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ABSTRACT. We introduce and analyse a finite volume method for the discretization of elliptic bound-
ary value problems in R2. The method is based on nonuniform triangulations with piecewise linear
nonconforming spaces. We prove optimal order error estimates in the L?-norm and a mesh depen-
dent H'-norm.

1. INTRODUCTION

We consider an elliptic boundary value problem of the form: Seek a function v : Q ¢ R? - R
such that

1 —div(AVu) +ou=f inQ,
(1.1) u=0 on 09,

with ©Q a bounded, convex, polygonal domain in R?, f € L?(Q2), A = (aij)?jzl a given real—
valued matrix function, a;; € C1(Q), 1 <i,j <2, and o a smooth, nonnegative, real function,

uniformly bounded in 2 by a constant 7. We assume that the matrix A is uniformly positive
definite, i.e., there exists a positive constant o such that

(1.2) T A(x)E > apeTe, VEER?, Ve

In this paper we will construct and analyse a finite volume method for the discretization of
(1.1). The method is based on the “classical” finite volume method, where we approximate the
solution of the problem by discretizing an integral formulation of the differential equation, on a
finite partitioning of 2. We will seek an approximation of the solution of the problem in a space
of nonconforming piecewise linear functions, the Crouzeix—Raviart finite element space, cf. [8].

Many researchers have analysed finite difference schemes constructed by a finite volume
method. For example, Morton, Stynes and Siili, in [14], [15] and [17], treat cell-vertex schemes
for convection—diffusion and hyperbolic problems on quadrilateral meshes. Also Siili, in [18], for
Poisson’s equation, Lazarov, Mishev and Vassilevski, in [12], for convection—diffusion problems
and Ewing, Lazarov, Petrova and Vassilevski, in [10] and [20], for second order elliptic equations,
analyse cell-centered schemes on quadrilateral and triangular grids.
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However, many researchers implement a finite volume method (called also box method or finite
volume element method) for elliptic partial differential equations using finite element spaces, see
for example Bank and Rose [1], Hackbusch [11], Cai, Mandel and McCormick [3] and [4], Schmidt
[16]. In these works the approximations of the exact solution are sought in the standard space
of continuous piecewise linear functions, on a given triangular or quadrilateral mesh. Based on
this given mesh they construct a dual partition of €2, consisting of starshaped regions, in some
cases overlapping, cf. [16], called boxes or volumes, having a one to one correspondence with the
vertices of the mesh. The convergence of the resulting scheme, in a mesh dependent or discrete
H'-norm, is proved then by assuming various properties (depending on the simplicity of the
elliptic equation (1.1)) for the initial mesh and the dual partition of boxes.

In the case of nonstructured triangular meshes, Bank and Rose, [1], analysed a finite volume
method, which they called box method, for the Poisson equation and for an elliptic equation of
the form (1.1), in the case A(z) = a(x)I, with I the identity matrix. They consider a nonuniform
triangulation of € satisfying the minimal angle condition, i.e. there exists a constant 6y > 0
such that all angles of the triangles are bounded below by 3. In order to construct the dual
partition of € they choose a point, zx, in each triangle K and connect it with the middle of
each side of K. The choice of zk is irrelevant for the analysis. However the extension of the
convergence proof in the case of less simple elliptic equations is not straightforward. Cai, [3],
analysed the same method with [1], for an elliptic equation of the form (1.1), with ¢ = 0. He
constructs the dual partition as in [1]. But the choice of the point zx inside each triangle is
important for the analysis. So he considers either the circumcenter, orthocenter, incenter, or
centroid of a triangle K. In order for the circumcenter and orthocenter to lie inside K, it is
assumed that all angles of the triangles are bounded above by 7. The convergence results of
[3] are based on establishing the uniform coercivity of an auxiliary bilinear form. Therefore the
convergence relies on giving sufficient conditions for this assumption to hold. In the case A =1
essentially no additional hypotheses are needed to establish this assumption, [3, Proposition 5.1].
In the case, however, of a general A this assumption is verified (in the case where the volumes
are constructed from circumcenters) provided that each triangle is either right or isosceles, [3,
Theorem 5.1]. Recently in [5] using a different approach than [3], we proved optimal order
H! and L? norm error estimates for (1.1), on triangulations satisfying only the minimal angle
condition.

In our analysis, we will use as an approximation space nonconforming piecewise linear ele-
ments on a nonuniform triangulation of €2 satisfying the minimal angle condition. The boxes in
the dual partition are again starshaped regions, but having a one to one correspondence with
the sides of the triangulation. We construct the dual boxes by choosing a point zk inside every
triangle K and connecting it with the vertices of K. We prove optimal order convergence results
in a mesh dependent H'-norm and in the L?-norm for the general problem (1.1), assuming only
the minimal angle condition. The choice of zg is irrelevant for the derivation of the H'-norm
error estimate. However, in order to prove an optimal order L?-norm error estimate, we assume
that the given function f is an element of H'(£2) and we choose zx to be the barycenter of K,
cf. Theorems 3.2 and 4.2.

