FINITE VOLUME METHODS FOR ELLIPTIC PDE’S: A NEW
APPROACH

PANAGIOTIS CHATZIPANTELIDIS

ABSTRACT. We consider a new formulation for finite volume element methods,
which is satisfied by known finite volume methods and it can be used to in-
troduce new ones. This framework results by approximating the test function
in the formulation of finite element method. We analyze piecewise linear con-
forming or nonconforming approximations on nonuniform triangulations and
prove optimal order H!—norm and L?—norm error estimates.

1. INTRODUCTION

Finite volume method is a discretization technique widely used in the approxima-
tion of conservation laws, in computational fluid dynamics, in nonlinear problems
in two or more dimensions, and in convection—diffusion problems see e.g., [6], [11],
[15], [16], [21], [24]. It can be viewed as a generalization of the finite difference
method in triangular meshes. Apart from an approximation of the solution at
discrete points, like in finite differences, we can seek an approximation in a finite
element space. This version of the finite volume method is often called finite volume
element method. It is possible to consider finite volume methods as an approxima-
tion of the finite element method through an appropriate quadrature rule, in 1-D,
cf., e.g., Roos et. al., [26, Chapter I, 2.3, p. 77|, or in 2-D in quadrilateral meshes,
cf., e.g., Weiser and Wheeler, [29].

We are interested in investigating a possible connection between the finite ele-
ment and finite volume element methods using piecewise linear functions in trian-
gular meshes, for second order elliptic boundary value problems. This will increase
the understanding of these methods, will help us in the analysis of finite volumes
and motivate us in developing new finite volume methods. Here we present a uni-
fied framework that describes known finite volume element methods and it provides
a connection with the finite element method. In addition based on the proposed
framework we construct new finite volume element methods having as control vol-
umes the support of the basis functions of the corresponding finite element spaces.

We consider an elliptic boundary value problem of the form: Given f € L?(Q),
find a function u :  — R satisfying

(1.1) Lu=f inQ and u=0 ondQ,

with Q a bounded, convex, polygonal domain in R?, Lv = —div(AVv), A =
(aij)?_jzl a given symmetric matrix function with real-value entries a;; € W >°(€2),
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1 <14,j <2. We assume that the matrix A is uniformly positive definite, i.e., there
exists a positive constant aq such that

(1.2) T A(2)€ > apeTe, VEER? Vo e
Problem (1.1) can be equivalently written in the form
(1.3) a(u,v) = (f,v), Vv e Hy(Q),

where a(v,w) = Y jep, [ AVV - Vwdz, (-,-) the usual inner product in L*(9),
T} a given triangulation of € and A the maximum diameter of the triangles of
Ty,. Given a finite dimensional space Vj, Vi, C H}(2) (conforming elements), or
Vi, ¢ HE(Q) (nonconforming elements), the finite element approximate solution
up, € V3, satisfies (1.3) with test functions in Vj,, i.e.

(1'4) a(uhaX) = (f7 X)’ Vx € Vh.

Here we will restrict our attention to piecewise linear functions in 7T}, thus Vj
will be either the standard finite element space of piecewise linear functions or the
Crouzeix—Raviart finite element space, cf. [14].

In contrast to the finite element method which is based on a global variational
form, finite volume methods rely on the local property of (1.1),

(1.5) —/BO(AVu)-nds:/Ofdx, YO C Q.

In the finite volume method we seek an approximation uy, € Vj, of u which satisfies
(1.5) on a finite collection T} of polygonal domains b C 2, called control volumes;

(1.6) —/ (AVuyp) -nds = /fdx, Vb e Ty .
ab b

In order to construct an approximate solution of (1.1) the number of control volumes
must be equal to the dimension of V},. For these methods H'— and L?—norm error
estimates are known, cf., e.g., [2], [5], [12] and [19]. In addition in [19] there is a
particularly interesting counterexample of a finite volume method which does not
converge with optimal rate in the L?-norm. However, in [12] and [15], optimal
order L?-norm convergence are proved if the control volumes are constructed using
the barycenter of the triangles.

Finite volume schemes using nonconforming piecewise linear approximations
were considered by the author in [7] and for Stokes problem in [11] and [20].

New formulation

It is known that in the case of Poisson’s equation the corresponding bilinear
forms of the finite element and finite volume method when using either conforming
or nonconforming piecewise linear approximations, are identical, cf., e.g., [2, Lemma
3] and [7, Lemmas 3.1 and 3.2]. In Section 3 we will show that these “classic” finite
volume methods can be written in the form

(1.7) a(un,x) = (f,Q1x), VX € Vi,

where @1 is defined as an appropriate linear combination of point values of y, cf.
(3.2) and (3.6).

