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ABSTRACT. We approximate the solution of initial boundary value problems for equations of the
form Av'(t) = B(¢,u(t)), t € [0,t*]. A is a linear, selfadjoint, positive definite operator on a Hilbert
space (H,(+,-)) and B is a possibly nonlinear operator. We discretize in space by finite element
methods and for the time discretization we use explicit linear multistep schemes. We derive optimal
order error estimates. The abstract results are applied to the Rosenau equation in R™, m < 3,
to a generalized Sobolev equation in one space dimension, to a pseudoparabolic equation in R™,
m = 2,3, and to a system of equations of Boussinesq type.

1. INTRODUCTION

In this paper we construct and analyse explicit multistep schemes for the time discretization
of a class of equations of the form: Given t* > 0 and u® € H, find u : [0,t*] = J — D(A) such
that

(1.1) Au'(t) = Bo(t,u(t», ted,

where A is a linear, selfadjoint, positive definite operator on a Hilbert space (H,(-,-)) with
domain D(A) dense in H, and B : J x D(A) — H a (possibly) nonlinear operator.

Let V := D(A'Y?), and define the following norm in V, |jv|| = (A2, A1/2v)1/2. Denote | - |
the norm in H. We identify H with its dual, let V’ be the dual of V, V. .C H C V', and denote
again by (-, -) the duality pairing of V" and V. Also assume that B can be extended to an operator
from JxV to V’'. Consider now the following symmetric bilinear form a(-,-) : V' xV — R defined
by

a(v,w) = (AY 2y, AY?w).

Using a we rewrite (1.1) in the following variational form: Find u(t) € V, t € J, such that

(1.2) a(u'(t),v) = (B(t,u(t)),v), Yo eV, tel,
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Let us now consider a finite dimensional subspace V};, of V. The corresponding semidiscrete
problem will be: Find a function wup, up(t) € Vi, t € J, such that

a(u;z(t)7X):(B(t’uh(t))7X)v VXEVh, tEJ,

(1.3) un(0) = uf,

with 49 € V}, a given approximation to u°. In order to construct fully discrete approximations
to u we have to discretize (1.3) in time. We do this using explicit multistep schemes. Thus
consider a uniform partition of J with time step k := %, N € N, and time levels t" := nk,
n=20,...,N. A linear explicit multistep scheme is characterized by two polynomials «, (3,

(14) o)=Y ) =Y B

Based on (1.3) and an explicit multistep scheme we define approximations U", U™ € V},, to
u™ = u(t") by

q q—1
(15) zaja(Un+jaX) = kZﬁj(B(tn+j’Un+j)aX)a VX € Vh.
j=0 §=0

We shall assume that the linear multistep method, defined by the polynomials o and (3, we
use to discretize (1.3) in time, is stable and consistent. In §2 we consider a problem equivalent
o (1.2): Find u(t) € V, t € J, such that

(' (t),v) = (TB(t,u(t)),v), YveV,tel,

(1.6) w(0) — .

T denoting the solution operator of the problem: Given f € V', find v € V, such that
(1.7) a(v,w) = (f,w), YweV.

We further assume that the operators B and T'B satisfy a “Lipschitz”’—like property, cf.
(H3) and (H4) in §2. Due to this assumption, we do not have to impose restrictive mesh
conditions or use a time discretization method with good stability properties, for example, A—
stability, for the resulting fully discrete scheme to be stable. Given U™/ € V},, 1 =0,...,q¢—1,
we calculate U™ € V}, by solving an equivalent to scheme (1.5) linear system of dimension
m = dim V},. This system has a unique solution due to the properties of operator A. Therefore,
givenU?, ..., Ut € V},,U4,...,U" are well defined. Their calculation is not expensive because
at every time level we solve a linear system with the same matrix.

An alternative to multistep methods are Runge-Kutta methods which are widely used because
of their good stability propetries. If we would use an explicit g—stage Runge-Kutta method
instead, at every time step, we would have to solve ¢ + 1 linear systems of dimension m. Also,
we consider explicit methods since in the case of an implicit one we would have to solve a
(possibly) nonlinear system of dimension m in the case of multistep methods, and of dimension
gm in the case of a g—stage Runge-Kutta method at every time level.

Throughout this paper we assume that problem (1.1) has a unique and sufficiently smooth
solution u. A brief overview is the following: In §2 we introduce an “elliptic” projection operator
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to V,, and we assume that V}, satisfies two approximation properties, (H1) and (H2). That is,

we can approximate every function of V', from V},, with order d in |- |, and further, every smooth
function with order r in |- | and r — d in || - ||, with integers r, d satisfying, 0 < d < r. In
Lemma 2.1, we prove optimal error estimates of the time derivative of order ¢, £ = 0,1,..., of
the difference of the solution u of (1.1) with its “elliptic” projection in the norms |- | and || - ||.

We also assume hypotheses (H3) and (H4) for operators B and T'B, respectively. In §3 we study
a simple, explicit, one step scheme for the discretization in time of (1.3), the explicit Euler. We
do this as an introduction to the analysis of explicit multistep methods. In §4 we consider an
explicit multistep method of order p. Then, for suitable initial approximations U°, ..., U}
and k, h sufficiently small, we prove

max_|u(t") —U"| < C(kP +Rh") and max |u(t") —U"|| < C(kP 4+ h"%),
0<n<N 0<n<N

with a constant C independent of £ and h. Finally, in §5, we apply this result to four specific ex-
amples, to the Rosenau equation, to a generalized Sobolev type equation, to a pseudoparabolic
equation and to a Boussinesq type system of equations. This paper is motivated by the re-
cent work of Akrivis, Crouzeix and Makridakis, [1], on implicit—explicit multistep methods for
nonlinear parabolic problems.