A brief outline of the paper is the following. In section 2 we consider a family of nondegenerate
triangulations of €2 with a corresponding dual partition of boxes and we introduce notation. In
section 3 we consider a finite volume method for the approximation of the solution u of the
Poisson equation. The approximate solution up is a linear polynomial on every triangle of the
triangulation, not necessarily continuous on €. Then in Theorems 3.1 and 3.2 we estimate the
difference © —up in a mesh dependent H!-norm and in the L?-norm, respectively. The analysis
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FIGURE 1. A sample region V.. Left: The two triangles K¢ and K¢
with a common side e. Right: The box b, corresponding to side e (with
dotted lines).

in §3 is performed in order to introduce to the general case of equation (1.1). Indeed in §4
we consider a finite volume method for the approximation of the solution w of problem (1.1)
and in Theorems 4.1 and 4.2 we extend our convergence results to this case. In [13], Kossioris,
Makridakis and Souganidis use a similar method to construct finite volume approximations to
Hamilton—Jacobi equations.

2. NOTATION

Consider a bounded, convex polygonal domain 2 and a triangulation 7} of 2. Let hx be the
diameter of the triangle K € Tj, and h = maxger, hix. We assume that the family {Th}, ),
of triangulations is nondegenerate, i.e. there exists a positive constant g, independent of h, such
that, for every K € Tj,

(2.1) 0K = 0hk,

where by px we denote the diameter of the largest circle contained in K € T}, see, e.g., [2, p.
106]. This assumption is equivalent to the minimal angle condition, cf. [21].

Given a domain K C R?, denote by L?(K) the square integrable real functions over K, (-, )k
the inner product in L?(K), |- o and | - ||, x the seminorm and norm, respectively, of the

2 1/2
Lo I0lls = {2 ke, 0I5k}

1/2
and the seminorm |- [, ., vl , = {Dker, |v[§ x} / , s € N. Also with | - | denote either the

Sobolev space H*(K), s € N. Then, we introduce the norm || -

area of a region in R? or the length of a line segment, || - ||z the Euclidean norm on R? and also
the subordinate matrix norm.

Given a triangle K € T}, let Ej(K) be the set of the sides of K and Ej, = Uger, En(K).
Also, let EIM be the set of the interior sides of the triangulation T}, i.e. e € E* if and only if
e € Ej, and e is not part of 9§2. With each side e € Ei* we associate a region V., consisting of
the two triangles of T}, that have e as a common side, let T, (V.) be the set of the triangles of
V. and denote by m, the middle point of a side e € Ej, (see Figure 1).

We construct the dual partition of T3 in the following way. Consider an interior point zx
of K € T and connect it with line segments to the vertices of K. Thus we partition K into
three subtriangles, K., e € Ey(K). We denote this finer triangulation of £ by T} and for every
K € Ty, let Tj,(K) be the set {K € T}, : K subtriangle of K}. Now, with each side e € Eir we
associate a region b, that consists of the two triangles of ﬁ that have e as a common side and
let B= {b.: e € Ein}. Given also two triangles K1, K2 € T}, with a common side e € EIl, let
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FIGURE 2. The reference triangle K.

ne be the normal vector of K to e. Denote then K; by K¢ and Ky by K¢ (see Figure 1).
Also let b}, by € T), be bf = KT¢Nb, and b, = K~°Nb,.

Next, let .S}, be the nonconforming, piecewise linear finite element space consisting of functions
which reduce to linear polynomials in any K € T}, and are continuous at the points me, e € E}Ln,
cf. [8]. Also denote by SY the subspace {v € Sy, : v(m.) =0, e € Ej, \ Ei*}. Note that S, is
not a subspace of H(2). For any K € T}, let vx denote the restriction of v € S in K. The
functions ¢., e € E™, such that

(2.2) supp e = Ve, @e(me) =1 and @.(my) =0, VL€ B\ {e},

form a basis of S} (see, e.g., [19, p. 113]).

Consider now a reference triangle K with vertices (0,0), (1,0), (0,1). Let €1, e2 and e3, be
the sides of K , starting from the side opposite to the vertex (1,0) and continuing anticlockwise.
Also denote by m; the middle point of side €;, i = 1,2,3, and @;, i = 1,2, 3, the first degree
polynomial in K such that ©i(mj) = 65, 1,5 = 1,2, 3, (see Figure 2).

Next, let §(IA() = span{ @1, P2, P3}, and for e € Ep(K) denote by Ak . a linear transfor-
mation of K to K € Ty, such that me = Ag .m3. Also for z € K let Ak T = Gk, eT + bi e,
with ax . € GL(R?), br,e € R? and for a function v € 52 denote by Uk . the function of :9\([?)
defined by @\Kﬁ(a}\) = VK (A]gef).