However, in the general case of the operator A with variable coefficients, (1.7) is
no longer valid and matters are more complicated. Here we propose the following
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formulation

(18) ah(uh7X) = Z {(Avuh -, Q?X)GK + (Luhv QIX)K} = (f7 QIX)7
KET,

with @Q; as in (1.7) and Q¥ similarly defined to @;. Then in Section 3 we show

that the finite volume methods of [2], [5], (conforming) and of [7] (nonconforming)

can be written in this form, if QX = Q. The formulation (1.8) covers also the

finite element method since if Q1 = QX =1 we have

Z {(AVup -1, x)ox + (Lun, X) i } = alun, x),  Vx € Va,
KeTy,

with (+,-) 5 and (-, -) ¢ the usual inner products in L?(9K) and L?(K), respectively.
In addition (1.8) is a generalization of (1.7). Indeed, in the case that A is a 2 x 2
constant matrix, in view the required assumption [ QKx = | x over the sides of
the triangles, cf. Section 6, and that Ly = 0, for x € V},, we get

an(x, ) = Z (AVx - nv'(/))al{ = a(Xv'(/))v VX, € Vi
K

The fact that the finite volume methods can be written in the general form of
(1.7) and (1.8) clarifies the connection with the finite element method. Thus using
this formulation we can significantly simplify known proofs and prove new results in
L?, without any assumption on the mesh other than regularity. Similar approaches
where also developed in [12], [15] and [23]. Note that according to our knowledge
there is not another unified formulation that covers the analysis of conforming and
nonconforming finite volume element methods.

New finite volume methods

The discrete method (1.8) leads to the introduction of new finite volume schemes,
with the characteristic property of having as control volumes the support domains
of the basis functions of the finite element space, (in this case the control volumes
overlap), cf. Section 4. These methods are clearly simpler to implement since the
dual mesh is constructed using elements of the primal mesh. They admit a local
form which in the case of constant coefficients with conforming piecewise linear
approximations reads

(1.9) / Vuh~nds:g/fdx,
b 3 Jv

i.e., the discrete local conservation over the control volumes (1.6) is no longer sat-
isfied, (a rather expected fact since the control volumes overlap). We show error
estimates of optimal order in H'- and L?mnorm. An implicit conclusion of our
results is that the finite volume scheme on these control volumes

/ Vuh~nds:/fd:v,
ab b

diverges. A rather surprising fact is the factor % in (1.9) leads to a convergent

method with optimal order. Similar results hold for the nonconforming case.
New convergence results

Even though H'-norm error estimates are optimal in order and in regularity,
the L2-norm error estimates require additional regularity assumptions for the exact
solution than the finite element method, i.e., u € W3P(Q), cf. [12] and [15]. In
Section 5 we show that the solution wu;, of (1.8) satisfies optimal order H'— and
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L?—norm error estimates. The L?—norm estimate holdsif f € WP, 1 <p <2, A€
W2 and [ @1 defines a quadrature rule for area integrals exact for piecewise linear
functions. Thus, we derive L?-norm error estimates with v € H? and additional
assumptions posed only on the data f. Similar error estimates were derived by
Hackbusch, in [18], in the case of a diagonal matrix function A. Note that the
error analysis presented here works for both conforming and nonconforming finite
element spaces.

FExtensions

e New methods. In principle the proposed formulation (1.8) is not restricted
to the finite dimensional spaces V}, of piecewise linear functions. Thus using
different finite dimensional spaces V;, and operators @1 and QX than the
ones proposed here, we can construct new methods, possibly better than
the ones considered here.

e High order methods—Overlapping. The analysis of finite volume methods
with nonoverlapping control volumes, using piecewise polynomials of degree
greater than one is involved and restricted, to our knowledge, to quadratic
polynomials, cf. [22]. One reason is that the construction of the dual
mesh becomes more complex as the degree of the polynomial approximation
increases. However, the use of the support of the basis functions as control
volumes seems to overcome this problem. The general approach, suggested
here, has been used by Plexousakis and Zouraris in [25] for the construction
and analysis of conservative high order finite volume methods.

o New results. Based on the formulation (1.8) we can derive error estimates
in various problems related to (1.1). Thus, for the Stokes problem, the
a—posteriori error estimators for the H!— and L?—norm are similar to the
ones used in finite element method, e.g. for nonconforming piecewise linear
approximations, cf. [10]. Also, known error estimates for the parabolic
problem can be improved, regarding the required regularity of the exact
solution, cf. [8]. In addition note that in the case of a nonconvex polyg-
onal domain  the exact solution u of (1.1) will not be W3?(Q), p > 1,
cf., e.g., [17, Chapter 5]. In [9], we derive H!— and L?—norm error esti-
mates for (1.1), where Q is a nonconvex polygonal domain, with minimum
assumptions on the exact solution wu.

An outline of the paper is the following. In Section 2 we introduce notation and
in Section 3 we show that the classic finite volume methods can be written in the
formulation (1.8). In Section 4 we describe new methods with overlapping control
volumes whose construction is motivated by (1.8). Then in Sections 5 and 6, under
sufficient assumptions for @Q; and QX, we analyze the discrete scheme (1.8) and
prove optimal order error estimates.

2. PRELIMINARIES

Consider a bounded, convex polygonal domain ) and a triangulation T}, of €.
Let hx be the diameter of the triangle K € T, and h = maxger, hx. We assume
that the family {75}, ,., of triangulations is nondegenerate, i.e. there exists a
positive constant o, independent of h, such that, for every K € Ty, px > o hg,
with pg denoting the diameter of the largest circle contained in K € Ty, see, e.g.,
[3, p. 106]. This assumption is equivalent to the minimal angle condition.
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FIGURE 1. Left: A sample region V,. With dotted lines the cor-
responding box b,. Right: A triangle K partitioned into three
subregions A,.

