöéóìüò f ∈HomK(V,W ) ìå f |B = θ.

ÈÅÌÁ 4ï Íá äéáôõðùèåß ôï èåþñçìá ìåôáöïñÜò ïìïìïñöéóìïý óå åðßðåäï ðçëéêï·þñùí êáé íá áðïäåé·èåß ìÝóù

áõôïý ôï 3ï èåþñçìá éóïìïñöéóìþí (K-äéáíõóìáôéêþí ·þñùí, üðïõ K ôõ·üí óþìá).

ÈÅÌÁ 5ï Íá äéáôõðùèåß êáé íá áðïäåé·èåß ôï èåþñçìá ôùí Cayley êáé Hamilton (ãéá ôåôñáãùíéêïýò ðßíáêåò).

ÈÅÌÁÔÁ ÓμÅÔÉÆÏÌÅÍÁ ÌÅ ÔÉÓ ÅÖÁÑÌÏÃÅÓ

ÈÅÌÁ 6ï ¸óôùK Ýíá óþìá êáé Ýóôù n ∈ N. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÅÜí ϕ0 (X) , ϕ1 (X) , . . . , ϕn (X) ∈ K[X]≤n ìå deg(ϕi (X)) = i, ∀i ∈ {0, 1, . . . , n}, ôüôå ôï óýíïëï
{ϕ0 (X) , ϕ1 (X) , . . . , ϕn (X)} áðïôåëåß ìéá âÜóç ôïýK-äéáíõóìáôéêïý ·þñïõ K[X]≤n.

(ii) ÅÜí a ∈ K, ôüôå ôï Ua := {ψ (X) ∈ K[X]≤n|ψ (a) = 0K} åßíáé Ýíáò ãíÞóéïò ãñáììéêüò õðü·ùñïò
ôïýK[X]≤n.

(iii) ÅÜí a ∈ K êáé ψ0 (X) , ψ1 (X) , . . . , ψn (X) ∈ K[X]≤n ìå ψi (a) = 0K , ∀i ∈ {0, 1, . . . , n}, ôüôå ôï
óýíïëï {ψ0 (X) , ψ1 (X) , . . . , ψn (X)} åßíáé Ýíá ãñáììéêþò åîáñôçìÝíï õðïóýíïëï ôïýK[X]≤n.

(iv) ÅÜí a ∈ K êáé b ∈ Kr{0K}, ôüôå õðÜñ·ïõí ãñáììéêþò áíåîÜñôçôá ðïëõþíõìá

ϕ0 (X) , ϕ1 (X) , . . . , ϕn (X) ∈ K[X]≤n : ϕi(a) = b, ∀i ∈ {0, 1, . . . , n}.

ÈÅÌÁ 7ï Äßäïíôáé ïé ïìïìïìïñöéóìïß f : R[X]≤3 −→ R, ϕ (X) 7−→ f(ϕ (X)) :=
R 1
−1 ϕ (x) dx, êáé

h : R[X]≤3 −→ R3, ϕ (X) 7−→ h(ϕ (X)) := (ϕ(−1), ϕ(0), ϕ(1)) ,
üðïõ R[X]≤3 := {ϕ (X) ∈ R[X]| deg(ϕ (X)) ≤ 3} .
(i) Íá ðñïóäéïñéóèïýí ïé ðßíáêåò ðáñáóôÜóåùòMB

E0(f),M
B
E (h) ôùí f êáé h, üðïõ

B := ¡1,X,X2,X3¢ , E 0 := {1}, E := ((1, 0, 0), (0, 1, 0), (0, 0, 1)) .
(ii) Íá áðïäåé·èåß üôé Ker(h) $ Ker(f).