3. THE POISSON EQUATION

As a motivation of the analysis of a finite volume method for a general elliptic operator A,
we study in this section the finite volume method for the simplest elliptic operator, —A. Thus,
we consider the problem: Seek a function u : Q C R? — R such that

(3.1) —Au=f inQ and uw=0 on 0,
with © a bounded, convex, polygonal domain in R? and f € L?(Q).
We formulate the finite volume method for problem (3.1) in the following way. Consider a

side e € EI" and the associated box, b.. Then integrating (3.1) over b, and using Green’s
formula, we get

(3.2) - - ds—/ fdx.



Having relation (3.2) in mind we formulate the finite volume method for (3.1) as: Find up € S}
such that

(3.3) - au—Bd —/fdx Ve € B

Obe

In order to show existence and uniqueness of the solution of (3.3), we will first prove some
lemmas that will be used in the analysis of problem (3.1) and also for the more general problem
(1.1). Consider now a triangle K € T}, and a side e € Ei* N E,(K). Let n. be the external
normal vector of K to e. According to section 2 we denote by K¢ triangle K and by K ¢ the
other triangle of T}, having e as a common side with K. Let now,

Ox | _ Oxk+e  Oxk--
One One one '

(3.4) Vx € S.

Lemma 3.1: Let K € Ty, e € E* N ER(K) and v € S)). Then,

ov ov
(3.5) [ da= _/e[ane] ds,

with ne the normal vector of K to e.
Proof: Let v € 52, KeTy, ec E}L“ NEL(K) and n. the external normal vector of K to e. Using
Green’s formula we have

0 0 0 0
(3.6) ”d_/ Ud+/ ”d—/[”}ds.
av. On oK+e ON oK —c On e [One
Combining now the relation above with the fact that Av = 0 over any K € T}, as well as over

K*e\ b, and K¢\ b, for any e € Ei*, we obtain (3.5). W

In view of Lemma 3.1 we can rewrite (3.3) as: Find up € SY such that

ou in
(3.7) /{%B] ds=/b€fd:n, Ve € B,

where n, is the external normal vector of K¢ to e, cf. (3.4) and Figure 1. We now define the
bilinear forms a,a@: (H'(Q) + S,) x (H*(2) + S,) — R by

a(v,w) = Z (Vu,Vw), and a(v,w) = — Z w(me)/ —ds.

! n
KeTy, GEE;LH Obe

Then, we can rewrite (3.3) as

(38) alup ) = X xme) [ fio

EZGE;LH e

Remark 3.1: In view of (3.8), the finite volume method (3.3) can be viewed as a Petrov—Galerkin
finite element method, where S2 is the approximation space and the piecewise constants on 5
are the test functions.
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Lemma 3.2: Let x,¢ € SY. Then,

(3.9) > ¢(me) /

in
eckEy

with ne as in (3.4).
Proof: Since 9 € 52, we can express it as a linear combination of the basis elements of 52,
U= EeeE;;“ (me)pe, and thus, in view of (2.2),

(3.10) a( )= Y (V. Vi) = Y w(me) Y (Vx, Vo)

KeTy, eEE;zn KGT}L(VE)

For e € E™ and x € S?, we have

_ _ [ % O
(3.11) Yo (Vi Vedg = Y /BK anFeds = Avcan%dﬁ[anj/e%d&

KeTy(Ve) KeTyn(Ve)

Since . is a linear polynomial on every side of K € T}, (V,), we get

(3.12) [ s = Wgutima), 8 € Uker, vy Ea(),
l

|¢| denoting the length of the side ¢. Therefore, combining (3.10)—(3.12) and (2.2) we easily
obtain (3.9). H

Existence: It follows easily in view of Lemmas 3.1 and 3.2.

Remark 3.2: The Galerkin/finite element method, using Sp as the approximation space is: Find
ug € S, such that

(3.13) a(ua, x) = (f:x)q, Yx € 51,

Thus, in view of Lemmas 3.1 and 3.2 we notice that the finite volume method (3.8) and the
Galerkin finite element method (3.13) reduce both to linear systems with the same matrix; they
only differ in the right—hand side terms. Motivated by this observation it is possible to take a
different approach in th error analysis that will be closer to the analysis of the finite element
case, cf. [5]. Note that a similar relation is not true for the general case of equation (1.1)
considered in §4.

Lemma 3.3: There exist positive constants C(o) and C,(0), independent of h, such that, for
every v € HY(K) and K € Ty,
2 ~ 2 12
(3.14) C‘UHK < |UKe’1RT <c 1‘”’1 KO
(3.15) and  Cyllvllg s < hicllTrcllo o < Cx 1015

where e € Ep(K) and o the constant in (2.1).
6



Proof: Let K € Ty, e € Eyp(K) and Ak . be a linear transformation of K to K with Me =
Ak ¢ms. According to [6, Theorems 15.1 and 15.2], and the notation introduced in §2, there
exists a constant C' independent of K such that, for all v € H(K), ¢ € N,

1l R - ,
ag Ve S letarel ol galPcel g Pl < ot ascel ™ ar e vl
|’af_(716|’R2 < CQI_(17 ||aK,e||R2 < Chg.