FIGURE 2. Left: A sample region V.. With dotted lines the cor-
responding box b.. Right: A triangle K partitioned into three
subtriangles K.

Given a domain K C R2?, denote by L?(K) the space of square integrable
real functions over K, (-,-)x the inner product in L*(K), |- |, x and |- |, x the
seminorm and norm, respectively, of the Sobolev space H*(K), |- |W5,p(K) and
| lwsn () the seminorm and norm, respectively, of the Sobolev space W*P(K),
s € N, p > 1. Then, we introduce the norm || - ||, ;. [[vll,, = {> Kk Hv||§7K}l/2,
and the seminorm |- [ .. [v],, = {> |v|§’K}1/2, s € N. In addition, if K = Q
we suppress the index K, and if s = 0 we suppress the index s. Also with |- | we
denote either the area of a region in R? or the length of a line segment, and with
| |lgz the Euclidean norm on R? and also the subordinate matrix norm.

In the sequel we introduce notation. Given a triangle K € T}, let Z,(K) and
En(K) be the set of the vertices and sides, respectively, of K, Z;, = Uker, Zn(K)
and By, = Uger, En(K). Next, let Z}L“ and E}l“ be the set of the interior vertices
and sides, respectively, of T, and denote by m,. the middle point of a side e € E},.

Next we will consider the finite collections of control volumes V., B., V,, and
B,,. With each vertex z € Z}Ln we associate a region V, C (), consisting of those
triangles K € T}, that have z as a vertex and denote V. = {V, : z € Zi"}.

We construct B, in the following way: For each triangle K € T} consider an
interior point zx. Connect zx with line segments to the edge midpoints of K. This
partitions K into three subregions A,, z € Z,(K), see Figure 1. Let A(K) = {A, :
z € Zyp(K)}. With each vertex z € Zi we associate a box b, C V,, which consists
of the union of the subregions A, in V., which have z as a corner, see Figure 1, and
let B. = {b, : z € Z}"}.

Also, with any e € EI" we associate a region V,, consisting of the two triangles
of T}, with common side e, and let V,, = {V, : e € Ei"}, see Figure 2.



6 PANAGIOTIS CHATZIPANTELIDIS

Finally consider an interior point zx of K € T} and connect it with line segments
to the vertices of K. Thus we partition K to three subtriangles K., e € E},(K). Let
Th(K) be the set {K, : e € Ej,(K)}. Now, with each side e € Ei* we associate a
box b, C V. consisting of the two subtriangles K., in V., which have e as a common
side and let B,, = {b. : e € EI"}.

Consider now, the finite dimensional space X = {x € C(Q) : x|k is linear for
all K € Ty, and x|ga = 0} and the finite dimensional space 52 which consists of the
piecewise linear functions in K € T}, that are continuous at the middle points of a
side e € Ej, me, and x(m.) =0 if e € E}, \ E*. Note that SY is not a subspace of
H}. In general we will denote X} and S} with V},.

We have that X,? and S,? satisfy the following approximation property

21) inf o —x < R2E D)2 )P we HEnHE, j=0,1,
Jh 2K 0
KeTy
cf., e.g., [13, Theorem 15.3].

3. AprpPLICATIONS I: CLASSIC FINITE VOLUME METHODS

In this section we consider two “classic” finite volume schemes for (1.1), using
as an approximation space conforming or nonconforming piecewise linear functions
on a given triangulation 7j,. Then for appropriate choices of operator (1 given by
(3.2) and (3.6), respectively, we can rewrite them in the form (1.8). Therefore, the
error estimates proved for (1.8) in Section 5, ¢f. Theorems 5.1 and 5.2, will also
hold for these methods.

Method I: We consider the finite volume approximations in X? of (1.1), with
control volumes in B, i.e. Find uj, € X)) such that

(3.1) —/ (AVup) -nds :/ fdx, YzeZ,
Ob., b.

which can be equivalently rewritten

acx ) = 30 x(@) [ Fdo e xp,
zeZin b=
with aon (-, -) : H? x H? — R defined by acy (v, w) = fzzezihn w(z) [y, (AV0) -
nds and H? = H? + X}
Next, we will show that this discrete scheme can be written in the form (1.8).
Let us consider the linear operator Q1 |x : Py (K) — L?(K) defined by,

(3.2) Qixlk = > x(2)4a.,
z€Zp(K)

with gg the characteristic function of S and A, € A(K) the regions in which we
partition K € T}, see Figure 1, on page 5. Then, for every f € L? and x € X}, it
is easily seen that

63 (=Y ¥ ) [ fdo- / fde.
K zeZp(K) Az zEZ‘“
In the case of Poisson’s equation it is known, cf. [2, Lemma 3], that

(34) a(X7’(/}) = aCN(X7w)7 VX71/} € X]('L)
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Thus, in view of (3.3) the finite volume method (3.1) can be written equivalently
in the form (1.7). In the general case now, by integration by parts we obtain

/ Lxdac—i—/ AVX-nds:—/ AVx -nds, Vx¢€ X},
A 0A.NOK 0A,Ndb,

with z € Z;, and K € Tj. Multiplying then with ¢(2), ¢ € X}, and summing
subsequently over the triangles that have z as a common vertex and the vertices
z € Zi", we get an(x,¥) = acn(x,). Hence, the solution uj of (3.1) satisfies
(1.8).