(iii) Íá äïèåß ï ôýðïò ïñéóìïý ôÞò ìïíáäéêÞò ãñáììéêÞò ìïñöÞò g ∈ ¡R3¢B ãéá ôçí ïðïßá éó·ýåé g◦h = f.
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ÈÅÌÁ 8ï ¸óôù V Ýíáò ôñéóäéÜóôáôïò Zp-äéáíõóìáôéêüò ·þñïò, üðïõ p êÜðïéïò ðñþôïò áñéèìüò, êáé Ýóôù
f ∈ EndZp(V ) ìå ðßíáêá ðáñáóôÜóåùò

MB
B(f) =

⎛⎜⎝ [2]p [2]p [1]p
[1]p [3]p [1]p
[1]p [2]p [2]p

⎞⎟⎠ ∈Mat3×3(Zp)

ùò ðñïò êÜðïéá äéáôåôáãìÝíç âÜóç B ôïý V. Ãéá ðïéåò ôéìÝò ôïý p åßíáé ï f áõôïìïñöéóìüò ôïý V ;

ÈÅÌÁ 9ï ¸óôù f ∈ EndR(R4) Ýíáò åíäïìïñöéóìüò ìå ðßíáêá ðáñáóôÜóåùò

MB
B(f) =

⎛⎜⎜⎜⎝
1 −1 1 0

1 0 1 −1
1 1 0 −1
2 −1 1 −1

⎞⎟⎟⎟⎠ ∈Mat4×4(R)

ùò ðñïò êÜðïéá äéáôåôáãìÝíç âÜóç B ôïý R-äéáíõóìáôéêïý ·þñïõ R4.

(i) Íá õðïëïãéóèïýí ïé éäéïôéìÝò êáé ïé éäéü·ùñïé ôïý f.

(ii) Íá áðïäåé·èåß üôé ï f åßíáé äéáãùíéïðïéÞóéìïò õðåñÜíù ôïý R êáé íá ðñïóäéïñéóèåß ôï åëÜ·éóôï

ðïëõþíõìï áõôïý.

(iii) Íá áðïäåé·èåß üôé f ∈ AutR(R4) êáé íá ðñïóäéïñéóèåß ï f−1.

ÈÅÌÁ 10ï Ãéá ïéïíäÞðïôå n ∈ N, n ≥ 2, ïñßæåôáé ï ðßíáêáò

An :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0 1

1 1 0 · · · 0 0

0 1 1 · · · 0 0
...

...
. . .

. . .
...

...
0 0 · · · 1 1 0

0 0 · · · 0 1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈Matn×n(R) ⊂Matn×n(C).

Ð.·.,

A2 :=

Ã
1 1

1 1

!
, A3 :=

⎛⎜⎝ 1 0 1

1 1 0

0 1 1

⎞⎟⎠ , A4 :=

⎛⎜⎜⎜⎝
1 0 0 1

1 1 0 0

0 1 1 0

0 0 1 1

⎞⎟⎟⎟⎠ , . . .

(i) Íá ðñïóäéïñéóèåß ôï ·áñáêôçñéóôéêü ðïëõþíõìï ôïýAn.

(ii) Ãéá ðïéåò ôéìÝò ôïý n åßíáé ïAn áíôéóôñÝøéìïò;

(iii) Ãéá ðïéåò ôéìÝò ôïý n åßíáé ïAn äéáãùíéïðïéÞóéìïò õðåñÜíù ôïý C;

(iv) Ãéá ðïéåò ôéìÝò ôïý n åßíáé ïAn äéáãùíéïðïéÞóéìïò õðåñÜíù ôïý R;

—————————————————

• Íá áðáíôçèïýí ôï ðïëý 3 èÝìáôá áíÞêïíôá óå ìßá åê ôùí äýï ðáñáôéèÝìåíùí êáôçãïñéþí èåìÜôùí
êáé ôï ðïëý 2 èÝìáôá áíÞêïíôá óôçí Üëëç. ÊÜèå ïñèþò áðáíôçèÝí èÝìá èá ëáìâÜíåé 2 ìïíÜäåò.

(Ôá õðïåñùôÞìáôá ôùí èåìÜôùí 6, 7, 9 êáé 10 åßíáé âáèìïëïãéêþò éóïâáñÞ).

• ÊáôÜ ôç äéÜñêåéá ôÞò åîåôÜóåùò óçìåéþóåéò êáé âéâëßá èá ðáñáìåßíïõí êëåéóôÜ.

—————————————————

ÊÁËÇ ÅÐÉÔÕμÉÁ!
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