Obviously, |K| = 3|detak | and |K| < Ch%, where again by | -| we denote the area of a region
in R?. Thus in view of (3.16) and (2.1), we easily obtain

(3.17) 0lf < Co™?|0k.c

2 2 Oroll?
Lk and g < Chicllok el &-

Hence, the first inequalities of (3.14) and (3.15) hold. Using now the fact that |K| > |Bg| >
092]1%{, with By the largest circle contained in K, and similar arguments as before we obtain
the second inequalities of (3.14) and (3.15). W

Next, by simple calculations one can prove the following three lemmas.

Lemma 3.4: Let v € S(K); then
(3.18) o[} g = 2{(v(7s) — v())* + (v(7a) — v(2))*}. W

Lemma 3.5: There exists a constant C such that, for v € 52,

(3.19) Crlin< Y Y (wme) —v(me)) <CHof}, ®

KETy, e, LeEy (K)

Lemma 3.6: Consider a triangulation Ty, of a convex, bounded, polygonal domain 2, satisfying
(2.1). Then there exists a constant C(p), independent of h and e, such that, for every v € L?(£2)
such that v|x € HY(K) for every K € Ty,

(3.20) /aK Vs < C(e 2 hit oll2 e + V2 hiclol ), VK € Ty,

with € € (0,1).
Proof: According to [9, Theorem 1.5.1.10], there exists a constant C'(K') such that

(3.21) /(m w?ds < C (2wl g + Y2 wl} 5), Ywe HY(K).

Consider now a triangle K € Tj. Using then (3.21) and repeating similar arguments as in
Lemma 3.3 for a function v € H!(K), we see that there exists a constant C(p), independent of
K € 1Ty}, such that

/ vids < C(e™ i ollg i + " hiclvl i)
oK

Hence, we can easily see that (3.20) holds. W

In the sequel we state Proposition 4.13 of [19] as Lemma 3.7.
7



Lemma 3.7 (Discrete Poincaré Inequality): There exists a positive constant C' such that

(3.22) [vllg.0 < Clvly,, Vo€ Sp- ®

Next, we will estimate the difference © — up, in a mesh dependent H'-norm.

Theorem 3.1: Let u be the solution of (3.1) and up the solution of (3.3). There exists a
constant C, independent of h, such that

1/2
(3.23) IW—UMMh<C<§:h%W@K> '

KeTy
Proof: Combining (3.2) and (3.3), we have
(3.24) a(u —upg,v) =0, YveS).

Using now Lemmas 3.1, 3.2 and (3.24), we have for any y € S

(325) [V~ oy, < sup BN gy, B ZX0) g, Bl 00)
T ves? vl1p veSsy vlip ves? [l
v#£0 v#£0 v#£0

Next, applying the Cauchy—Schwarz inequality, Lemma 3.5, and Green’s formula, and using the
fact that x is a linear polynomial in K € T},, we have the following estimation for all v, x € S}

a(u — x,v)|* = Z v(m )/ M ds ’
X; D T
1 ou—x) , |
(3.26) I (wime) - v(mg))/ ANu—x) ;.
2 KeTy e leEL(K) Ob.NAb, an@

8 _
<clof, 3 (hx /8 Ky%”fdﬁhmgﬂ),

KETh

with n. denoting the external normal vector of b, € B. Consider next a triangle K € Tj,.
According to Lemma 3.6, for ¢ = 1/2 and u, x as above, we obtain

o(u—x) 2
(3.27) e [ [P0 P < (bl + = )

Next, consider the interpolation operator I : H2(2) — Sy, ITu(m.) = u(m.), for all e € Ej,.
Choosing now x = Iu in (3.25)—(3.27) and using Lemma 3.7 we get

1/2
(3.28) ru—uBul,hsc(||u—fu||ih+ 3 h%(|ur§,K) |
KeTy
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Finally, in view of a standard approximation property of I, cf., e.g., [7, Theorem 5],

2 2
(3.29) lu = Tulli ) < C Y hicluly &
KeTy,

(3.28) gives the desired estimate (3.23). B

Remark 3.3: It is well known that the Galerkin/finite element method, (3.13), satisfies a similar
H! norm error estimate, cf., e.g., [2, Chapter 8.3].

Denote now by P, the set of polynomials of degree at most u € N, in R?, and by MY, the
orthogonal projection operator from L?(G) onto P, G C R?, defined by

(3.30) /Gw/\/l’évds:/Gwvds, Yw e P,,.

Then, according to [8, Lemma 3], we have for K € T},

(3.31)

/gp(v — M%)ds

e

< Chiclely glol o Ve € Bu(K), Vi, v € H'(K).