Method II: In [7] we consider finite volume approximations for (1.1) in SP, with
control volumes in B, i.e., find u; € S) such that

(3.5) —/ (AVuy) - nds :/ fdx, Yeec EX,
Ob,

be
which can be equivalently rewritten

avw(un) = Y xlmo) [ s, e s
be

e€Eir
with any(+,-) : H? x H? — R defined by ayn (v, w) = — ZeeE;:, w(m,) fabe (AVv)-
nds and f{}% = H?+S).
Similarly, as in Method I, we can show that this discrete scheme can be written
in the form (1.8), where the linear operator Q1|x : P1(K) — L?(K) is defined by

(3.6) Qixle = D x(mex.,

eckEy (K)

with K, € Th(K) are the regions we partition K € T}, see Figure 2, on page 5, and
gs the characteristic function of a set S C R2.

Remark 3.1. If in the construction of the control volumes B, and B, we choose zx
to be the barycenter of K € T}, we have

/ledx:/xdac, Vx € Py (K),
K K

with Q1 defined by either (3.2) or (3.6). Therefore, [ Q; defines a quadrature rule
for area integrals which is exact for linear functions. O

4. ApPPLICATIONS II: OVERLAPPING CONTROL VOLUMES

In this section we consider two new finite volume schemes for (1.1) with control
volumes in V. and V,, using as an approximation space conforming and noncon-
forming piecewise linear functions, respectively, on a given triangulation 7}. For
appropriate choices of operators Q; and Q¥ we can rewrite them in the form (1.8).
In contrast to Methods I and II, here the solution w of (1.1) and its approximation
up, do not satisfy the same local conservation property, cf., e.g., (4.4) and (4.5).
However, the construction of the dual mesh is simpler. This approach helps in
developing new high order finite volume methods, cf. [25].

In Method III we seek u,, € X,(z such that

1 .
(4.1) —/ (AVup) -nds+ = Z /[AVuh] ‘neds = / fdz, YzeZ;,
ov. 2

e€EL (V)¢ v
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FIGURE 3. Left: The triangles K¢ and K ~¢ with common side
e. Right: A box V,; with dotted lines the sides of the set E; (V).

and in Method IV we seek uj, € Sg such that

(4.2) —/ (AVuy) -nds + 2/[AVuh] ‘neds = / fdz, Yee€ E",
Ve e Ve

where

(4.3) [AVX] e = (AVXK+e) - e — (AVX K<) - e,

with K¢, K¢ denoting two triangles having e € E" as a common edge and n.
the normal vector of e € Ej,(K*¢), cf. Figure 3, and Ef(V,) ={e € E; : z € e},
cf. Figure 3.

Method III: We consider finite volume approximations in X with control vol-
umes in V.. As a first step we will construct the method for Poisson’s equation and
then for the general equation (1.1).

The balance equation for Poisson’s equation over the control volume V, € V, is

(4.4) —/av Vu~nds:/v fdx.

The appropriate finite volume method in this case is: Find u;, € X} such that
2 .
(4.5) — Vuy -nds = f/ fdz, VzeZ;,
ov. 3 Jv.
which can be equivalently rewritten
2
aco(un, x) = 3 > X(z)/ [ dz,
» v,
z€Z;? z
where aco(-,-) : H x H? — R is defined by aco (v, w) = =2 ez w(2) Joy. Vo -
nds.

For this method the corresponding relation to (3.4) does not hold; however we
can prove the following lemma.

Lemma 4.1. Let x, ¢ € X}?, Then
aCO(qu/}) = 2“(Xﬂ/’)

Proof. Let {w;},c, be the usual basis of X7, where w, is one on vertex z and zero
in every other. Then, in order to get the desired relation it is sufficient to show it
for » = w,. For z € K and x € X}, we have

(4.6) (VX,Vw.) g = / w,Vx-nds= Z V- n/wz ds.
oK e€FEL(K) €
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Since w, is a linear polynomial on every side of K, we get

(4.7) /wzdSZ%(wz(zf)—sz(zév)), Ve € En(K),

where by |e| we denote the length of e. Therefore,

(4.8) / wyds =0 and /wzds:%, for ¢ € Ep(K)\ {e.},
€, L

with e, the side of K opposite to z, see Figure 1, on page 5. Combining now
(4.6)-(4.8), we easily obtain

1
/V)@szda:—f /VX ndS——*/ Vx -nds.
K

ecEy, (K)\{e

Next, let us consider the linear operator Q1|x : P1(K) — L?(K) defined by
1
(19) Q=1 Y X,
ZEZ}L(K)
with K € T, and x € X}. We can easily see for every f € L? and y € X}
1
(410) (@)= XG) [ far=3 3w [ s
K zeZh(K) zezm

Thus, (4.5) can be written equivalently in the form (1.7).