2. PRELIMINARIES

We consider a family {V},}, )<, of finite dimensional subspaces of V. Using the auxiliary
problem (1.7) we will state equivalent problems to (1.2) and (1.3) that will help us analyse the
method (1.5) in §3 and §4. We will also assume some properties for the finite dimensional space
Vi, and the operators B and T'B.

Thus, consider problem (1.7). Obviously, a(-,-) is an inner product in V. Also (V,a(-,-)) is
a Hilbert space, continuously embedded in H, (see, e.g., [8, Chapter VIII, §3, Theorem 13]).
Therefore, the solution v of problem (1.7) is well defined. Denote by T', T : V! — V., T'f = v,
the solution operator of this problem; then

(2.1) a(Tf,w) = (f,w), YweV.
Choosing now w = T'f in (2.1) we easily obtain,

(2.2) ITfII < (£l

| - |l, denoting the dual norm of V. In the sequel, we consider the discrete analogue of (2.1).
For f € V/, find v, € V},, such that

a(”h?X) = (f7 X)7 \V/X € Vh-

This problem is equivalent to a linear system with square matrix and it is easily seen that it
has a unique solution. Denote by T}, : V' — V},, Ty f = vy, the solution operator of the above
problem; then

(23) a(Thfa X) = (fa X)7 VX € Vh.
3



Also in view of (2.3) and the symmetry of the bilinear form a, we obtain

(24) (Thf7 .g) = a(Thf7 Thg) = (f> Thg)7 Vf, g e V/'

In the sequel we will use the “elliptic” projection operator to Vj, Ry : V — V},, defined by
(2.5) a(Rpv,x) = a(v,x), Vx € V.

It is easily seen that Ry, is well defined. For the error analysis that will follow we will need some
approximation properties for the “elliptic” projection Rj. Therefore we assume the following:

Hypothesis 1: There exists a constant C, such that
(H1) lv— Rypv| < Ch¥jvl|, YwvevV,

with an integer d > 0.
Supposing that v is sufficiently smooth we further assume:

Hypothesis 2: Rpv is an approximation to v of order r,
(H2) |v — Rypv| + h%|lv — Ry < N(v)h",

with N(v) bounded, if a suitable norm of v is bounded, and an integer r, r > d.
Using (2.5), (2.3) and (2.1), we obtain T}, = R}T. Therefore, in view of (H1), we easily see
that Ty, f is an approximation to T'f, of order d,

(2.6) ITf —Thf| < ChY TS|, VfeV'

Having defined operators T and 7}, we can state problem (1.2) equivalently as (1.6), and
(1.3) as: Find up(t) € Vi, t € J, such that

(27) (u;z(t)7X) = (ThB(t7uh(t))7X)v VX €V, teJ,

with u?L € V}, an approximation to u'.

In the sequel, let W(t) := Rpu(t) and o(t) := u(t) — W(t), t € J. Also, if ¢ is a function
defined in the interval J, denote j—;go by ©©). Because the bilinear form a is independent of t,
from (H2) and the definition of the projection Ry, (2.5), we have

Lemma 2.1: Let u be a sufficiently smooth solution of (1.1). Then there exist constants
Cy(N(u®)), £=0,1,..., independent of h, such that

. (é) < T (E) < r—d — o
(2.8) max |07 (8)] < Ch", max o (t)]| < Ceh™™%, £=0, 1, u

Let now M ={v eV :3te J, ||u(t)—v| <1} and assume for the operators B and T B:
Hypothesis 3: There exists a constant Ly, independent of ¢ and h, such that

(H3) IB(t,v) — BE,W)|, < Liflv— W(b)|, Yve M, Vtel
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Hypothesis 4: There exists a constant Lo, independent of ¢ and h, such that

(H4) |TB(t,v) —TB(t,W(t))| < LaJv — W(t)|, Yve M, Vtel
Using then (2.6), (H4), (2.2) and (H3), we can prove

(2.9) |ThB(t,v) — ThB(t, W (t))] < L(|Jv — W(¢t)| + h|jv — wW®)|), YveM,

with a constant L, independent of ¢ and h. Choosing now v = u(t) in (2.9) and using (2.8), we
obtain

(2.10) TWB(t, u(t)) — T B(t, W(t))| < Ch",

with a constant C(N(u)) independent of ¢ and h.

Remark 2.1: The assumption V3, C V is not essential in our analysis. One can use an approxi-
mation space V, € V by appropriately modifying the definition of the discrete operator Rj,, the
set M and (H3) and (H4).

3. FULLY DISCRETE SCHEMES: EXPLICIT EULER METHOD

In this section we will study the simplest method for the discretization in time of (1.3), the
explicit Euler scheme. In the next section we will generalize our results for explicit multistep
schemes.