In the sequel we shall use the fact that if v,w € H*(V) with V = K; U Ky, Ky, Ky € T}, and
OKiNOKy=ec€ Ey,, then

(3.32) /Vv -nqwds + /Vv “nawds = 0,

with n; the external normal vector of K; to e, ¢ = 1,2. Next, we will estimate the difference
u —up in the L2—norm.

Theorem 3.2: Let u be the solution of (3.1) and up the solution of (3.3). Assume that
f € HY() and that the interior point zx is the barycenter of K, for every K € Ty,. Then, there
exists a constant C, independent of h, such that

(3.33) lu = uplloq < CR?(lullyq + 1£]l10)-

Proof: We consider the following auxiliary problem: Seek ¢ € H?(Q) such that
(3.34) —Ap=u—ug inQ and ¢=0 on dN.

We will use the well-known estimate, cf., e.g., [9, Chapter 4],

(3.35) el < Cllu = uplly g

Using (3.34) and Green’s formula, we easily obtain

0
(3.36) ||u—uBH(2)Q:a(u—uB,go—v)+a(u—uB,v)— Z/ (u—uB)—(Pds, Vv e SY.
’ KeTy, oK on

In the sequel we will estimate the three terms on the right—hand side of (3.36). Obviously that

(3.37) a(w—up, 9 =) < llu—uplly o = vl o€ SY.
9



In view of Lemmas 3.2 and 3.1, (3.1) and (3.8), we rewrite the second term of the right-hand
side of (3.36) as

a(lu—up,v) = Z /M(Vu-nvds+ Z /Kfvdx— Z v(me)/befdx

(3 38) KeTy KeTy, eeE;LD
= Z / Vu-nvds+ Z / flv—Q))dx, YveSy,
KeT, 79K KeT, 'K
with
(3.39) QW)lx = > wvlmegk., KeTy,
eEEh(K)

where K, € ﬁ (K) and gg denotes the characteristic function of a set S C R?. Now, we will
estimate the first sum in the last relation of (3.38), compare to [8, (3.41)]. Using the definition
of the projection MY, (3.30), (3.32), the fact that vg+e(me) = vg—c(m.), for every e € Eil,
v e SY and u € H*(Q), we get

Z Z M2(Vu -n)vds = Z (/Mg(Vu-ne)vK+e ds

KEeTy ecEy(K)Y® eCEin

(3.40) - /MS(Vu-ne)er ds) + Z M(Vu-ne)vds

eCER\Eir V€

= > MUVu-ne)(vg+e —vg-c)(me) + Y MAVu-nv(me) =0, Vo € Sy,

ecEr e€Ey\Eir

Thus, in view of (3.40) we get

Z Vu-nvds = Z Z (Vu-n— M2°Vu-n)vds, YoveS)
oK

(3.41) KeTy KETy ecER(K) ¥ ®
and Z Z eM2(Vu -n)ds = Z Z Vu-npds = 0.
KeTy ecER(K) "€ KETy, ecER(K) Y °

Therefore, in view of (3.41) and (3.31) we obtain

- Z Z (VU'H—MSVU'H)(U—@)ds

KEeT), ecER(K) "€
< Chlulyglle = vlly,, Vv e Sh-

’ Z Vu-nvds
(3.42) KeT, /0K

Next we estimate the last term of (3.38). To this end, let C (f) = [5 fwi dx, where B is a ball

in R?, satisfying B CC K and wg a cut—off function supported in B, cf. [2, Def. 4.1.3]. Then,
according to the Bramble-Hilbert lemma, in the form given in [2, Lemma 4.3.8], we obtain in
view of (2.1)

(3.43) 1f - Cr(Hllox < C(Q)hK’f‘LKa Vfe H'(K).
10



Since Ck(f) is a constant over K, we have

(3.44) /fv— dx_/K(f—CK(f))(v—Q(v))dx+CK(f)/(v—Q(v))dw, o e S0,

K

Since, zk is the barycenter of K € T}, it is easily seen that

K
(3.45) / (v—QW))dx = / vdx — ‘3| Z v(me) =0, YveP,.
K K e€E,(K)
Also, we easily obtain
(3.46) lo = QWllo i < Chiclvl, o Vo € o,

Thus, using (3.43)—(3.46) and the fact that f € H'(K), we get

(3.47) y/ F(0 - Q) de| < ORI fly seloly s < CHA Iy el — 0l se + Iply ) Vo € S0,
Therefore, combining (3.38), (3.42) and (3.47), we obtain

(3.48) la(u—up, )| < Ch(lully.g + 1f11.0) (le = vl s + hliel ), Vo€ S5

Finally, we estimate the last term in (3.36). Since u —up € L*(Q2), ¢ € H?(Q2). Therefore, using
similar arguments as in (3.40), in view of (3.30)—(3.32), the fact that up € SP and u € H%(Q),
we obtain

Ve -n(u—ug)ds

:‘Z Z /V<p n—MOVe - n)(u—ug)ds

KETy, e€Ep(K)
< Chlp

(3.49) ‘KET;