In the general case of equation (1.1) the obvious generalization of (4.5) does not
seem to be the correct one. In order to derive the “correct” method with control
volumes in V. we will consider appropriate operators (1 and Qé( in the discrete
method (1.8). Let Q; be defined the same way as above and QX be a linear operator
QK. : P1(K) — L%(e), be defined by

(411) QU = 5O + (),

with e € Ej,(K), and 2¥ and 25 the two vertices of the e, see Figure 3, on page 8.
Then, the bilinear form a; can be written in the form

W=3% ¥ U vy ¥ v Y [ Dvas
K e€E,(K) z€Zir KeTh(Vz)

with T} (V,) denoting the triangles forming V.
Let us consider now a triangle K € T}, and a vertex z € Z,(K) N Z;; by
integration by parts we obtain

3 1
/Lxdw—&—f/ AVx-ndS:—/ AVX-nds—&—f/ AVx -nds.
K 2 Jox\ov. KNIV, 2 Jox\ov.

Multiplying then with ¢(z), 1 € X, and summing subsequently over the triangles
that have z as a common vertex and the vertices z € Z;, we get

3an(x,¥) = aco(x Z Uz Y /AVX ] - neds,

ZGZ‘“ e€E;(Vz)
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with [AVx]-n. and n. asin (4.3), Ef(V.) ={e € E} : z € e}, cf. Figure 3, on page
8, and aco(-,-) : H? x H? — R defined by aco(v,w) = — Dsezin w(z) Joy (AVv) -
nds. Thus the relation above and (4.10) suggest that the method (1.8) can be
written equivalently in the form (4.1).

Method IV: This time we consider finite volume approximations in S§ with
control volumes in V,. As we did in Method III, we develop this method first for
Poisson’s equation. The balance equation over the control volume V, € V,, is

— Vu-nds:/fda:.
VE?

Ve

The appropriate finite volume method in this case is: Find u;, € SY such that
1 .
(4.12) - Vup -nds = 7/ fdx, VeeE},
av, 3 Jv,
which can be equivalently rewritten

1
anolun ) =5 3 x(me) [ fda Vet
eGEih“ €

with ano(-,-) : H? x H? — R defined by ayo(v,w) = — ZeeEihn w(me) fave Vv -

nds.

Using Green’s formula and the fact that x|k € Py, for every x € Sj, we can prove
ann (%) =ano(x,¥), X, € S).

Hence, in view of the fact that ann(x, %) = ano(x, ), for every x,v € S, cf. [7,
Lemma 3.1 and 3.2], we have ayo(x, ¥) = a(x, V).
Next, let us consider the linear operator Q1|x : P1(K) — L?(K) defined by

1
(4.13) Qixlx = 3 > x(me),
eGEh,(K)
with K € Tj,. We can easily see for every f € L? and x € S}

(414)  (f.Qi0) = Z/f S x(me)

e€Ey (K) eEE‘“

X (me / fdx.
Thus, (4.12) can be written equivalently in the form (1.7).

In the general case of equation (1.1) the obvious generalization of (4.12) does not
seem to be the correct one. In order to derive the “correct” method with control
volumes in V,, we will consider appropriate operators Q; and Q¥ in the discrete
method (1.8). Let Q1 be defined as above and the linear operator QX|. : Py (K) —
L?(e), be defined by

(4.15) Q3 xl. = x(me),

with e € Fy(K). Then the bilinear form aj, can be written in the form

:Z Z (AVx - n,¥(me)) Zw 2) Z /Lxda:

K ecEL(K) eeE“r‘ KeTh(Ve)
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with T3, (V.) denoting the triangles with common edge e. Let us consider now a
triangle K € T}, and an edge e € E,(K) N E}; by integration by parts we obtain

/LxderS/AV)pnds:f/ AVXonderQ/AVX%Lds.
K e OKNOV, e

Multiplying then with ¥(m.), ¢ € Sg, and summing subsequently over the triangles
that have e as a common edge and the vertices e € E), we get

Ban(¥) =avo(x. ) +2 3 v(m) [[AVX)-neds, Vb € S,

EcEn ¢

with [AVX] - n. and n. as in (4.3) and ano(-,-) : H? x H} — R defined by
ano(v,w) = — ZeeE;;‘ w(me) faVE (AVv)-nds. Thus, the relation above and (4.14)
suggest that the method (1.8) can be written equivalently in the form (4.2).

Remark 4.1. In contrast to Methods I and II the discrete schemes considered here
do not satisfy the same local balance equation as the continuous problem. An issue
to examine is the coefficients 2/3 and 1/3 on the right-hand side of (4.5) and (4.12),
respectively. Motivated by the discussion in [4], we can see that the scheme (4.5)
satisfies a discrete analog of the conservation property (1.5) in a dilation of the
control volume V, with ratio A = 2/3, i.e., let us assume that f is constant, and let
V.oss ={2+(2/3)(x —2) : x € V.}. Then if u), satisfies (4.5),

2 2\2
7/ Vup -nds = —— Vuh~nds:(f) / fdx:/ fdx;
OV 23 3 oV, 3 V. V.2/3

z

cf. Schmidt, [27], for a finite volume method with overlapping control volumes that
preserves local conservation. Similarly, we can see that the scheme (4.12) satisfies
a discrete version of the conservation property (1.5) in a dilation of the control
volume V, with ratio A = 1/3. O

Remark 4.2. Tt is obvious that for Q1 defined by either (4.9) or (4.13), [ Q1 defines
a quadrature rule for area integrals exact for linear functions, i.e.

