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Abstract.

Let Q be a bounded nonconvex polygonal domain in the plane. Consider the initial
boundary value problem for the heat equation with homogeneous Dirichlet boundary
conditions and semidiscrete and fully discrete approximations of its solution by piece-
wise linear finite elements in space. The purpose of this paper is to show that known
results for the stationary, elliptic, case may be carried over to the time dependent
parabolic case. A special feature in a polygonal domain is the presence of singulari-
ties in the solutions generated by the corners even when the forcing term is smooth.
These cause a reduction of the convergence rate in the finite element method unless
refinements are employed.
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1 Introduction.

The purpose of this paper is to show that certain known error estimates for
piecewise linear finite element approximations to solutions of elliptic equations
in nonconvex polygonal domains carry over to parabolic problems.

We consider the model initial boundary value problem, for u = u(z,t),

(1.1) ug—Au=f inQ, withu(-,t)=0 on 9Q, fort >0,
u(-,0) =v in £,
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where () is a nonconvex plane polygonal domain. We assume, for simplicity
of presentation, that exactly one interior angle w is reentrant, i.e., such that
T <w < 2m. (Since w < 2m, crack problems are not covered.)

The corresponding stationary elliptic problem is the Dirichlet problem

(1.2) —Au=f in€Q, withu=0 on 9,

and the regularity of the solutions of this problem has been extensively studied,
see Grisvard [6], [7]. We set 8 = m/w, and note that 3 < 4 < 1. In the
special case of an L-shaped domain, w = 37/2 and 3 = 2/3. Assuming that the
associated vertex is at the origin O and describing the domain near O by polar
coordinates (r,0), with 0 < § < w, the corner O then gives rise to a singularity
in the solution with a leading term near O of the form

(1.3) m(f)rﬁ sin(30),

where, in general, k(f) # 0 even when f is smooth. A regularity shift-theorem
for this problem, shown in Kellogg [8], may be expressed as

(1.4) llul| gres < C|fllg-1+s = C||Au| g-1+s, for 0 < s < 3,

where the H® = H*(Q)) are fractional order Sobolev spaces, see Section 2 below,
but such an estimate with s > § cannot be expected due to the singularity (1.3).
A certain replacement of (1.4) in the limiting case s = [ was derived by Bacuta,
Bramble, and Xu [3] in a Besov space framework. The singular behavior of the
solutions carry over to the parabolic problem (1.1), see [7, Chapter 5].

We now turn to the approximation by the finite element method, using piece-
wise linear finite element spaces S;, C H}(Q) based on triangulations 7;, = {7}
with h = maz ¢, diam(7). For simplicity we shall assume throughout that the
triangulations are shape-regular, i.e., satisfy a minimum angle condition. By
global quasiuniformity we shall mean that there is a constant ¢ > 0 such that
min.ex, diam(T) > ch.

We begin with the elliptic problem (1.2). The finite element method is then
to find u; € Sy, such that

(1.5) (Vup, Vx) = (f,x), for x € Sh.

For the error in the energy norm in this solution one may show, using the
regularity estimate of [3], that

lun —ullgr < ChP||Aul|g-1+s, for B < s <1.
By duality one obtains, with || - || = || - ||z,, as we shall write for brevity below,
(1.6) |up, — ul| < Ch?P||Aulg-1+s, for B < s < 1.

Error bounds with higher powers of A do not hold in general, even for smooth
f, because of the lack of regularity of the exact solution caused by the reentrant
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corner. The reduction in the convergence rate from the optimal order O(h?)
in a domain with smooth boundary, or a convex polygonal domain, to O(h%%)
may be avoided by the use of mesh refinement near the corners, cf. Babuska [1]
and Raugel [11]. In maximum-norm the global order of convergence is further
reduced to essentially O(h?). However, away from the corners the error remains
of order O(h??). Again, suitable refinements will essentially restore the O(h?)
error bound, cf. Schatz and Wahlbin [14]. These results for the elliptic problem
will be reviewed in more detail in Section 2 below.

Our first goal in this work is to see that error estimates of these orders carry
over to the semidiscrete parabolic problem, to find uy(t) € Sy, for t > 0 such
that

(L.7) (un,e, x) + (Vun, Vx) = (f, x), for x € Sp, t >0, with uy(0) = vp = 0.

In the error analysis of this problem it is common, following Wheeler [20], to
introduce the Ritz projection Ry : H} — S} defined by

(thua VX) = (V’LL, vX)v for X € Sh7
and to write the error as a sum of two terms
(1.8) up, —u = (up, — Rpu) + (Rpu —u) = 0 + p.

The second term then represents the error in an elliptic problem whose exact
solution is u(t), and may be bounded in Ly by means of the known error bound
(1.6). The first term 6(t) € S}, satisfies the equation

(1.9) 0z, x) + (VO,VX) = —(pt, X), for x € Sp, t > 0.
Introducing the discrete Laplacian Ay : .S, — Sy by
—(Aph, x) = (V¥, V), for ¢, x € Sy,
the equation (1.9) may be written as
0y — Apd = —Pypy, t>0, with 6(0) =wv, — Rpv,

where Pj, denotes the orthogonal Ly projection onto Sy. Hence, with Ej(t) =
e”nt the solution operator of the homogeneous case f = 0 of (1.7), and assuming
for simplicity that v, = Rpv so that 6(0) = 0, we have

t
(1.10) o(t) = —/ En(t — 7)Prpi(7) dT.
0
It is well-known that both Ej(¢) and Pj are stable in Ly with norm 1, and

we therefore conclude that the bound for p(¢) derived from (1.6) yields, with
s € (6,1],

() =u(®) < [0 +1pO)] < C1 (8O -ss0+ | A (r) - vv0dr).
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It then remains to verify that the solution of (1.1) has enough regularity that the
right hand side above is finite under the appropriate assumptions on v and f.
Such regularity results will normally be expressed below in the form of bounds
for the norm of the solution involved in terms of norms of the data. In the
present case we use the differential equation in (1.1) to exchange spatial regu-
larity requirements by regularity demands in time, and then show a bound for
uy to demonstrate

t t
[ 18uaedr < [ (@l + 150-s)dr
0 0

t
<C(lmll+ [ I()ldr). where go = u(0) = Ao+ f(0),

and a similar estimate for ||Au(t)| g—1+s.

This program is carried out in Section 3 below, and error bounds are also
shown for the gradient of the error in Ly. This section also includes a so-called
nonsmooth data estimate for the homogeneous heat equation and a discussion
of mesh refinements in the context of the parabolic equation.

Section 4 is devoted to error bounds in maximum-norm. As a preliminary step
we show, under the assumption that the family of triangulations underlying the
Sy, is globally quasiuniform, that a resolvent estimate holds in maximum-norm
for the discrete Laplacian —Aj, which, in particular, implies a stability result for
the semidiscrete parabolic equation. Again the results from the elliptic case carry
over to the parabolic problem so that an essentially O(h”) global error bound
can be shown, also for a somewhat weaker assumption on the triangulations
than quasi-uniformity, as well as an almost O(h??) error bound away from the
nonconvex corner. Concluding this section, we show optimal order error bounds
in the parabolic case by refining the triangulations, in the same way as for the
stationary problem.