QQHU’ - uB||1,h'

Therefore, choosing v = Iy in (3.36) and using (3.37), (3.48), (3.49), (3.35), (3.23), and (3.29),

we have

lu—upllg o < (Il —uslly, + Ch(lullyq + 1£110)) (le = Tl , + hllellq)
SChQ(H“HQ,Q ,)HU_UBH()@- u

Remark 3.4: In the proof of Theorem 3.2, the hypothesis f € H'(£2), is only used in (3.43) in
the estimate of the last term of (3.38). It is known, cf. [8], that the corresponding L? norm error
estimate for the finite element method (3.13) holds without the term || f[|, ;, in the right-hand
side.
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4. A GENERAL ELLIPTIC EQUATION

In this section we will construct and analyse a finite volume method for problem (1.1). Inte-
grating (1.1) over b. and applying Green’s formula, we obtain

(4.1) —/ (AVu)-nds+/ Judm—/ fdz, Yee€ EP.
b, be be

We formulate the finite volume method for this problem as: Find up € S§ such that

(4.2) - /8 be(Aqu) ‘nds + up(me) /

sz::/ fdx, VYec E
be be

As in [1], in order to discretize the reaction term, ou, we do not generalize the Galerkin formula-
tion. Instead, we choose the “classical” finite volume approach; we discretize it using a diagonal
matrix, while the Galerkin approach would have resulted in a nondiagonal matrix. We redefine
now the bilinear forms a,a: (H'(Q) + S,) x (H'(Q) +S,) — R by

(4.3)  a(v,w)= Z /K(AVU)-VU) dr and a(v,w)=— Z w(me) /8b (AVv) - nds.

KeTh ecE®

Then, we can rewrite (4.2) as

(4.4) a(up,v) + Z v(me)uB(me)/ odr = Z v(me)/b fdx, YvesS).

ecElr be ecEir
Further combining (4.1) and (4.2) we get
(4.5) a(u—up,v) + Z v(me)/ o(u—wupg(me))dr =0, YveS).
be

in
ecEy

In the sequel we will first prove some lemmas that will be used in the analysis of problem (1.1).

Next, denote by || - ||, . x the norm of W1 (K), where K C R?, and if B = (bij)?j:17 let

1Bl11 00,k = maxi<i,j<j il oo,

2

Lemma 4.1: Let B(z) = (bij(x))ijzl

for every K € Ty, i,j = 1,2,

€ GL(R?) for all z € Q. Assume that b;; € WH(K)

(4.6) max | B(z) o < Chic and |Blly o C, VK €Ty,
xr ) )
with a constant C' independent of K. Then, there exists a positive constant Cy such that

(4.7 Z v(me)/ (BVv)-nds < Clh\vﬁ,h, Vv € S).

c€Ei Obe

Proof: Using the Cauchy—Schwarz inequality, Lemma 3.5, Green’s formula and the fact that v
is a linear polynomial in every K € T}, we estimate the left—hand side of (4.7) similarly as in
(3.26). Applying then Lemma 3.6 we obtain the desired estimate (4.7). W
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We introduce now in S + H{(2) the norm ||| - |||, [[[v]l],, = (|v|fh + ||ﬁv||§,9)1/2.

Lemma 4.2: There exists a positive constant C and hg € (0,1), such that for all h € (0, hg)
and every v € SY, we have

(4.8) a0+ Y v2(me)/ ode > Clll2.

cEEn be
Proof: Since A satisfies the coercivity condition (1.2), we have, for every v € S,
(4.9) aolv]f i < (A(2k) Vo, V), VK €Ty,

with o the constant in (1.2). Therefore, using (3.12) and the fact that div(A(zx)Vv) = 0, for
all K € T}, and v € S?, we have

aololi ) < Y (AGK) VY, Vo) = Y olme) > (A(zK) Vo, Vo)«

KEeT, ccEin KETh(V2)
= Z v(me) Z {/ (A(zr)V) - 1@ ds—/ div(A(zx ) Vv)pe dx}
ecEi KeT, (V) 7K K
= Z U(me)/(A(ZK+e)VUK+e — A(zg-¢)Vug-c) - neds, ie.,
e€Ei" N

(410)  aglols, <~ Y v(me){/

(A(zg+e)Vv) -nds + / (A(zg-<)V) -nds},
ecE® b \e

Obg \e

with n. denoting the external normal vector of K¢ to e. Using Taylor’s theorem we easily see
that assumptions (4.6) in Lemma 4.1 hold for B(z) := A(x) — A(zk), v € K, K € T},. Then,
for h small enough, according to (4.10) and Lemma 4.1, we have

_ 2 2 2
(4.11) a(v,v) 2 aglvly, — Cihlvly, > aav]i,,

with a constant o independent of h and C; the constant in (4.7). Therefore,

(4.12)  a(v,v) + Z v2(me)/ adxzcmvmz— Z /b o(cv? —v?(me))dx, Yo € Sy

ecEin b ecEin

with ¢ = %min(l,al) and a7 the constant in (4.11). Also, by an arithmetic geometric mean

inequality, we have

(413) > /b o(cv? —v*(me))de <7 Y /b (v = v(me))*dz < Fh?|vl;, < Th?||[v]][;.

in in e
€€Eh EEEh

Finally, combining (4.12) and (4.13) we obtain (4.8). W
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Existence: Since solving (4.2) is equivalent to a linear system, in order to prove existence it
suffices to prove uniqueness; this follows easily from Lemma 4.2.