/QleCC:/xdx, Vx € Py (K).
K K

5. A GENERAL DISCRETE PROBLEM

In this section we will analyze the discrete method (1.8), and derive error esti-
mates in H'— and L?2—norm. Then, in view of the previous two sections, these
error estimates will also hold for Methods I-IV.

We consider the problem: Find uj € V}, such that

(51) ah(“th) = (f,Q1X), vX S Vha
with ap(-,+) @ Vi x Vi, — R defined by an(x,%) = Y {(AVx 1, Q) +
(Lx, Q19) g }-

Essential part in our analysis have the errors ¢, and ¢,

en(fi) = (f,9) = (F,Q1y), Vfel? ¢eV,
5a(X71/)) = a(X,Z/J) - ah(Xaw)a VXﬂ/f € Vh~

In Section 6 we will give appropriate assumptions for Q; and Q¥ and the proof of
Lemmas 5.1 and 5.2.
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Lemma 5.1. There exists a constant C' = C(0), such that

(52 lenlf0)l <O el fll I g V€ L% Wy e Vi,
K

(53)  lealf 01 <O Bl lwoirey Xy VF € WP, Vx € Vi,
K

with [, Qix = [ X, for x € Pi(K), K € Ty, and%—i—%:l in (5.3).

Lemma 5.2. There exists a positive constant C' = C(o, A) such that

(54) |5a(¢7X)| S CZhK|¢|1,K |X‘1,K7 VX7/¢ S Vha
K
(5.5) |ga(un, x)| < Ch(lun —uly j, + hluly)[xly , + Chluly [x = ly

with x € Vi, ¥ € Xp and A € W in (5.5).
Further, we have that the Poincaré—Friedrichs inequality holds in V},, i.e.

(5.6) IxIl < Clixllyn: - Yx € Vi
Remark 5.1. Clearly, (5.6) is satisfied when V}, is X?. In the case that V}, is SP, in
view of [28, Proposition 4.13], we have that (5.6) also holds. O

In view of Lemma 5.2 we can easily show that for A sufficiently small, method
(5.1) satisfies

2
an(X,x) > a1lx|] -
Then, due to (5.6), we have that the solution u; of (5.1) is uniquely defined. In
the sequel we will show an optimal order H'—norm error estimation.

Theorem 5.1. Let u be the solution of (1.1) and uy, the solution of (5.1). Then,
there exists a constant C, independent of h, such that

(5.7) lw = unlly , < Chlfull,-
Proof. Due to the triangle inequality we have,
(5-8) lw —wunlly ), < llu=xlly, + lun =Xl p VX E Vi

Thus, in view of the approximation properties (2.1) of V4, it suffices to estimate
the last part of (5.8). By the definition of a(-,-) and (1.2) we have,

(5.9) lun = X[ , < Cla(un — x,un —X)|,  Vx € Vi
Also, for every x,¥ € Vj,
la(un —x,¥)| = la(un — u,¥) + alu —x, ¥)| < la(un —u, )|+ Cllu = x|y 1Py -

Therefore, choosing 1) = up, — x in the relation above and combining (5.9) we get

(5.10) [Jun = x[17 , < Cla(un = w,up = )|+ Cllu = xlly p lun = xlly s VX € Vi
We can easily see that for every ¢ € V},
(511) CL(’LL - U}“'(/)) = a(“ﬂm - ah(uhaw) - Ea(uhvw) = Eh(f,l/}) - Ea(uhaql))'

Thus, choosing ¥ = up — x and combining Lemmas 5.1 and 5.2 and (5.10), for h
sufficiently small, we obtain

lun =Xl < Cllw =Xl + Chllully, VX € Vi
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In the sequel we will estimate the difference u — uy, in the L?—norm.

Theorem 5.2. Let u be the solution of (1.1) and up the solution of (5.1). Assume
that f e WP, 1 <p <2, Ac W™ and

/ Xda?:/ Qixdx, VK €Ty, Vx € Vp.

K K

Then, there exists a constant C, independent of h, such that
lu = unll < CR*([lully + [ fllwrs)-

Proof. We consider the following auxiliary problem: Seek ¢ € H? such that

(5.12) Lop=u—up, inQ and ¢=0 on Q.
It is well known, cf., e.g., [17, Chapter 4], that
(5.13) lelly < Cllu— un.