In the final Section 5 we give some examples of error bounds for fully discrete
methods obtained by discretization in time by finite differences of the spatially
semidiscrete parabolic equation.

2 Review of bounds for the elliptic problem.

We begin by collecting some known regularity results for the Dirichlet problem
(1.2), with particular reference to the situation in a plane polygonal domain with
one reentrant corner. This includes a review of some properties of fractional
order Sobolev spaces, defined by interpolation. We then recall relevant error
estimates, in Ly and in maximum-norm, for finite element approximations of
(1.2).

Letting H~! denote the dual space of H} = Hg (), with duality pairing (-, -)
over the pivot space Lo, we define the variational solution of (1.2) for f € H~1
as the function v € H} which satisfies

(21) (vuvv@) = <fv <P>, Vp € H&
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It is well-known that this problem has a unique solution, and that
lullgy = IVull < [|f[lz-1.

For u € H}, (2.1) defines f € H™1, and then A : H} — H™' by Au= —f. In
order to discuss further regularity results we shall need to use function spaces
with a fractional number of derivatives, cf., e.g., [6], [7]. Letting H™ with norm
Il - ||z denote the standard Sobolev spaces of integer order m > 0, we set, for
s=m+o,with0<o <1,

2 [Du(x) — Du(y)[® 1/2
ullgs = ||u||5m + // dx dy ,
ot = (e = 32 ] )

and let H® = H*(2) denote the completion of C°(£2) with respect to this norm.
Since our €2 has a Lipschitz boundary there exists a bounded extension operator
from H*(Q) to H*(R?), which is independent of s, cf. [7, Section 1.3] for a
special such extension operator for a polygonal domain. This may be used to
characterize the spaces H® in terms of Fourier transforms in H*(R?), and, in
turn, to show that, in the terminology of real interpolation theory, see, e.g.,
Triebel [17], the Sobolev spaces H* have the interpolation property

HOs1+0=0s2 — 1 Hs2)p, for 0< <1, 0<s; < so.

We shall also have reason to use fractional order spaces with homogeneous
boundary conditions, and define

(2.2)  HY =[Ls,H}loo and Hy'7 = [Hy, H* N HJls, for 0< o <1,
as well as the negative order spaces
H™° =[Loy,H ]y, for 0 <o < 1.

We note that, by duality and (2.2), H=7 = (HJ)*, for 0 < o < 1. We remark
that Hy"7 = H'* N H{ for 0 < 0 < 1, see [2]. In the statements of several of
our error bounds below we shall have reason to know the following fact, showing
that HJ does not require any boundary condition for small o.

LEMMA 2.1. We have H§ = H? for 0 <o < 3.

This result was shown in [5] for  with a smooth boundary and stated without
proof and in greater generality in [21]. The proof in [5] may be seen to work also
for Lipschitz boundaries. For the convenience of the reader we include a proof
in an Appendix.

We now collect some known regularity results for the solution of (2.1). Con-
sider first the restriction of A : H} — H~! to V2 = H? N H{, thus to functions
in H? which vanish on 0. The range of A,

R(A;V?) = {f € Ly : f = Av for some v € V?},

is then a closed proper subspace of Ly, and hence (1.2) does not always have a
solution in V2 for f € Ly. In fact, referring to [6], [7], we have the following:
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Let n = n(r) be a smooth cutoff function such that n(r) = 1 near the nonconvex
corner O and such that the support of 1 only meets the two edges emerging from
O. Then, as is seen by a simple calculation, the singular function

(2.3) S(r,0) = n(r)rﬁ sin(56)

does not belong to V2 but is the solution of the variational problem with right
hand side F = —AS € C*(Q), with F' = 0 near O. We note that S € Hy*? for
0 < o < B. For, using the K-functional, one finds easily

K(t,S;HY H?>NHY) =  inf  (|S—|| g +t]|[¢]| g2) < Cmin(t?, 1), fort > 0,
YEH2NHY 0

by choosing ¥(r,0) = ¥(t;r,0) = ((t;7)S(r,0), with {(t;r) =0 for r < ¢, =1
for 7 > 2¢, and C.(t;r) < C/t, for t < to small, and ¥ (t;7,0) = 0 for t > to.
Hence

oo
||S\|§{3+U = /0 t72° " K (t,8; Hy, H* N Hy)? dt < oo, for 0 < o < 3.

One also sees that S ¢ H'7 for o > 3.
One can show that for f € Lo there exists a constant x(f) such that

(2.4) u—k(f)S € V2
In fact, following [7],
(2.5) N:=RA; V)L ={veD(A;Ly): Av=0 inQ, v=0 ondN},

where A denotes the distributional Laplacian on Lo. In the case of a domain with
smooth boundary, N would equal {0}. In our case with one reentrant corner,
N is one-dimensional and spanned by a function ¢ constructed as follows. Let
S.(r,0) = n(r)r=Psin(30) be the so-called dual singular function, let F, = AS,
(in the distribution sense), which belongs to C*(Q), and let w € H} be the
variational solution of

—Aw=F, inQ, withw=0 on 9.

Then ¢ := S, + w. To determine k(f) in (2.4) we apply the Laplacian to it.
Then, by (2.5), (f — &(f)AS,q) =0, so that

k(f) = c(f,q), wherec=1/(AS,q),

cf. Maz’ya and Plamenevskii [9].
We note that S,, and hence also g, belongs to H'~% for 3 < s < 1. In fact, as
above, we have

K (1,843 Lo, H) = inf (18, — ]| + 1][9]lmg) < Cmin(#'~2,1), for # >0,
€H;
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and hence

oo
1112 = /O 72091 [ (¢ 8, Ly, H)2 dt < 00, ifB<s<1.

One may thus write

(2.6) u=ugr+us, withug=~r(f)S=c(f, q)S,
where
(2.7) lurll 2 < C| f]-

Furthermore, the singular part ug satisfies
28)  Nuslaiva < SIaven [ < Clifllg-14s, for 0< sy <f<s<1,

since ¢ € Hy ™, but ug ¢ H'** for s > 3. The splitting (2.6) is only meaningful
if f e H='** with s > 3.

The following shift theorem was shown by Kellogg [8].

LEMMA 2.2. The solution u of (2.1) satisfies, for 0 < s < 8, with C' = Cj,

[ull gres < Cllfl-1+5 = CllAul g-1+-.

In Bacuta, Bramble, and Xu [3], regularity estimates for elliptic boundary value

problems are given for the critical value s = 3 in a Besov space setting, which

we will use below. A consequence of their result may be expressed as follows:
LEMMA 2.3. For the solution of (2.1) we have, for § < s <1, with C = Cs,

lull s < Cull fllir-1ve = CllAUsr-sve,  where BYF™ = [H', H)s .

When we study estimates in maximum-norm below we shall need the following
result showing that for certain f the solution of (2.1) is in C% = CA(Q). We
denote the norm in C? by | - ||cs-

LEMMA 2.4. Let u be the solution of (2.1). For any s with § < s < 1 we
have, with C = Cj,

lulles < Cllfll-1+2 = CllAul|gr-1+-.