Consider a uniform partition of the interval J. For N € N, let k = % be the time step and

t" :=mnk,n =0,...,N, the time levels. Also for a function ¢, defined on the interval J, let
" = p(t") and for 00, ..., vN € V4, let Qo™ := ”nJr;g_”n, n=0,...,N—1.

We discretize (1.3) in time by the explicit Euler method. The resulting scheme is

3.1) a(QU", x) = (B({t",U"),x), Yx €W, n=0,...,N—1,

where u?L €V}, satisfies
(3.2) [u® — ud| + hYu® —ul|| < Ch".

The approximations U™, n = 0,..., N, given by (3.1) are well defined, because given U" € V},,
U"t! is the unique solution of a linear system with symmetric and positive definite matrix,
due to the properties of operator A. Our objective is to estimate the approximation error
u"—=U" n=0,...,N. As an auxiliary result we will first show consistency of scheme (3.1) for
the “elliptic” projection W of the solution w of (1.1). The consistency error E™ of the scheme
(3.1) for W is given by

(3.3) E" = 0W" — T,B(t",W"), n=0,...,N—1.
Using now (3.3), (2.5), (2.3) and (1.2), for x € V},, we have

(3.4) ka(E™, x) = a(u™™ —u™ — ku’(t”)5, X) + k(B(t",u"™) — B(t",W"), x).



Therefore, using (H3) and choosing x = E™ in (3.4), we obtain

‘ " < . r—d
) Jomax B < Culk+ b,

with a constant C,(|[u‘® |, N(u)) independent of k and h. Next, choosing xy = T, E™ in (3.4),
in view of the symmetry of the bilinear form a, (2.3), (1.2), and (2.4), we can easily obtain, for
n=0,...,N—1,
ka(E™ TL,E™) = —(o"' — 0" — ko (t"), E™) 4+ (u" ! —u" — ku/(t™), E™)
+ k(ThB(tn, u”) — ThB(tn, Wn), En)

Hence, due to (2.8) and (2.10), we get

. n < T
(3.6) ogglgali/{—lw | <C(k+h"),

with a constant C(|u®|, N(u), N(u?)) independent of k and h.
In the sequel, using the consistency error estimations for the “elliptic” projection W, we will
prove the main result of this paragraph, the convergence of the scheme (3.1).

Theorem 3.1 Assume that the solution u of problem (1.1) is sufficiently smooth, and h and k
are sufficiently small. Then, there exists a constant C(||u® ||, N(u), N(u®)), independent of h
and k, such that

(3.7) max_|[u” —U"| < C(k+h""%) and max |[u"—U"| < C(k+h").
0<n<N 0<n<N

Proof: Let o" :=u™ — W™ and ¥" :=W" —U", n=20,...,N. Then "™ — U" = o" +9J™. In
order to show (3.7) we will estimate p" and 9" in the corresponding norms. From (2.8) we easily
obtain

n d| n < r
(3.8) OglnaSXNﬂg | + h%|o ||) < CHh".

Hence, we only have to estimate ¥". According to (3.2) and (3.8), there exists a constant C,,
independent of h, such that

(3.9) |09 + hd||9°|| < C,h".
From (3.1), (3.3) and (2.3), we get the following error equation, for y € Vj and n =0,..., N —1,
(3.10) a(@™t x) = a(¥™, x) + k(B{t",W™) — B(t",U™), x) + ka(E", x).

Let now L; be the “Lipschitz” constant in (H3), C, and C,, the constants in (3.5) and (3.9),
respectively, and ¢ := max(1 + L1, Cy, Cysy). We will show, by induction over n, that

(3.11) 19" < en(k+h""7), with ¢, =c(l+ck)", n=0,...,N.
Obviously, there exists a constant C , independent of k£ and h, such that

: <C.
(3.12) Qax, n < C
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Since r > d, suppose now that h and k are sufficiently small, such that
(3.13) Ch" +C(k+h"~") <1,

with C' and C the constants in (3.12) and (3.8), respectively. According to (3.9), (3.11) holds
for n = 0. Next, assume that (3.11) holds for n, 0 < n < N — 1. From the induction hypothesis,
(3.8) and (3.13), we obtain

(3.14) U™ € M.

Choosing now y = 9""! in the error equation (3.10), in view of (3.14), (H3) and the induction
hypothesis, we can show

(3.15) [0 < (14 Lak) 97| + K E™[| < e(1+ ck)™ (k +h77).
Therefore, (3.11) holds for n+ 1, and so it holds for n = 0,..., N. Hence, from (3.12), we obtain
(3.16) 9" < Ck+hn"%, n=0,...,N.

If we now choose x = Tp9"*! in the error equation (3.10), in view of the symmetry of the
bilinear form a, (2.3) and (2.4), we get

("L 9" = (07, 0" + R(TW(B(", W) — B(t™,U™)), 9" *1) + k(E™, 9" 1.
Using then (3.14), (2.9), (3.16) and (3.6) in the previous relation, we have, for n =0,... N — 1,
(3.17) (9" < (1 + Lk)|[9"| + Lkh®|9™|| + k|E™| < (1 + Lk)|9"| + Ck(k + h").
Therefore, from (3.17), (3.9) and the discrete Gronwall lemma, we obtain

n < T
(3.18) Jmax [9"] < C(k+h7).