Using (5.12) and Green’s formula, we easily obtain

lu = unl|* = (u = un, L) = alu — un, @) = D (AV-n,u — up) g
K

(5.14) =a(u—up, o —x) +alu—up, x) — Z (AVp - n,u—up)yy

K
=1+II+11I

The first term can obviously be estimated in the following way

(5.15) | < Cllu—unlly p lle = Xl ps - VX E Vi

In the sequel we will estimate IT and II1. In view of (5.11), we have
IT = en(f,x) — €alun, x),  Yx € Vi

Thus, in view of Lemmas 5.1 and 5.2, we have

11| < Ch? Z |f‘w1,p(}<) |X|W1‘q(K) + Ch([un — U|1,h + h|u|2)|x|1’h
(5.16) K

+ Chluly Ix =%l ), VX € Vi, VY € X)),

with 1 + 2 = 1. Next, let Ij be the Lagrange interpolant I/ : H> N Hg — X}. It
is well known that

|I5v —v||, < Chllv|l,, Vv e H*NHj.

Choosing now ¢ = If¢ in (5.16) and using the estimation above we obtain

(517) (11| < Ch? Z | lwr ey Xy + Ch(lun = uly j, 4+ hluly)[xly
5.17 K

+ Chluly(|x — LP|1,h + hllelly),  Vx € Vi

Let us now introduce the operator M) as the orthogonal projection from L2(0)
to P,,, defined by

(5.18) /wM?gds = /wgds, Yw € P,
¢ ¢
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with £ a line segment of R? and P, the set of polynomials of two variables of degree
at most p € N. Then according to [14, Lemma 3|, for K € T},, we have

(5.19)

/@(g - M(g) d8’ < Chiloly i lgly Ve € Ex(K), Vo,g9 € H(K).
Also, using the fact that u, ¢ € H?, and for any e € Ej,

/(X|K1 _X|K2)ds :0, VX S Vh7 ife:]:{l mKQv KlaKQ S Thv

/de:o, Vx €V, ife € B \ EIM,

we obtain, cf., e.g., [14],
Z (AVp-n,u—up)yx = Z Z (AVp-n— ME((AVp) - n),u — up),.

K K e€En(K)

Hence, in view of (5.19), we get

(5.20) |[I11] = |Z (AV - n,u— “h)aK| < Chlply |lu — uh||17h.
K

Next, let Ij, be the Lagrange interpolant Ij, : H> N H — Vj,. It is known that
||Ihv—v||1’h < Chlv||y, Yo e H*NHy,
2 1
l.q = ’ ’ = ) )
1 1nv|ly (K) <C’||fu||27K Yve H*NHy, 2<g<oo, K&y

cf., e.g., [13, Theorem 16.1]. Thus, choosing x = Iy in (5.15) and (5.17) and
combining (5.7), (5.13), (5.14), (5.20) and (5.21) we obtain the desired estimate. [

(5.21)

6. AUXILIARY RESULTS

In this section we will give appropriate assumptions for operators Q1 and QX
and prove Lemmas 5.1 and 5.2 of the previous section.

We consider a linear operator Q1, Q1| : Pi(K) — L*(K), with K € Ty,
satisfying [, Q1c = [} ¢, for all constants ¢ and K € T}, and also

(61) ||X - QlX”Lq K S hK|X|W1,q K)» VX S Vha 1 S q < Q.
(K) (K)

We can easily see that the operators @i considered in (3.2), (3.6), (4.9) and
(4.13), satisfy these assumptions. In addition, in view of Remarks 3.1 and 4.2,
these operators may satisfy:

(6.2) / x dx :/ Qixdx, VK €Ty, Vx € V.
K K

Also, we consider a linear operator Q, QX | : P;(K) — L?(e), with K € T),
and e a side of K, satisfying the following properties:

(6.3) Q¥cl. = ¢, for all constants ¢, e a side of K,
(6.4) /XdS:/Qfxds, Vx € P1(K), e aside of K,

(6.5 Q3 Xl () < Xl ooy, VX € Vi + X5
(6.6) xl. = QFx|,, YxeEVL+ XD, e=KiNKy, Ki,Ky €Ty,
(6.7) QXx|, =0, Yxe€Vi+ X)), KETy, e€ E,\ E
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We can easily see that the operators QX defined in (4.11) and (4.15) and the
restrictions of Q1]e, on a side e, defined by (3.2) and (3.6), satisfy all the above
assumptions. Next, we will show the following auxiliary lemma.

Lemma 6.1. Let K be a triangle and e a side of K. Then for ¢ € H'(K) there
exists a constant C independent of K such that

{/w(x - Q3 x)ds| < Clo)hklpl, i IXh VX EPIK), Yy € H'(K).
Proof. In view of (6.3) and (6.4), we have

/s@(x—Q?x)dS = /((P_Cl)(X_C2_Qé((x_c2))d8a vx € Pi(K), Vo € H'(K),

for all constants ¢j,co € R, K € Ty, and e € E,(K). Using now in the relation
above, (6.5) and a local inverse inequality, we get for all constants c¢1,co € R,
x € P1(K) and ¢ € H(K),

| / (X — QEX) ds| < [l — exll o I — 2 = QF (x — e2) 2o

6.8
8 <hllle = eallpage Ix = e2 = QF(x = )l
< Ch;/g“@ - Cl||L2(e)||X - C2||Loo(e) <Cle- Cl”m(e) X = CZHLZ(e)a

with he = |e|. In view of the Bramble-Hilbert lemma and a standard homogeneity
argument, we can easily show

nf o~ el oy < COM Il i Vi € HY(K).
Finally, combining this with (6.8) we obtain the desired estimate. O

In the sequel we will prove Lemmas 5.1 and 5.2.