PROOF. Since s > (3 we may write u = ug + ug as in (2.6). As is easily seen,
S € CP, and, using also the second inequality in (2.8), we therefore have

(2.9) luslles < Cla(f) < Clfll-1+-.
By Sobolev’s embedding theorem we find

(210)  lurlles < Cllurlpmieo, where, e.g., so = (28+5)/3 € (8, 5)
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To bound the latter norm, recall (2.7). For s; < 8 we have, using Lemma 2.2
for w and (2.8) for ug, since so > g,

(2.11) lurllses < lullyen + sl
< Clfllr-reer + Clf 100 < ClLFlla-1500.

Now choose 6 € (0,1) so that s = 0sg + (1 — #) and then s; so that so =
0s1+ (1 —0). Note that this defines s; < . By interpolation between (2.7) and
(2.11) we now conclude that

gl gi+so < C|If]l g-1+s-

Together with (2.10) and (2.9) this completes the proof. O
We consider now the finite element approximation uy, of u defined by (1.5). We
have the following error estimates exhibiting the orders of convergence attainable
with the regularity properties of Lemmas 2.2 - 2.4.
LEMMA 2.5. We have, with C = C,

(2.12) lun —ullgr < ChP||Aul|g-145 for B <s<1.
Further,

(2.13) |up — ul| < Ch?P||Aul|g-1+s, for B <s <1,
and

(2.14) [un = ull < ChZ||ul| g1

PROOF. The first two estimates are shown in [3], using Lemma 2.3 for (2.12)
and a duality argument for (2.13). For the third we also use duality, with

Ap=¢ inQ, =0 on 0,
and with vy, the corresponding finite element solution, to derive, for g < s <1,

[(un = u, @) = [(V(un —u), V(¢ = ¢n))| <[V (un = u)[ IV (¥ = ¢n)l
< ClIVull K| Al -1+ < CH7 |Vl [l

which shows the desired result. O
We now turn to estimates in the maximum-norm, or the norm in C = C(Q),
which we denote || - ||c. We first show that, under the assumption of quasiuni-

formity, the global order of convergence is of order essentially O(h?). Here and
below we use the notation

(2.15) ¢, = max(log(1/h), 1).

LEMMA 2.6. Assume that the family of triangulations underlying the family
Sy, is globally quasiuniform. Then we have

un — ulle < ChPLyullcs.
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Proor. With I;, the interpolant into Sy, this follows at once by the almost
best approximation property, see Schatz [12],

un —ulle < Cly|[Inu — ullc,

together with a standard approximation result. O

We shall now derive a maximum-norm error estimate by using the gradient
estimate (2.12). This estimate is marginally weaker in terms of regularity re-
quirements, but uses a weaker assumption on the triangulations than that as-
sociated with global quasiuniformity. The proof is based on a discrete Sobolev
type inequality, specific to our two-dimensional situation.

LEMMA 2.7. Assume the triangulations are such that hp,;, > Ch? for some
v > 0. Then, for any s,s1 with 0 < s < 51 < 3, we have, with C' = C 4, ,

Huh —ulle < Ch®||Au||g-1+s; .

PRrROOF. Under the above condition on the triangulations we have the discrete
Sobolev type inequality

(2.16) Ixlle < C6/%1Vx]l, for x € Sh.

In fact (cf. [16, Lemma 5.4]), by a standard inverse inequality, using hmin > Ch?,
followed by a continuous Sobolev inequality, we find, for any p € [2, 00),

Ixlle < Chillxlle, < CR="7|x||1, < Ch=21/Pp!/2|[ V],

min
from which (2.16) follows by taking p = £p,.

‘We have
llun —ulle < |lun — Inullc + |[Thu — ullc.

Here, by (2.16), (2.14) and Lemma 2.2, we have, with s < 57 < 3,
lun — Lulle < CG 1V (wn = w)l| + CE |V (w— L)
< COPR ul| grser < CRS|| At g-144 .
By Sobolev’s inequality and Lemma 2.2,
1w — ulle < C¥llulles < Ch[[ullgen < CH AUl oo,

which shows the result stated. a
Away from the corners of the domain the convergence in maximum-norm is of
the same order O(h2?) as in the global Ly-error estimate. This follows from the
following lemma.
LEMMA 2.8. Let Qo C Q1 C Q be such that Qy does not contain any corner
of 0 and the distance between Q1 N Q) and 00y N Q is positive. Assume that
triangulations associated with Sy, are quasiuniform in Q1. Then, with C = C,

lwn — U”C(QO) < ChQﬁ(”uHc%(Ql) + ||Au||H71+3), for B <s<1.
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PRrROOF. This is a consequence of the following interior estimate, valid up to
the interiors of the sides of Q, see [19, Example 1.10, p. 415], namely

lun — ulle(ay) < ClullInu — ulleqay) + Cllun — ull,

together with Lemma 2.5 and since h2¢;, < Ch?8, a

We remark that, in the case of a globally quasiuniform mesh, the singularity
at the nonconvex corner pollutes the finite element solution everywhere in €2
and that therefore the O(h??) convergence away from the nonconvex corner is
best possible (indeed, even in any negative norm), see [18]. However, optimal
order O(h) and O(h?) convergence in H' and Ly respectively, may be obtained
by systematically refining the triangulations toward the nonconvex corner. Such
refinements were first studied in Babuska [1] and Raugel [11].

To be able to state the result needed later, we introduce some notation. Let
d(x) denote the distance to the nonconvex corner, and, with d; = 277, let

Q={xeQ:d;/2 <d(z) <d;}, for j=0,...,J.

Furthermore, let Q) = Q; 1 UQ; UQ;41 and Q7 = {z € Q : d(z) < d;/2}. We
now choose J such that d; ~ h'/# where h denotes the meshsize in the interior
of the domain. Further we choose v > 1/ such that, with e any small positive
number,

(i) hj < Chd;~"** and ch’ < h; < ChY?, with ¢ >0,

where h; denotes the maximal meshsize on €};. We also assume that the mesh is
locally quasiuniform on each Q}, that dim S, < Ch™2 and hpi, > B (Y~ 1/8
for an “economical” refinement). Construction of families of meshes which fulfil
these requirements can be found in the references given, and elsewhere. We then
have the following result.

LEMMA 2.9. With triangulations as above, satisfying (i), we have

lup — ull + ||V (up, — w)|| < Ch || Aul|gr-1+s = Ch || f|| gr-145, for s =0,1.
PROOF. We start with the O(h) estimate in H!, s = 1. With u = ug +ug as
above, we have
lun = ullgr < [[Ihw = ullgr < | Uaur = urllpr + [[Ihus — wsl oo
If f € Lo, then up € H? and I,up exists. Further, we have by (2.7),
[Inur — urlmr < Chllug|lpz < Chf].
Since |&(f)| < C||f]l, it now remains to show

(2.17) l11;,S — S| < Ch.
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With h; the local meshsize on €2; one has
1S = Sl (ay) < ChyllS|m2r) < Chyd] ™t < Chds,

and
1S = Sl () < HnSlmie,) + 18|l @) < Cdj < Ch,

which implies (2.17) after taking squares and summing.