The following two lemmas can be easily proved with simple calculations.

Lemma 4.3: Let v € S(K); then

3

1 ~
(4.14) ol g = = > 0%().

i=1
Lemma 4.4: There exists a positive constants C, independent of h and K € Ty, such that,

(4.15) Clollge < Y h2v*(me) <C Hollg i, K €Th, Yo Sy,
eEEh(K)
where he = |e|. B

Consider a triangle K € T}, and a side e € EI" N E,(K). Let n. be the external normal vector
of K to e. According to section 2 we denote by K¢ triangle K and by K ¢ the other triangle
of T}, having e as a common side with K. In analogy to (3.4), we introduce now the notation

(4.16) [A(2)VX] - ne = (A(x)VXKte) - ne — (A(2)VXK-2) ne, VYa e VxS

Lemma 4.5: Let v,w € SY. Then

a(v,w) =a(v,w) — > (div (AVv),w — Q(w))

KeTy,

+ Z /E)K(AVU)-nwds— Z w(me)/[Avv] ‘N ds,

KeTy ecEi® ¢

with ne as in (3.4) and Q as in (3.39).
Proof: We apply Green’s formula to | op, (AV) - nds and Jx AVv - Vwdz. Then the desired
relation follows by simple calculations. W

Now we will estimate the difference u — up in the mesh dependent norm || - |||,

Theorem 4.1: Let u be the solution of (1.1) and up the solution of (4.2). Then, for h
sufficiently small, there exists a constant C, independent of h, such that

1/2
(4.17) lw = uplll, < C(> hillulls ) "
KET}L

Proof: Using Lemma 4.2 and (4.5), and similar arguments as in (3.25), we have, for x € S,

a(u - X, U) + ZeEEiln U(me) fbe O'(U — X(me)) daj
(4.18) llup = x|ll,, < C sup ‘

vesy [1o][],
v#£0
14



In view of (2.1), it is obvious that |[b.] < Cmax(h%,., h%_.) < Co 2hZ, for any e € Eir
Applying then Lemmas 4.4 and 3.7, we get

@19) Y hbm)<C Y Y kEm) < Clolig < Cllelli. o e s,
eeE;Ln KeTy eeEy(K)

Using now the Cauchy—Schwarz inequality and (4.19), we obtain for all v, x € S?
1/2
a2 X ) [ ot xtmar<clll( X [ otu—ximzar)
" be i be
ec By e€Ei

Then in view of Lemmas 3.5 and 3.6, Green’s formula, the fact that x is a linear polynomial in
every K € T), and that a;; € C1(Q), i,j = 1,2, we have similarly as in (3.26) and (3.27)

(4.21) [@(u = x,v)] < ClIVollg, D (hillulls i+ lu = XI5 k) ¥x,v € Sy
KETh

Choosing now x = Iu in (4.18), (4.20) and (4.21), we easily obtain

2 2 2
azy M- usllf < O Mlull gt o= ol + 3 [ 02— rutme)ae).
KeTy, EGE;LH be

Also, from a standard approximation property, cf., e.g., [7, Theorem 5], we get

(4.23) > / o?(u = Tu(m,))?ds <5207 Y hiclul] .
eGE}L“ be KeTy

Finally, (4.22), (4.23) and (3.29) give (4.17). B

Remark 4.1: In the case of the Galerkin/finite element method a similar H! norm error estimate
holds.

Next, we will estimate the difference © — up in the L?-norm.

Theorem 4.2: Let u be the solution of (1.1) and up the solution of (4.2). Assume that
[ e HY(Q), a;; € C*(Q), 1 < i,j <2, 0 € CY(Q) and that the interior point zx is the
barycenter of K, for every K € Ty. Then, there exists a constant C, independent of h, such that

(4.24) lu—uplloq < CH*(lullyn + 1f11.0)-

Proof: We consider the following auxiliary adjoint problem: Seek ¢ € H?(f2) such that

(4.25) —div(ATVp) +op=u—ug inQ and ¢=0 on .