Proof of Lemma 5.1. Due to (6.1), (5.2) follows easily. Let now Cx (f) = [ fwk dz,
where B is a ball in R?, satisfying B CC K and wg a cut-off function supported
in B, cf. [3, Def. 4.1.3]. Then, according to the Bramble-Hilbert lemma, in the
form given in [3, Lemma 4.3.8], we obtain

69 1f = CkDllwe) < CORxIf oy, VF € WIP(K), p= 1.
Since Ck (f) is constant over K, due to (6.2), we have

(fix =@k = (f = Cr(f) x = QiX)k> VX € Va
Thus, due to this, (6.9) and (6.1), we get for every x € V},

|(f7X - QlX)K| = |(f - CK(f)aX - Q1X)K| < Oh%(|f|wl,p(K) |X|W1,q(K)7
with % + % = 1, which concludes the proof of (5.3). O

Proof of Lemma 5.2. First we will show (5.4). In view of Green’s formula, we have

(6.10)  ea(¥,x) = > (Lh,x — QX + Y (AVY -1, x = Q5 X) i = T + 11
K

K
For the first term we have from (6.1),

11 < CY Il lIx = Quxllx < CD hilvl g Xl k-
K K

The bound for I7 follows at once from Lemma 6.1 since |[AVY - n|; g < Cly

1,K-
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We now turn to (5.5). Let ¢ = uy, in (6.10) and (VA), be the average over K,
then in view of (6.2) we have for every x € V3

(Lun, x = Q1X) g = (VA = (VA) ]Vun, x = Q1x)) i < Chiclunly g x|

from which we easily obtain the desired bound for I. Let now A, = A(m,) where
me is the midpoint of the edge e. We will show that for every y € V}, and ¢ € X}

IT=7 " (A= A)V(up —w) - n,x — Q5 X) o
K

(6.11) _
+) (A= A)Vu-n,x — ¢ — Q¥ (x — ) px-
K

Provided that this holds, we may apply Lemma 6.1 and estimates
(A= A)V (up — U)|1K < C(|uh - u|1,K + hK|U|2,K)7
(A - Ae)VUh,K < O(|U|1,K + hK|U|2,K)7
to obtain
|II| < CZ hK(‘uh - U|17K + hK‘U|2) |X|1,K + ZhK(|U|1,K + hK|U|2) |X - w|1,K
K K

< Ch(jun —uly j, + hluly)|xly , + Chluly x =¥l VX € Vi, © € X,

which gives the desired estimate for 1. Therefore it remains to prove (6.11). For
this we will show, for every ¢ € X}

(6.12) > AV 0,y — QFV)ox =D (AcVu-n,9p — Q5 )y = 0.

K K

In the first sum we have by Green’s formula for every 1 € X}

D (AVu-n,¥)yi = Y (AVU, Vi) o — (Lu, ) ¢ = (AVu, Vib) — (Lu, ) = 0.

K K

In addition, Y, (AVu-n,Q¥¢), = 0 because QX is piecewise constant on
each interior edge e and AVu - n is continuous across e (in the trace sense), and
QX+ =0 on 9. Since the first sum in (6.12) vanishes for each smooth A, and is
continuous in A on L'(UJK) the second sum is the limit of sums with a smooth A
and therefore also vanishes. Finally, since A.Vuy, - n is constant on each e, in view
of (6.4) we have

Z(AeVuh M, — Qé(X)aK =0, VyxeV.
K

O

Remark 6.1. Tt is known, cf., e.g., [17, Chapter 5.2], that if f € LP, 1 < p < 2, the
solution u of (1.1) is an element of W?2? and by imbedding, u € H®, where H® is
the fractional order Sobolev space, with s = 3 —2/p, cf. [1, Chapter VII, Theorem
7.58]. For (1.5) to make sense, we need s > 3/2 and thus p > 4/3. Therefore, one
can prove analogous results to Theorems 5.1 and 5.2, that is,

(6.13) l = wnlly , < CR2=2P Jull o,
and, if in addition f € WP, since then f € L?, we have
(6.14) lu = unll < CH*(lully + | flly0)-
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To obtain these estimations we need to modify Lemma 6.1 and prove that
(6.15)

|(<p7X - Q§X)e| S ChK|<p|lep(K) |X|W1=<1(K)7 VQO € lep(K)v VX € Pl(K)7

where % + % = 1. Also, we need the local inverse inequality

(6.16) Wlagae) < Chie 71l s VA0 € Vi
Further, using the interpolation theory of Sobolev spaces, cf., e.g., [3, Chapter 12],
we have
(6.17) inf flu—xll,, <Ch* ully., 1<s<2.
XEVh ’

Following the proof of Theorems 5.1 and 5.2 and combining (6.15)—(6.17), we can
derive estimations (6.13) and (6.14). O
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