The result in H! when s = 0 is trivial. The full result stated now follows by
a standard duality argument. O

There is a similar theory for refinements which yield an almost O(h?) error
bound in the maximum-norm. To discuss this we first need to note that we
are now able to write the solution of (2.1) as a sum of a singular and a regular
function, and with the regular part almost twice continuously differentiable at
all corners of Q. More specifically, we want the regular part to be in Wp2 for
large p. In [6, Theorem 4.4.3.7], it is shown that any corner of Q gives rise
to singularities, expressed in terms of polar coordinates centered at the corner
under consideration of the form Sj,,(r,0) = n;(r) r%m sin(B;m0), with B, =
mm/w; € (0,2), where w; is the interior angle, m is a positive integer, and n; a
cutoff-function as before. For the reentrant corner we may have m = 1 or 2, for
convex corners with w; € (%w, m) only m = 1 is possible, and for w; < %7‘( no
such singularity occurs. The solution of (2.1) may then be written, with {S;},
the finitely many singular functions involved,

M
U =1ug+ur, Wwhereug= Zlﬁl(f)sl(l‘),
1=1
where, for any p < oo,

lurllwz < Cpllfllz,-

The coefficients x;(f) are the solution of a nonsingular linear system of equations
involving the (f,q;) expressing that A(u —ug) L ¢;,5 =1,..., M, where the g¢;
are defined in terms of the dual singular functions similarly to ¢ in Section 2.
Since the essential behavior of g; is 7= sin(;6) we have

(2.18) (O] < Cpllfllz,, for p>2/(2 — max ;).

Recall from above that for these bounds to hold for p = 2, the singular part ug
of the solution only needs to contain one term, corresponding to the single reen-
trant corner, and refinement is only needed there, but for large p, also weaker
singularities need to be taken into account, and corresponding refinements, sug-
gested by approximation theory, made at other corners.

Using the notation introduced before Lemma 2.9 for each of the corners, with
B denoting the minimal corresponding Bj,, we then require, with ¢ any small
positive number,

(i) h; < Chd, "™ and ch? < hy < Ch¥P ~d;, with~y>2/8, ¢> 0.
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We note that such refinements also satisfy (i) so that the result of Lemma 2.9
remains valid.

LEMMA 2.10. With triangulations as above, this time satisfying (ii) for each of
the corners of 1, we have for the solutions of (1.5) and (2.1), for any s € [1,2)
and p < oo sufficiently large, with C = Cs p,

lun — ulle < Ch*||Aullz, = CR*|IfllL, -

The proof of this lemma is implicitly contained in [14]. Since that paper is
quite technical and does not account for the regularity needed for f, we give
some indications of how a thus amended proof would proceed.

First, the kind of local estimate already used in the proof of Lemma 2.8 above
shows that (with an (2; associated with one corner)

lun = ullew,) < ClhllInu = uller) + Cdj Hlun — ull L,
For the first term we have
1Thu = ulleqr) < ChT P lullwsar ),

where Qj 5 is the smallest meshdomain containing Q Here (noting that only
the S; corresponding to the corner under con81derat10n enter),

242
||uuwgmfh><||uR||Wz<Q,,L>+Z|m DSz, ) < Cod? 27| £l

where we have used (2.18) and ||Sl||W§(Q; =< Cd572+2/p. Hence, with (ii),

= wlleqay) < Cohy /a2 ||z, < Coh> =P £ 1.
On the innermost domain {27, using the discrete Sobolev inequality,

lun = ulleo,) < [Hnu = ulle,) + Hnu = unlle@)
< |nu — ulleiry + C6 | nu — unll o)
< [ = ullen) + G un = ullm e + CO I = ull i o)-
The two terms involving the interpolation error are easily bounded in the desired

way. For the middle term we now have the local estimate (known to be valid
also at the corner)

un — ull g,y < CllInu — ull oy + Cdy Hlun — ull Ly

Again the first term on the right is easily handled.

To complete the proof one still has to treat the terms dj_1||uh - U||L2(Q;)
occurring above. This is the central technicality in [14] and uses a careful duality
technique involving a kick-back argument. The development there only needs
slight adjustments to account for || f||z,.
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3 Ls-based error estimates.

In this section we show how some of the error estimates in Lo for the finite
element approximations of the elliptic problem (1.2) may be carried over to
the spatially semidiscrete finite element approximation (1.7) of the parabolic
problem (1.1). This problem will be considered in this section in the framework
of the spatial space Lo, and we will therefore now restrict the domain of A :
H& — H 1 to

(3.1) D(A) ={ve H}: Ave Ly}.

We note that —A is then a closed densely defined positive definite operator on
Lo, and that D(A) is an extension of the domain V? considered in Section 2.
The functions in D(A) are thus not required to have individual second order
derivatives in Lo. For instance, the singular function S in (2.3) belongs to D(A)
but not to V2.

In discussing the regularity of the solutions of (1.1) it will be convenient to
use certain Hilbert spaces H® based on the orthonormal eigenfunctions {eita

and the corresponding eigenvalues {\; }]‘";1 of —A. Let thus H* be defined by
the norm

e 1/2
vl 7o = (ZA;(U,@J)Q) , fors>—1, ve H'
j=1

Then, since both H~* and H~* is the uniquely defined interpolation space be-
tween Ly and H~!, we have H—® = H~%, for 0 < s < 1. Also, H® = H{ for
0<s<1,and for 1 < s <2, H* consists of the functions u € H(} such that Au
is in the negative space H*~2, cf. [2]. In particular, (3.1) shows that D(A) = H?
and the range of A is L. Since obviously —A is an isomorphism between H**
and H 175 the result of Lemma 2.2 may be expressed as

(32) lulare < ClAulg-1se < CllAullfrs. = Cllulrev, for 0< s < 6.

The solution operator of the homogeneous case (f = 0) of (1.1) may be defined
as

E(t)v = Ze_)‘ft<v,apj>gpj, forve H™ !,
j=1

and it follows at once by Parseval’s relation that E(¢) is a contraction in Ly and
has the smoothing property

(3.3) Bt g0 < Ct=E27302 10| 4o, for —1 < 51 < s9.

In particular, E(t) is an analytic semigroup in Lg, and A is its generator, cf.
Pazy [10].

In the present case of a nonconvex domain, one may loose uniqueness if one
allows a solution concept which is too weak. Following [7, Section 5.1.2], consider
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the function ¢ € W, p < 2/(1+ ) < 2 defined in the paragraph following (2.5)
above. Regard this as solution of (1.1) with f = 0 and v = ¢ which is constant
in time. The semigroup solution E(t)q is different.

For the inhomogeneous problem (1.1), with v € Lo, f € L1(0,T; Lz), we define
the mild solution by Duhamel’s principle,

(3.4) u(t) = E(t)v + /0 E(t—7)f(r)dr.