The estimate (3.7) follows immediately from (3.18), (3.16) and (3.8). W

4. FULLY DISCRETE SCHEMES: EXPLICIT MULTISTEP METHODS

We shall next analyse fully discrete schemes for the discretization of (1.1), obtained by dis-
cretizing (1.3) in time with explicit g—step methods. In Theorem 4.1 we show optimal order of
convergence in the norms | - || and | - |.

Consider an explicit g—step method and let «, B be the two polynomials, see (1.4), that
characterize it. We assume that the multistep method satisfies the root condition:

il If zy is a root of o, then |zo| < 1.
(4.1) If zy is a multiple Toot of a, then |zp| < 1.

Also assume that it has order p € N:

(42) Cj =0, j=0,...,p, Cp+1 7é 0,
7



with
1/ e
COZOé(].), C]:,L'<ZOO(JJ —ZZ;)IB]] >, 1,2].
J= J=

Several explicit multistep methods satisfy these stability and consistency conditions, see, e.g.,
[11, Chapter III.1]. Conditions (4.1) and (4.2) yield the consistency property (cf., e.g., [12,
§5.2-5]):

q q—1
(4.3) 0B 1D o™ — k> g0 (7)) < CreH? max w0 )],
- j=0 j=0

for every function v € CP*1(J; V), where by ||| - |||, we denote either norm | - | or || - ||. Further,
assume we are given approximations U, ... U9 € V}, to u°, ..., u97!, such that

=

q q—1
(4.4) W — U7 < C(k"+h") and > [lu/ = U7 < C(k” +h ).
§j=0

—0

<

We define now approximations U™ € Vj, to u”, ¢ <n < N, by

q q—1
(45) Y 0aU™ x) =k B(BE,U),x), VX €Vi,n=0,....N—q.
j=0 Jj=0
The approximations U™, n = q,..., N, are well defined, because given U",...,U"T9"1 € V.
U™ %4 is the unique solution of a linear system with symmetric and positive definite matrix, due to
the properties of operator A. In the sequel we will estimate the difference «” —U"™, n=0,..., N.

As an intermediate step we will show consistency of scheme (4.5) for the “elliptic” projection
W of the solution u of (1.1).
The consistency error E™ of scheme (4.5) for W is given by

q q—1
(4.6) KE" =Y oW — k> ;T BE™ W), n=0,...,N —q.
j=0 Jj=0

Using (4.6), (2.5), (2.3) and (1.2), for x € Vi, n =0,..., N — g, it is easily seen

q q—1
ka(E™, x) = a()_ aju™ =k B/ (1717), x)
(4.7) =0 7=

q—1

+ 83 BB um ) — B W), ).
=0

Choosing now xy = E™ in the previous relationship, due to (4.3) and (H3), for n =0,...,N —gq,
we get

. n < N P r—d
(4.9 s [E" < D (i 4 ),
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with a constant D, (||u®*V||, N(u)) independent of k and h. Also choosing x = TR E™ in (4.7),
in view of the symmetry of the bilinear form a, and (2.5), (1.2) and (2.4), forn =0,...,N —gq,
we obtain

q—l q
ka(E™,TLE"™) = Zajg ngl(t”Jrj),E’”) + Zaj(u"+j,E”)
7=0 j=0
q—1 q—1
— kY B ("), E") + kY Bi(Th B u) — T, B(t" W), E™).
j=0 Jj=0

Using next (4.3), (2.8) and (2.10), for n =0, ..., N — g, in the previous relation, we get

(4.9) max |E"| < C (kP +h"),

0<n<N—q
with a constant C(|u®*D|, N(u), N(u®*t1)) independent of k and h. Using the consistency
error estimations for the “elliptic” projection W, we will prove the main result of this section,
Theorem 4.1, the convergence of method (4.5). In the sequel we shall use the notation

19n+q71 E"
0 . 4 , . )
o= i ]oe=| | e gme ) - s o),

v 0

Q1 o Q) ra-t ro

1 0 0 0 0

A= y Fn — )
0 1 0 0 0
where o = L, 3 = Z,j =0,...,q—1. Further, for V.= (vy,...,v,)T and W = (wy,...,w,)T

in H? or in Vq

q

VW) = (v, wi), \V!—Z\ YR v = ZH 212,

i=1
q . q
VL = O lwillZ) ™, Za vi,wi), TWV = (Thvy, ..., Thog)".
i=1 -1
Then, there exists an invertible matrix S such that the subordinate Euclidean matrix norm || - ||,

of the matrix £ = S~'AS is bounded by one,
(4.10) 2], < 1.

For the corresponding result in the subordinate matrix norm || - ||, of R?, cf., e.g., [11, Chapter
III, Lemma 4.4]. Relation (4.10) follows by similar arguments.