It is well known that (4.25) has a unique solution and the following regularity estimate holds:

(4.26) H‘P”zQ < Cllu— UBHO,Q'
15



Using (4.25) and Green’s formula, we easily obtain
lu = upllg.q = alu — up, o = v) + (u—up,0(p = v))g + a(u — up,v)

+ (u—up,o0v)g Z/ (u —up)(ATVy) -nds, YveS).
KeT), oK

(4.27)

Obviously,
(428)  a(u—up,p—0)+ (o(u—ug),p— )g < Clu—usly e — vl e Sh

Next, we will estimate the third and forth term of the right-hand side of (4.27). Using Lemma
4.5, (1.1) and Green’s formula, we have for v € S}

a(u—up,v) + (oc(u —up),v)y = Z/ (AVu) -nvds + Z/fvdx—a(uB,)

KeTy KeTy,
(429) —(oupv)g+ D (div(AVup),v = Q) — Y [ (AVup)-nvds
KeTh KeTh 8K
+ Z /AVUB] Ne ds,
e€Ein

with @ as in (3.39). Applying similar arguments as in (3.40), we easily obtain
(4.30) /[AVu] ‘neds =0, Vec EP.
e

Also, in view of (4.30) and the fact that v(m.) =0 for all e € Ej, \ Ei*, we get

Z (AV(u—up)) -nvds — Z v(me)/[AV(u—uB)] neds

KeT, /0K ccEin
(4.31) © B
Z / (AV(u —up))-n(v—uv(m))ds, YveSp.
KeTy, oK

Thus, using (4.31) and (4.4), in (4.29) we have

a(u —upg,v) + (c(u—up),v Q—Z/fv—

KeTy,
(4.32) — Z/ o(upv — Q(upv))dx + Z div(AVug),v — Q(v)) ;¢
KeTy KeThy
+ Z/ (AV(u —up)-n(v—v(me))ds, YveSy,

KeTy

In the sequel we will estimate the right-hand side of (4.32). In view of (3.45) and the fact that
Ck(f), defined in the proof of Theorem 3.2, is constant over K, we can rewrite the first two
sums of (4.32) in the following way

/ f(o— Q) da + /K o(vup — Quugp)) di = /K (f - Cx(F)w — Qv)) da
16



+/ (0 —o(2r))(upv — Q(upv)) dr, Vv € S).
K
Thus, since f € H'(K) and o € C*(Q), according to (3.43)—(3.47), we get

(4.33) ‘/ fv=Q))o(vup — Q(vup)) dx| < Chi(|fly kvly & +/ IV (upv)| dz)
< C’h%(||f”11< + |lu— uBHLK)(H@HLK + |l — v||1,K), Yo € Sh-

Next, we will estimate the third term on the right-hand side of (4.32). Also using (3.45), (3.46)
and the fact that a;; € C%, 1 <i,5 < 2, we have for all v € SY, as above

(4.34) Y ([div(AVup),v = Q) < CR(|lully y, + llu = uplly u) (el + e = vlly 4)-
KeTy

In order to estimate the last term of (4.32) we add and subtract to it the term
Z Z A(me) /Vu—uB n(v —ov(me))ds.
KETy, e€Ep (K)

Using now Lemma 3.6, we obtain

Z Z /A A(me))V(u—upg)-n(v—uv(m.))ds

KET, ecEp (K)
< Ch|[V(u—up)llgplvly, + ChQHUHQ,QMth Yu € Sp.

(4.35)

Next, in view of the fact that v is a linear polynomial restricted on e € E}, and applying similar
arguments as in (3.40) and (3.32), we get

Z Z Ame/ (u—wup)-n(v—uov(m.))ds

KETy, e€Ep (K)

Z Z A(me) /Vu-n—/\/lg(an)(v—v(me))ds

(4.36) KET}L EEEh(K)

Z Z A(m,) /Vu-n—/\/lg(an)(v—v(me)—go—i—cp(me))ds

KETy, e€Ey (K)

<C Y hxllully v = ol x < Chllullygllo = ¢l Vo € S5
KeTy

Thus, combining (4.32)—(4.36), we obtain

la(u —up,v) + (u—up,ov)q|

4.37
WS On(flu— s, 5 + A

+1f M) (el + e = vl ), Vo€ S,

Finally, we estimate the last term of (4.27), as in (3.49). Thus, we get

(4.38)

Z ATV‘P) n(u—up)ds <Ch’¢|29”“ UB||1h
KeTy oK
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Therefore, choosing v = I in (4.27) and using (4.28), (4.37), (4.38), (4.17), (4.26) and (3.29),
we have

2
lu—uslloq < Cllu —uslly ylle — Lol + Ch(llu —uslly,

+ h(HquQ + Hme)) (H‘P’ Lot o — Iy l,h) < Chz(HuHQ,Q + HleQ)Hu - uBHO,Q' u

Remark 4.2: In the proof of Theorem 4.2, the hypotheses f € H'(Q), a;; € C?(Q), 1 < 4,5 < 2,
o € CY(Q) are used in order to estimate the right—hand side of (4.29). In the case of a finite
element method the corresponding L? error estimate holds without the term | f||, o in the
right—hand side. 7
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