This is unique among so-called “weak” solutions of (1.1) in the class of functions
u € La(0,T; H}) with u, € L2(0,T; H™1). As remarked in [7, Remark 5.1.2], this
class is too weak to allow a meaningful splitting into regular and singular parts.
Instead, he considers v € H}, f € Ly(0,T; Ly) in which case the mild solution is
unique among “classical” solutions u € Lo (0,T; D(A)), with u; € L2(0,T; Ls).

In our regularity results below, we shall make stronger assumptions on v and
f which, by (3.4) lead to results needed on w, in particular to apply the elliptic
theory. In the following result we use the notation

(3.5) go = ut(0) = Av + f(0), for v € D(A), f(0) € L.

Note that v € D(A) contains the compatibility condition v = 0 on 99 between
initial data and the boundary condition in (1.1).

Our first regularity estimates for the solution of (1.1) are as follows.

LEMMA 3.1. Let u(t) be the solution of (1.1), and let go be defined by (3.5).
Then we have, for 0 < s <1 andt < T, with C = C, 1,

68 [ (g + ) dr < (Il + [ 1) ar).

Further, for e € (0,3) and t < T, with C = Cer
t t
(3.7) / (s ()l 2 + s ()1 i < € (llgoll e + / 1) = ).

PRrROOF. We first note that, for 0 < s <1,

lwe (@)l gres = 1Awe(@) gr-1ve < uee (@)l g-1ee + 1Ol 142

so that it suffices to consider the second integrands on the left in (3.6) and (3.7).
We now differentiate (3.4) to obtain

(3.8) ui(t) = E(t)go + /0 E(t — 1) fi(r) dr.

By further differentiation this yields

t

(3.9) wn(t) = E'(t)go + Fult) + / Bt — 1) fu(r) dr.
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Let e =0if s <1and e € (0,3) if s = 1. Then, by (3.3),
IE" () goll 145 = IE®)goll g1+s < Ct g0l g, with o = (s +1—¢)/2,

and similarly for the integrand in (3.9). We conclude

t
Jaae®llgss- < O(E ol + 15Ol + [ (¢ =) U dr),

and hence after integration, since 0 = (s +1—¢)/2 < 1,

t t
| s lgrendr < €@+ T (ool + [ 16 dr) tor e <.
0 0

Since the norms in H¢ and H¢ are equivalent, this completes the proof. a

We remark that in (3.6) the Lo—norms on the right could have been replaced
by fractional order negative norms. For simplicity of presentation we avoid using
such norms in the statements of our results.

A second regularity result is as follows. Here, go € H{ involves a second
compatibility condition at the boundary at initial time, viz., Av + f(0) = 0 on
on.

LEMMA 3.2. We have for the solution of (1.1)

t t
[ e < Qlanl + [ 10N ar)

and

t t
| Qaum + o) < (ool + [ 1olPdr). fore 0.
0 0

ProoOF. By differentiation of (1.1) and multiplication by u; in Ls we obtain
1d
2dt

and the first result hence follows by integration. Multiplication instead by w;

shows

el + [|[ Ve ||* = (froue) < Clfell 71 + 311V,

1d

2 dt”VUtHz = (ft7utt) < %Hutt||2 + %”ftHQa

e +
which yields
t t
[ luolar < 1900l + [0 Par.
0 0

Since ||Aut|| < [Juge]| + || f|| the result follows. a

We consider the semidiscrete problem (1.7) where for simplicity we take vy, =
Rpv, or, with Ay the discrete Laplacian and P}, the orthogonal Lo—projection
onto Sy,

(3.10) unt — Apup = P f, t>0, with up(0) = Rpv.
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The operator —A}, is a positive definite operator on S,. The solution opera-
tor Ej(t) = et of the homogeneous equation (f = 0) is again an analytic
semigroup on Sy, uniformly in h. In particular,

IBx(#)vnll < lonll and || B} ()vnll < CtHon]], for t > 0.

We now show an error estimate for the solution of (3.10).
THEOREM 3.3. We have, with C = Cr,

lun(t) = w(®) < A (J|Av] + | £(O)]] + / Ifi(r)ldr), fort <T.

PROOF. As in (1.8) we write up(t) — u(t) = 0(t) + p(t). For § we have the
representation (1.10), and hence, by the stability in Ly of Ej(t) and Py,

l[un(t) = u@®I < o + 16 < [2(0)]] +2/0 [lpe(T)|| dr.

Letting 8 < s < 1, we have by the elliptic finite element estimate (2.13), together
with (3.2),

t
Jun(e) = u®) < CH (Joll g + [ uer) s ) for e 2 0
0

Since ||v]| g1+s < Cl|v]| g2 = C|Av]|, the result stated now follows from (3.6) and

(3.5). 0
We next show an O(h?) estimate for the gradient of the error.
THEOREM 3.4. We have fort < T, with C = Crp,

t t
IV (un () —u(t)) || < Chﬁ(l|AU||+||f(0)||+/O ()l dT+(/O e (r)[r-2dr)'/2).
PRrROOF. Using Lemma 2.5 we find, with 8 < s < 1,

¢
Vo)) < CH (Ol e < O (Jolres + [ ) g ).
The right hand is bounded as desired by Lemma 3.1.
To bound V(t) we choose x = 0; in (1.9) to obtain

1 d
2dt

Since 6(0) = 0 we have, using (2.14),

16117 + 5 IVOI* = —(pr,6:) < 3llell* + 5116c]>.

t t
Ga) VOO < [ (P < 0n? [ fuo)lfpdr, for t>0.
0 0

The bound stated therefore follows by Lemma 3.2. a
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The analysis above of V@ also yields the following result about the ”super”-
closeness of u;, and Rpu.
LEMMA 3.5. We have

t 1/2
Vo) < O (lolly + ([ 15:0IPar) ). fore =
0
ProOF. Using (3.11) and (2.13) with s = 1, we obtain

t t
(3.12) I\W(t)llzﬁ/ Hpt(T)HQdTSCh‘“’/ | Aug ()| dr,
0 0

where the last term is estimated by Lemma 3.2. a

We shall now give an example of a nonsmooth data error estimate and demon-
strate that, for the homogeneous parabolic equation, a O(h?%) error estimate
holds for the semidiscrete approximation for positive time even when the ini-
tial data are only assumed to be in Lo, provided the discrete initial data are
appropriately chosen.

THEOREM 3.6. Let up(t) and u(t) be the solutions of (1.7) and (1.1) with
f =0, and let v, = Pyv. Then we have, for f < s < 1, with C = C,

[un(t) — u(t)|| < Ch2Pt=O+I/2|y||, for t > 0.

PROOF. In [16, Chapter 3, formula (3.16)] the following inequality was shown
for smooth 092,

lun () — u(®)[| < C+~ igr;(*\\m(f)\\ +7llp(m)Il + 1A()), for t > 0,

where p(t) = fot p(T)dr. However, for proving this, the smoothness of 0 is not

actually required. By (2.13) and (3.3), and using the definition of H1%5 we
easily obtain that

7llp(m) < CTR*|[u(r) ]| g < CH2OTE=2] o],

Hence, since s < 1, we find

[reall S/ llo(m)lldn < Chw/ NP oy < CRPPTI 2 o).
0 0
In the same way,
Pllpe ()]l < O 72 [ue(7) | grave < CHPPTE=D2 0.