Theorem 4.1: Let {U”}TJLO satisfy (4.5), let (4.1), (4.2) and (4.4) hold, and the solution u
of (1.1) be sufficiently smooth. Then, for h and k sufficiently small, there exists a constant
C(|lu®*V |, N(u), N(u®tD)), independent of k and h, such that

(4.11) max_|[[u” —U"| < C(k* +h""%) and max |[u" —U"| < C(KP +h").
0<n<N 0<n<N
9



Proof: Let o™ and 9™ be as in the proof of Theorem 3.1. Then, according to (3.8), it suffices to
estimate ¥9". From (4.5) and (4.6), for x € Vj,, n =0,..., N — g, we obtain

q q—1
(4.12) > aja("t, x) = ka(E",x) + kY B(BE™, W) — B, U"H), x).
j=0 j=0

Next, let Y™ = S~1@Q", T, = S—r,, En = S1" and e = (1,...,1)T. Instead of estimating
9" we will estimate Y™. For this reason we rewrite (4.12) as

(4.13) a(Y"™, X) = a(LY™, X) + k(Tne, X) + kag ta(E", X), VX eV, n=0,....,N —q.
According to (4.4) and (3.8), we can easily see that
(414) Y < ISTHLNO° < Da(k? + 2771 and [V < [|STY|,|0°] < Do (k” + A7)

with a constant D, independent of k and h. Let now L; be the “Lipschitz” constant in (H3), D,
and D, the constants in (4.8) and (4.14), respectively, and ¢ := max(1 4 max; |8}] [|S~"||, L1,
Do [S7,, Dys). In the sequel we will show, by induction over n, that

(4.15) Y™ < dp (k2 +h""9), with d, =c(l+ck)", n=0,...,N—q+]1.

Obviously, there exists a constant l~), independent of k and h, such that

(4.16) d, < D.

max
0<n<N—g+1
Since r > d, suppose now that h and k are sufficiently small, such that
(4.17) Ch" + D(KP + =) <1,

with D and C the constants in (4.16) and (3.8), respectively. According to (4.14), (4.15) holds
for n = 0. Next, assume that (4.15) holds for n, 0 < n < N —q. From the induction hypothesis,
(3.8) and (4.17), we get

(4.18) U™ e M.

Choosing X = Y"™"! in the error equation (4.13), in view of (4.18), (H3) and the induction
hypothesis, we obtain

(419) Y™ <+ max BSILS T R ™ I+ kag HISTHILE™ | < digr (K7 + A7),

Therefore (4.15) holds for n + 1, and so it holds for n = 0,..., N — g+ 1. Hence, from (4.16),
we obtain

(4.20) IY"| <D +1h""%), n=0,...,N—q+1.

If we now choose X = T, Y™"! in the error equation (4.13), in view of the symmetry of the
bilinear form a, (2.3), (2.4) and the linearity of T},, we have

(YL Y = (LY YY) 4 k(ST TR e, YO + kag H(ThéEn, Y.
10



Using now (4.18), (2.9), (4.20), and (4.9) in the previous relation, we obtain

Y7 < (14 max 8]]SI, Lk) Y™ 4 max | 8] [1S 7 [l LR [Y || + kag ' ThE7|
(4.21) 7 J
< (1+Lk)Y" +Ck(k’P+h"), n=0,...N—q.

Next, from (4.21), (4.14) and the discrete Gronwall lemma, we get

(4.22) max [Y"| < C(kP + h").
0<n<N—gq+1

The estimate (4.11) follows immediately from (4.22), (4.20) and (3.8). H

5. APPLICATIONS

In this section we will apply Theorem 4.1 to some specific equations, namely the Rosenau
equation in R™, m < 3, the periodic initial value problem for a generalized Sobolev type equation
in one dimension, a pseudoparabolic equation in R™, m = 2,3, and to a Boussinesq system of
equations.

5a. The Rosenau equation. We consider the following initial and boundary value problem for
the Rosenau equation: For t* > 0 we seek a real-valued function u, defined in 2 x J, satisfying

ug + A%y = V- f(u), inQxJ

(5a.1) u= Ou =0, on 092 x J
on
u(-,0) = u®, in Q,

where Q is a bounded convex domain in R™, m < 3, u° a given smooth function and f : R — R™
a smooth vector function.

Rosenau, in [14], introduced this equation for m = 1 and f(z) = 422, to model the dynamics
of large discrete systems in order to avoid the disadvantages of the Korteweg—de Vries (KdV)
equation. Park, in [13], proved existence, uniqueness and reqularity results for the solution wu
of (5a.1). Also Chung and Ha, in [6], discretize (5a.1) using finite elements in space and the
backward Euler or the Crank—Nicolson method in time.

For s € Ny, denote H* the Sobolev space H*(2), Hj the Sobolev space Hg(€2), | - ||, the norm
in H*, (-,-) the inner product in H := L?(2) = H® and || - ||, the L>norm. Let A : H*NH — H
be defined by Av = (I + A?)v. Then V := D(AY?) = H2 and the norm in V is given by
ol = (]2 + 1 Av]?) . Let B :V — H be given by B(v) = V - £(v).

For the space discretization, consider a family {V},},.j,<; of finite dimensional subspaces of

HZ. We assume that (having however in mind that in the case of a curved boundary 99 the
assumption V;, C V may not hold, cf. Remark 2.1) V}, satisfies the following approximation

property

2
5a.2 inf S A|v— x|, <Ch*|v|., YweH NV, 2<s<r
(5a.2) xlélvh;o lo—xll; < Crvll,, Vv <s<r
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In the case m = 2, an example of finite dimensional subspaces of H? satisfying (5a.2) are the
C' piecewise polynomials of degree r — 1, r > 4, see [7]. We define the bilinear form a(-,-) by

a(v,w) = (v,w) + (Av, Aw), Yv,w € V.