Together these inequalities complete the proof. O

We finally show that the optimal order error bounds for the elliptic problem
in Lemma 2.9 obtained by refinements towards the nonconvex corner can be
carried over to the parabolic problem.
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THEOREM 3.7. Assume that the triangulations underlying the Sy, are refined
as in Lemma 2.9. We then have, for t <T and any e € (0, %), with C = C. r,

o) = (o)) < €2 (A0l + ol + [ 1l )

and

IIV(uh(t)—u(t))llSCh(IIAUIIJrllgo||He+/0 ||ft(7')HHsdT+(/O (P32 dr)'2).

ProoOF. We use Lemma 2.9 with s = 1. We first have
t
Iote)] + MV PO < CrAu(o)] < O (Jau] + [ |aur)]dr).

The right hand side is now bounded by (3.7). For 6 we have in a standard way,
choosing x = 6 in (1.9),

t t
o)) < / loe(r)] dr < CB2 / | Ay () dr, for ¢ >0,
0 0

where the right hand side is bounded as above. For the gradient of 8 we have
by the first inequality of (3.11),

t t
IV < [ lou(ldr < O [ ()|, for 20,
0 0
which is again bounded as desired by Lemma 3.2. a

4 Maximum-norm estimates.

We now turn to maximum-norm error estimates for semidiscrete finite ele-
ment approximations of (1.1), extending such estimates for the stationary elliptic
problem. In the same way as in the discussion in Section 2, we shall be using two
different approaches. In the first the analysis takes place within the framework
of the Banach space C(Q) and assumes globally quasiuniform triangulations, and
in the second the arguments are based on using the discrete Sobolev inequality,
under weaker assumptions on the triangulations, together with Ly—bounds for
the gradient of the —part of the error.

We begin the first approach by showing a resolvent estimate for the discrete
Laplacian Ay, in the case of globally quasiuniform triangulations, and an asso-
ciated stability and smoothing property for the solution operator of the homo-
geneous semidiscrete equation.

We recall that, in the case of a domain €2 with smooth boundary, the operator
A, with a suitably defined domain, satisfies the resolvent estimate

C _
(2] — A) " o|e < TMHUHQ Vovely(Q), z€X, =1{2: |argz| < a},
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for any o € (3, ), and hence generates an analytic semigroup E(t) = e®! on

Co(f2), see Stewart [15]. It is not known to us if this holds also for a polygonal
domain. However, the corresponding resolvent estimate is valid in L, for 1 <
p < 00, as follows from the proof of Theorem 3.6 of Chapter 7 in [10].

The technique of proof of the following discrete resolvent estimate is based on
[13]. For a domain with smooth boundary such a result was shown in [4] without
the logarithmic factor ¢, (cf. (2.15)).

THEOREM 4.1. Assume that the family of triangulations underlying the Sy, is
globally quasiuniform. Then, for any a € (%ﬂ,ﬂ) and h small, we have, with

C:Cou

Cty,
2I — Ap) "t < ——||lvnlle, Y oun € Sk, z € X,
I( n) " onlle < 1+|Z‘H rllc h € Sh

Proor. For any = € , let 67 € S}, be the discrete delta-function defined by
0 03) = x(x),  Vx € Sh,
and let wy be the modified distance function
W) = 1y — af? + 1),

Here 47 is concentrated near z in the sense that one can show as in [16, Lemma
5.3], that, with C independent of z € Q and h,

(4.1) lwhon |l < C, for x € Q.
We now introduce the discrete Green’s function
G7 = (2I — Ap) 7165 € S,
and note that, for v, € Sy,
(2I — Ap) top(x) = (21 — Ap) " ton, 67) = (vp, G17).
To show the theorem we therefore want to show, with C' = Cl,

Cgh
1+ 2|’

1G5 1, < Vreq zex,

Setting w = wj, G = G}, and noting that [lw™!|| < 052/2, we have
_ 1/2
IG1Iz, < ™|l G < €6/ lwG,

so that it suffices to show

ce/?
1+ |z]

(4.2) lwG] < , Yze, z€¥,.
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We consider the identity
2|wG|? + |wVG|? = 2(G,w?G) + (VG, V(w0 G)) — 2(VG, wGVw).
Note that, with § = 6},
2(G,x) + (VG,Vx) = ((¢1 — Ap)G, x) = (6,Xx), Y X E Sk, z€%,.

Thus, subtracting this equation from the previous, and choosing x = P (w?G),
where Py, is the Lo—projection onto Sy, we find

2||wG|? + ||[wVG|? = 2(G,w?G — Py (w?@G)) + (VG, V(w?G — P, (w?Q)))
4
—2(VG,wGVw) + (5, Pu(w?G)) = Y I;.
j=1
Obviously, I; = 0, since G € S,. To bound I, we need the following fact
associated with superapproximation, cf. [16, Lemma 5.2], namely
IV(@?x = Pu(w?X))l < Ch(lIx|l + loVx]), ¥x € Sh.
Using this, and also an inverse estimate, we find since G € S, for any u > 0,
I
|| < CRIVG|(IGI+Iw V) < CUIGIPHIGI wVE]) < SwVEIP+CIIGI.
Also, since Vw is bounded,
i
I3 < CIGI| lwV G| < SllwVGI* + ClIGIP,

and for I, we have, using (4.1),
14] = |(8,0°G)| = |(wé,wG)| < CllwG|.
Altogether, after taking real and imaginary parts,

Re 2 |wG|* + [wVG|?* < pllwVG|* + C(IG]* + |wG]),
[Im 2| [wG|* < pllwVG|* + CIGI + wG]).-

Thus for any € > 0, after taking u < £/(2(1 + €)) and kicking back |[wVG]|,
(|Im 2| + e Re 2) [|[wG|? + el|wVG|? < C(||G|? + |wG]|), with C = C-..
Choosing, e.g., ¢ = tan((m — «)/2), we see that
|Im z| +eRe z > ¢|z|, for z € X, with ¢> 0.
Hence, with C' = C,,,

2] [wGI? + wVGI* < CIGI? + [[wG)), for =z € Za,
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and since
CllwG| < 3 |2| lwG|1* + 3C?|2| 7,

we obtain, with a new C' = C,,
(4.3) 2| [wG|* + [[wVG|* < C(||G|]* + |2|71), for z € Zq.
To bound ||G||?, we note that
2 |GI? +IVG|* = (6,G) = G(a),
and taking again real and imaginary parts, as above,
G2 + IVGI? < CIG ()] < C42 VG| < 5IVGI? + Cly, for 2 € S,
and hence
(4.4) lz| |GII? + [VG|? < Cty, for z € By, x € Q.
Together (4.3) and (4.4) show, with C' = C,,
WG| < C/2|2| 7Y, for 2 € By, 2 € Q,

which concludes the proof of (4.2) for |z| > 1, say. Since also, using (4.4) in the
second step,

1/2

l
|wcnscmv0nsc¢”szcljkvﬁxzezm\431,

the proof is complete. O
As a consequence of the above discrete resolvent estimate the following result
obtains in a standard way, cf. [10, Section 2.5].
THEOREM 4.2. The discrete Laplacian Ay, generates an analytic semigroup
En(t) on Sy, equipped with the mazimum-norm, defined for any «a € (%7‘(‘,7‘1’) by

1
—/ e (21 — Ap)~tdz, fort >0,
[o)3M

Ep(t) = '™ =
n(t) =e 27

with Ep(0) = I, and we have, with C independent of h,

[En()vnlle + I ELvalle < Clillvnlies for v € Sh, t > 0.

We now show the following error estimate, with gy defined in (3.5).
THEOREM 4.3. Assume that the family of triangulations underlying the Sy, is
quasiuniform. Then we have, for the solutions of (3.10) and (1.1), with C = Cr,

t
Jun(6) = w(®lle < CHE (Ivllos + Lol + [ Il dr), fort <T.
0
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PRrOOF. With our standard notation we have, using Lemma 2.6,

t
(4.5) lp@®)lle < CRPEh|lu(t)lcs < ChPeh(|v]lca +/ s (7)llcs dr), for t > 0.
0

As before we use the representation (1.10) for 6(¢). Using the stability result of
Theorem 4.2 for Ej(t) and the stability of P}, in C (see, e.g. [16, Lemma 5.1]),
we obtain

t t
16l < Céh/ loe(7)lle dr < Chﬁf%/ [[ur(7)l|ce dr, for ¢ = 0.
0 0

By Lemmas 2.4 and 3.1 we find, with < s <1, fort <T,

46) [ Il ar < [ el dr < o (lanll + [ 15 ar).

Together these estimates show the theorem. a

We now turn to the second approach and derive a maximum-norm error es-
timate by using the error estimate for the gradient in Lo, together with the
two-dimensional discrete Sobolev inequality. As in Lemma 2.7 this will be done
under a weaker assumption on the triangulations than the one used in the first
approach above.

THEOREM 4.4. Assume that the family of triangulations underlying Sy, is such
that hypin > ChY for some v > 0. Then, for any s with 0 < s < 3, we have, for
the solutions of (3.10) and (1.1), with C = Cs 1, fort <T,

Jun()=utt)le < O (|80l 17O+ [ 1 dr+( [ 1 ar)).

PROOF. We have by Lemma 2.7, with s; € (s, §),
[p@®)lle < CR[[Au®)|| -1+ < CR[|u®)]] grse, -
Here, for t > 0,
t
s < C (Il + [ Tl 7).

which is bounded as desired by (3.6).
Using (2.16) together with (3.11) and Lemma 3.2 we have

t 1/2
IWngcdﬁWNMHgM?M%Mﬂ+(AHMﬂﬁpﬂﬂ ), fort >0,

Together these estimates show the result stated. a
We now derive an estimate away from the corners.
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THEOREM 4.5. Let Qo C Q1 C Q be such that )y does not contain any corner
of Q0 and the distance between 01 NQ and 0y N Q is positive. Assume that
the triangulations associated with Sy are quasiuniform in Q1. Then we have, for
B<s<l, t<T, withC=Csr,

lun(t) = u(®)llen) < CH26% ([u(®)lle2+(o) + 180 + llgol g
+ (/Ot | fu(r)|2dr)2), fort < T,
PROOF. By Lemmas 2.8 and 3.1 we have, with 8 < s < 1,
lp®) o) < Ch* (lut)lles ) + lu(®)] ga--)
< Ch (J[ult)e2e (o) + 180 + llgoll + / ldr). fort < .
Further, using the supercloseness result of Lemma 3.5,
lo(t)lle < /2 1v0(0)] < Ch*26,* (llgollmy + ( / ) Pdr) ), for > 0.

Together these estimates show the error bound stated. a
We also have the following result showing almost O(h?) convergence in the
presence of appropriate refinements.
THEOREM 4.6. Let the triangulations underlying the Sy be refined as in
Lemma 2.10. Then, for any s € [0,2) and t > 0, we have, with C = Cs,

lun(@®=u(®)lle < Ch*(llgoll sy + 117 (0) e+ / () lledr+( / () 2ar) ).

ProoF. To bound p(t) we use Lemma 2.10 and (3.8), together with the fact
that E(t) is a contraction in L, to obtain, for p sufficiently large, with C' = Cj ,,

le®)lle < Ch*[[Au(@®)]|z, < CR*([f )z, + [w@)]L,)

< 0w (IO, + ool + [ 1), )

< o (Il + 1900l + [ 15(ledr).

For 0(t) we first derive a superconvergent order estimate for VO(t) as in (3.12),
now with the Ly error estimate of Lemma 2.9 (valid since the refinement is now
stronger than there), namely

t t
VoI < / loe(r)|2dr < Ch / | A ()]2dr.

Using (2.16), and Lemma 3.2 to bound the last integral, we have

t 1/2
10(t)llc < C6;/2 Vo)) < ce/ 2 (9 goll + / 1) Pdr) ).

which is bounded as stated for any s € [0,2). This completes the proof. a
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5 Fully discrete methods.

As examples for fully discrete methods we will show some error estimates
for the application of the Backward Euler and the Crank—Nicolson methods to
the discretization in time of the spatially semidiscrete problem (1.7). Letting k
denote the constant time step, U™ the approximation in S}, of the exact solution
u(t) of (1.1) at t = t, = nk, and setting OU™ = (U™ — U""1)/k, we consider
first the Backward Euler method

(5.1) QU™ x) + (VU™ Vx) = (f",x), VYx € Sp, n>1,
UO = Vp = RhU.

We first show the following error estimate in Lo—norm, with go defined in (3.5).
THEOREM 5.1. Let U™ and u(t,) be the solutions of (5.1) and (1.1), respec-

tively, and let € € (0,1). Then we have, with C = C. r,

tn
0" = atn)l| < €02 + 1) (180l + lgolle + [ " 1Ol dr). for b <.
0

PROOF. Analogously to (1.8) we write
(5.2) U™ —u(tn) = (U" = Ryu(tn)) + (Rau(tn) — u(tn)) = 0" + p".

Here p™ is bounded as desired as in the proof of Theorem 3.3. To bound ™ we
note that

(5.3) (90", x) + (VO",Vx) = —(w",X), VX € Sh,
where
(5.4) W = Wi+ wh = (Ry, — IOu(t,) + (u(ty,) — us(ty)).

Choosing x = 0™ in (5.3) we obtain in a standard fashion
167 < 10" + El|w™||, for n > 1,

and hence, since ° = 0,

101 < &Y lwill + kD lwdll = T+ 11,
j=1 j=1

tj

J—
Here kwj = t-

Pt (1) dr, and hence, as in Theorem 3.3,

tn in
65 1< [ looldr<Cot® (ool + [ 15Ol dr), for ty < T
0 0

Further, using the second part of Lemma 3.1, we find, for any ¢ > 0,

tn tn
1<k [ fuar)ldr < Cob(laollae + [ 150l dr).
0 0
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Together these estimates complete the proof. O
Next, we will show the following estimate for the gradient of the error.
THEOREM 5.2. Let U™ and u(t,) be the solutions of (5.1) and (1.1), respec-

tively. Then we have, with C = Crp,

n B b 2 1/2
IV =ulta)| < COP+8) (180l +lgnllng ([ 1) )2 fort, < .