Then, using standard arguments, we can see that the “elliptic” projection Ry : V — V},, defined
n (2.5), satisfies hypotheses (H1) and (H2), with d = 2. Next, denote | - ||, the norm of
L (). According to Sobolev’s inequality, there exists a constant Cy, such that

(5a.3) [l < Cullvll, Vo € H.

Define the set M by M = {v € V : 3t € J, |[u(-,t) — v|| < 1}. Let now M = {U € R : 3 (z,t) €
Qx J, |u(xz,t) —U| < Cy}, with C, the constant in (5a.3). Obviously, f restricted to M satisfies
a Lipschitz condition, with constant L. Thus, one can show that for v,w € M and ¢ € V,

(B(v) - Z 1£i(v) = fiw)llo) loll < BL|lv — wlly[loll-

Combining the above estimate with (2.2) we obtain, for v, w € M,
(ha.4) [B(v) = B(w)ll, < Lillv—w[| and [TB(v) = TB(w)lly < Laflv — wl,.

Then, it is easily seen that hypotheses (H3) and (H4) are satisfied.
Let now U°,...,U9"! € V}, be approximations to u?,...,u?"!, such that

q—1
(5a.5) HUJ — )y <C(KP + 1) and Y U7 — || < C(KP + h772).

7=0

»-D
,_.

<.
I
o

Define approximations U" € V}, to u™, n =gq, ..., N, inductively by the scheme

q q—1
(52.6) D[ x) + (AU, A =k Y Bi(V - F(U™),X), VX € Vi,
j=0 7=0

forn=0,...,N —q. Then from Theorem 4.1, for k£ and h sufficiently small, we have

(5a.7) max_[u" —U"||, <C(k* +h") and max [u" —U"|| < C(k" +h"?),
0<n<N 0<n<N

with a constant C(||ul|,., [[u®*1)]|,), independent of k and h.

5b. A generalized Sobolev type equation. We consider the following periodic initial value
problem for a Sobolev type equation: For t* > 0 find a real-valued function u, defined in R x J,
satisfying

—(b(z)utz), + c(@)ur = —(y(x,t,w)ug), + 6(x, t, u)uy +e(z,t,u), forxeR, te
(5b.1) u(z,0) = u’(z), for x € R,

u(x 4+ 1,t) = u(z, t), for (z,t) € R x J,
12



with b and ¢ strictly positive, continuously differentiable functions of x, 1-periodic, v,  and ¢
continuously differentiable functions of x, t and u, 1-periodic with respect to x.

Equations of the form (5b.1) have been used to model many physical phenomena (see refer-
ences in [9]). An example is the equation

_uzxt+ut+(1+u)ux_yuxxzoa v >0,

which has been widely studied by Benjamin, Bona and Mahony, in [3], and other researchers,
(see references in [2]), as an alternative to the Korteweg-de Vries equation, to model long unidi-
rectional dispersive waves. The numerical solution of problems of form (5b.1) has been studied
by many researchers, namely Ewing, Ford, Ting, (see also the references in [2]), using finite
element methods as well as finite differences.

Define 1-periodic Sobolev spaces by Hy = {f € Hj; .(R)/f(z+1) = f(z), € R}, and denote
[flls = Ilf[l g+ () the respective norm in Hj, where I is an interval of length one. Also denote
(,-) the inner product in H := L2 = H) and || - ||, the 1-periodic L?>-norm.

Let A : H? — H be defined by Av = — (") + cv. Thus, V = D(AY?) = H} with norm
lv]| = ((bv',0") + (cv,v))1/2, which is equivalent to || - ||,. Also let B : J x H2 — H be given by
B(t,v(z)) = —(y(z,t,v(x))v), + §(x,t,v)v" + e(x,t,v). For the space discretization consider a
quasiuniform partition of [0,1], 0 = 2o < 1 < --- < 2y = 1, where h := max;(zj41 — z;). Let
Tjj4i =] +Ti, JE€Z,1=0,...,J —1. We extend this partition periodically to a partition of
R. For integer r > 2, let V}, denote a space of at least continuous, 1-periodic splines, of degree
r — 1. It is well known, cf. e.g. [15, Theorem 8.12], that the family {V}, }o<p<1 satisfies the
approximation property

1

(5b.2) inf v —xl|l; < Ch*|lv|l,, VveH: 1<s<r
XEVh “ 0 J s P
j=

We define the bilinear form a(-, -) by
a(v,w) = (bv',w') + (cv,w), VYv,weV.

Then, we can easily see that the “elliptic” projection Ry, : V' — V},, defined in (2.5), satisfies
hypotheses (H1) and (H2), with d = 1. Next, denote || - ||, the norm of L*°(R). It is easily
seen that

(5b.3) lWllpee < llvlly, Vo€ Hy.

Because norms || - ||; and || - || are equivalent, define the set M we introduced in §2 by, M =
{fv eV :3teJ |u(,t)—v|; < 1}. Consider now the set M={U€cR:3(t) € Rx
J, Ju(x,t) —U| < 1}. Obviously, every real function f € C1(R x J x R), periodic with respect to
its first variable, restricted to R x J x M satisfies a Lipschitz condition with respect to its third
variable, uniformly to the other two variables, with Lipschitz constant L. It is easily seen that

(5b.4) 1FCot0) = FCotw)lly < Lyl —wllg, Vit € J, Vo, € M.

Thus, using (5b.4) for ~, §, ¢, and the fact that v and § are bounded restricted to R x J x M,
one can see that for v,w € M and ¢ € Hl.l),

(5b.5) (B(t,v) = B(t, w), ) < C%Jr [w'l| oo ) Il = wlly ol



with a constant C' independent of v, w and ¢. Next, denote by || - ||, . the norm of the Sobolev
space W1>°(R). According to Sobolev’s inequality, there exists a constant C, such that

(5b.6) lully oo < Cllully,  Yu € HE.
Also there exists a uniquely defined element Qv € V3, see, e.g., [15, Theorem 8.12], such that
(5b.7) 1Qnu—ully < CR* Hull,, 1<s and [Quull, o < Cllully -

Since we have assumed a quasiuniform partition of [0, 1], the following inverse inequality holds,
cf., e.g., [5, Chapter 4],

(5b.8) Ixll1,00 < CRTY2 XNy, VX € Vi
Then, from (5b.6)—(5b.8), (5b.2) and the fact that r > 2, we can easily get

1Rnully oo < N@nully oo + 1Qnu — Ruully o < C(llully + 22 ]lull,) < Cllull,.
Combining the above estimate with (5b.5) we see that hypothesis (H3) is satisfied. In the
sequel, we will show that (H4) is also satisfied. To this end we consider the auxiliary function

qg:RxJxR—R,qz,ty) = ﬁ Jo v(x,t, 2) dz. It is easily seen that ¢(-,¢,v) € H}, for all
teJ,and v € M. Next, for t € J and v,w € M, we have

(5b.9)  alq(-, t,v),w) = (y(x, t,v)v + /OU Yo (s t,2) dz — b (2)q (-, t,v),w') + (cq(-,t,v), w).

Let us define the operator F': J x V — V' by
(5b.10) (F(t,v),w) = (/0 Yooty 2)dz — b (2)q(-, t,v), w'") + (cq(-, t,v),w), Yw e H;.

Then, in view of (5b.9), we have, for v € M and w € H},
(5b11) (TB(ta U)a w) = (Q(v tv U)a U}) - (TF(t7 'U), w) + (T(6(7 ta v)vl + E('? tv ’U)), U})

Consider also the auxiliary functions fi, fo : RxJxR — R defined by f1(x,t,y) = foy Yoz, t, 2)dz
— b (x)q(x,t,y) and fo(x,t,y) = c(x)q(x,t,y). Obviously, f; and fy are continuously differen-
tiable functions. According to the definition of f; and fs, (5b.4) and (5b.10), it is easily seen
that

(5b.12) |F(t,v) — F(t,w)|, < Clv—-w|, Yv,we M.

Next, consider the functions g1, g2 : R x J x R — R defined by ¢1(z,t,y) fo x,t,z)dz and

g2(w,t,y) = [} 62(x,t,2) dz. Obviously, (g1(x,t,v(x))), — g2(z,t,v(z)) = d(x,t,v)v'(x). Using
now (5b.4) for g; and go, we can show

(5b13) ”5('7t7v)vl - 5('at7w)w,”* < C”U - wH07 Vo, w € M.
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Using also (5b.4) for ¢ and ¢, and (5b.11)—(5b.13), one can prove
|TB(t,v) — TB(t,w)|, < Cllv—wl, Yv,weM.

Thus hypopothesis (H4) is satisfied.

Let now U°,...,U%"! € V}, be approximations to u°,...,u?"!, such that
q—1 q—1
(5b.14) MU=y <C(E +h7) and D |JU7 =, < C(KP +h"Y).
§=0 §=0

Define approximations U" € V},, to v, n = q, ..., N, inductively by the scheme

: a; [(cU™ ] )+ (U™ X)) qu_ B |( (-, ", Ut (Ut X))
(5b.15) ; [ * <) jz_:o o '

+ (5, t"H UMY UHY 4 (-, U, X)], Yy € Vi,
forn=20,...,N —q. Then, from Theorem 4.1, for k and h sufficiently small, we have

n__rm /) r n __rmn » r—1
(5b.16) OglaSXNHu U, <C(kP +h") and Ogla%xNHu U™, <C(kP +n"7),

with a constant C(||ul|,., [[u®*1)]],), independent of k and h.

5c. A pseudoparabolic equation. Consider now the following initial and boundary value
problem: For t* > 0 we seek a real-valued function u, defined in €2 x J, such that

(5c.1a) ug(x,t) — nAug(z,t) = Mu(z,t), in Qx J,
(5¢.1b) u(-,0) = u®, in Q,
(5c.1c) u =0, on 0% X J,

with u° a given smooth function, 2 a bounded convex domain, n > 0 and A € R.

Equations of this form are called pseudoparabolic, because the solution of the parabolic
problem (n = 0 and A > 0), can be approximated by a sequence of solutions u,, of problems
of the form (5c.1), with n = n,,, where n,, — 0, (see [16], [10] and their references). Showalter
and Ting, in [16], show existence and regularity of the solution u of (5¢.1) and mention specific
physical phenomena described by this equation.

Denote H® the Sobolev space H*(2), Hg the space H(€2), and || - ||, the usual norm in H*.
Let H = L*(Q2) = H° and denote (-,-) the usual inner product in L? and | - ||, the induced
norm. Also let A: H2N H} — L? and B : H> N H} — L? defined by Av = (I — nA)v and
Bv = AAw, respectively. Let now V = D(A'Y?) = H} with norm |v|| = (HUHS + 77”VU||3)1/2,
which is equivalent to || - ||,.

For the space discretization consider a triangulation of €. For simplicity, let V}, be the
subspace of Hi consisting of piecewise polynomials of degree at most » — 1, r > 2, on the
given triangulation. We assume that (having however in mind that in the case of a curved
boundary Jf2 the assumption Vj, C V may not hold, cf. Remark 2.1) V}, satisfies the following
approximation property

(5¢.2) Xiéléh(ﬂv —xllo + hllv=xl,) <Cr|v|l,, YveH NH), 1<s<r
15



We define the bilinear form a(-,-) by
a(v,w) = (v,w) + n(Vo,Vw), Yo,w e V.

Then, we can easily see that the “elliptic” projection Ry : V' — Vj, defined in (2.5), satisfies
hypotheses (H1) and (H2), with d = 1. Further, we can easily see that hypotheses (H3) and
(H4) are also satisfied.

Let now U°,...,U%"! € V}, be approximations to u°,...,u?"!, such that
q—1 qg—1
(5¢.3) 107 =g <C(RP +1h7) and Y ||U7 — ||, < C(kP +h771).
=0 =0

Define approximations U" € V}, to u™, n = ¢, ..., N, inductively by the scheme

q q—1
(5c.4) D i (U™, x) + (VU™ Vx)] = kXY B;(VU™™ Vx), Vx € Vi,
§=0 j=0

forn=0,...,N —q. Then from Theorem 4.1, for £ and h sufficiently small, we have

(5¢.5) max_[u" —U"||, <C(k* +h") and max |u™ —U"||, <C(k" +h"1),

0<n<N 0<n<N
with a constant C(||ul|,., [[u®*1)]|,), independent of k and h.

5d. A system of Boussinesq type. Finally we consider the following system of initial and
boundary value problem of Boussinesq type. Given t* > 0 find u = (u1,u2) : [0, Lo] x J — R2,
Ly > 0, such that

Uypy = B(w), in [0, Lg] x J

(5d1) 0 — 0’ in [O,LO],

u
Qa in {OaLO} X J7

)

with u® a given sufficiently smooth vector function and B : [0, Lo] x J — R? defined by B(v) =
(—(v2), — (v1v2),, —(v1), — v2(v2),). Also for v; and vy real-valued differentiable functions in
[0, Lo] x J, we denote ((v1),, (v2),) by v, and ((vi),, (v2),) by v,.

System (5d.1) is an approximation of the two—dimensional propagation of surface waves in a
uniform horizontal channel of length L, filled with an irrotational, incompressible invisid liquid
which in its undisturbed state has depth 1, (cf. [4]). Also in this report, Bona and Chen prove
existence, uniqueness and regularity results for the solution u of (5d.1).

For s € N, denote H* the Sobolev space H*(0, Lo), H§ the Sobolev space H{(0, Lg) and | - |,
the usual norm in H®. Next, let Hs = H® x H?, I;T;S = H§ x Hj, H = HY and consider

—~ 1/2
the following norm in H*, |||, (|vl|2 + |v2|2) 2. Also denote by < -, > the usual inner

product in H® and by (v,w) =< vi,w; > + < Uz, wy > the inner product in H. Consider
now the operators 9, : H — HO and A : H2 N H1 — H, defined by d,v = ((v1),, (v2),) and
A = (I - 102)v, respectively. Then V = D(AY/2) = H} with norm ||o]| = (|u]|? + L[],

which is equivalent to || - ||;.
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For the space discretization, consider a partition of [0, Lg], 0 = zo < 21 < --- < x5 = Ly,
where h := maxo<;<;(z;+1 — ;) and, for integer r > 2, let S, = {x € C[0,Lo] : x|, , ]
- J'*3

polynomial of degree r — 1, j = 0,...,J — 1, x(0) = x(Lo) = 0}. We can easily see that the
family {Vi}o<p<1s Vi = Sk X Sh, satisfies the approximation property

1
(5d.2) nf > W= x|, < Chell,, Vo€ HUnH, 1<s<r
xeVi

We define the bilinear form a(-, -) by
1
a(y, w) = (v, w) + £ (00, w), Vo,weV.

Then, we can easily see that the “elliptic” projection Ry : V' — Vj, defined in (2.5), satisfies
hypotheses (H1) and (H2), with d = 1. Also, it can be seen that hypotheses (H3) and (H4) are
also satisfied.

Let now U°,...,U%"! € V}, be approximations to «°,...,u?"", such that
q—1 q—1
(5d.3) W~y <O +17) and YU — ], < O +HY).
§=0 §=0

Define approximations U™ € V, to u™, n = ¢, ..., N, inductively by the scheme

q—1

q
G0 3 el + + 5 0.U,0,00] = kY B(BL),0), Yy € Vi,

j=0
forn=0,..., N —q. Then using Theorem 4.1, for £ and h sufficiently small, we have

n < P r n < D r—1
(5d.5) Omau<xN||u -U"lp < C(KP +h") and Oma<XNHu —-U"|; < C(kP +h"77),

with a constant C(||ul|,., [[u®*1)]|,), independent of k and h.
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