PROOF. Here Vp" is bounded as desired by the proof of Theorem 3.4. Further,
choosing x = 90" in (5.3), since 2(V6",V00™) = 9||VO"™||* + k|| Vo™ ||* we find
easily that 0||V0"||* < 1[|w™||?, and hence

n n
IVo™ 1> < kD lwdll® + kY whll? = 1" + 11",
j=1 j=1

Here, using (3.11) and Lemma 3.2,

tn tn
1< [T o ar < on (ool + [ 1B dr). for e >0
0 0

Further, by Lemma 3.2

tn tn
II' < C’k‘z/ s (1|2 dr < Ck2<||go||?qé +/ Hft(7)|\2d7)7 for ¢,, > 0.
0 0

Together these estimates complete the proof. O
Also, we will show the following nonsmooth initial data estimate.
THEOREM 5.3. Let U™ and u(t,) be the solutions of (5.1) and (1.1) with
f =0, but with vy, = Pyv. Then we have, for f < s <1, with C = Cy r,

U™ — u(ty)| < C(h*Pt; 04972 Lkt Y|, fort, <T.

PROOF. In view of Theorem 3.6 it suffices to note that
(U™ — up(tn)|| < Ckt; Y| Pyo|| < Ckt,|vl|, for t,, < T.

The former inequality is a special case of, e.g., [16, Theorem 7.2]. a

We now demonstrate two maximum-norm error estimates, using the two ap-
proaches to such estimates used earlier in Sections 2 and 4. We first have the
following.

THEOREM 5.4. Assume that the family of triangulations underlying the Sp
is globally quasiuniform. Let U™ and u(t,) be the solutions of (5.1) and (1.1),
respectively, and let g1 = uw(0) = Ago + f:(0). Then, with C = Cr, we have,
Jort, <T,

0" =)l < O 48) 6 (oles +laoll +hanll + | QAN+ ) ).
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PROOF. The term p” is bounded as stated by (4.5) and (4.6). For 6™ we have,
by (5.3),
o — kAh@n _ 9n—1 _ kPhw",

or, with Ey, = (I — kAy)™!, since 0° = 0,
0" = Epn (0" — kPyw™) = —k Y _ B P’
j=1

By use of the resolvent estimate of Theorem 4.1, see, e.g., [16, Theorem 8.2], we
have the stability bound

IE{L Prvlle < Clyllvlle, for m >0,

and hence, with the notation (5.4),

n n
167 e < Chen Y Iwlllc + Ckty S [lwille = 1" + 11"
j=1 j=1
Here, using Lemmas 2.6 and 2.4, we have, with § < s < 1,

tn

t’Vl
" < / lue()les dr < CHOE / e (7 e
0 0

which is bounded as desired by (3.6). Further, for any ¢ > 0,

tn

tn
11" < Ckfh/ luee (7)||c dm < C’kﬁh/ lwee (7)) || grose dT.
0 0

By (3.6), applied to us, we have the regularity estimate

tn tn
[ el dr < O (lonl+ [l ar), for 6, <17,
0 0

which completes the proof. O
By using the technique for estimating p in the proof of Theorem 4.4, combined
with the discrete Sobolev inequality (2.16) and the estimate for V6™ in the proof
of Theorem 5.2, we have the following.
THEOREM 5.5. Assume the family of triangulations underlying Sy, is such that
hmin = ChY for some v > 0. Then, for any s with 0 < s < 3, we have, for the
solutions of (5.1) and (1.1), with C = Csp, fort <T,

t 1/2
JU™ = ulta)lle < C(h* + 62k) (I A0] + llgol sy + ( / 1fi(n)l2ar) ).

As a final example of a fully discrete method we will consider the Crank-
Nicolson method for the discretization in time of the semidiscrete problem (1.7),
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combined with such refinement in space that yields an optimal order O(h?) error
estimate in space. With the above notation, and setting U™ = %(U” +uUn—h,
the Crank-Nicolson method is defined by

@OU™,X) + (VU", V) = (f(ta_1):X), VX E Sp, n > 1,

(5.6)
UO = VUp = th.

We show the following error estimate.

THEOREM 5.6. Let U™ and u(t,) be the solutions of (5.6) and (1.1), and let
e € (0, %) Assume that the triangulations are refined as in Lemma 2.9. Then
we have, with g1 as in Theorem 5.4, and C = C, r,

[0 =t < O + K (1] + llgol s+l

tn
+ [ QR e + WD) ar). for e, <

PROOF. We again represent the error as in (5.2). For p™ we have, as in the
proof of Theorem 3.7,

tn
ol < €12 (180l + Lol + [ (o)l ar).

To bound 6™ we note that this time
(5.7) (00", %) + (V0" Vx) = —(@".x), ¥x €8 n>1,
where

w™ = (Rp—1I)0u(t,)+ (Oulty) —ut(tnfé)) —A(ult,,

)—ﬁ(tn)) = wl +wj ws.

it
2
Choosing x = 6" in (5.7) we obtain
96", 50" +6"71)) < gllw™ | (1™ + ")),

which gives

167117 = "2 < Kllw™ || (16" + 16"~1)), for n > 1,
and, after cancellation of a common factor,

107 < [16"=]) + kflw" |, for n > 1.

Since #° = 0 this yields

n n n
167 < kDl + k> llwsll + kD il
j=1 j=1 j=1
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Here, as in (5.5) and the proof of Theorem 3.7,

n tn tn
el < [ lldr < 0 (ol + [ 15l dr), for <.
j=1 0 0

Further, by Taylor expansion around tn7%7

tj
kllwall = llulty) — ultj—1) — kue(t;_ 1)l < Ck?/ [[uee ()| dr,

tj1
and similarly
tj
kllwill = 1A (u(t; 1) — 5(uty) — ult;-))) ] < Ck?/ [ Auy (7)| d.
tja
Using once more the differential equation we get ||Aug|| < ||wgse | + | fee]]- Thus,

n

kS (i + will) < or? / (e (O + [ fu (9]

=1

Applying (3.7) to uy we obtain

tn tn
| Ml < (e + [l dr), tor b, <.
0 0

which bounds 6™ as desired. The proof is now complete. O

Using techniques similar to the above one may also show an error bound
in maximum-norm for the Crank-Nicolson method, with the appropriate mesh
refinement as in Lemma 2.10, of order essentially O(h? + k?).

Appendix. Proof of Lemma 2.1.

PROOF. Recall that H® = [Ly, H'|s5 and H® = [Ly, H}]s2. We shall show
that
[Lo,H'sq = [L2, Hgls,q, for 0< s < %, ¢=o0.

Using this with 0 < 51 < s < 592 < % and interpolating between s1, so it follows
for any ¢, in particular for ¢ = 2. Since the opposite inclusion is trivial it now
suffices to show

By = [La, H']s .00 C [La, H}Js,00, for 0 < s < &.
Let u € [LQ,Hl]Sm. Then

K(t,u; Ly, HY) = inf (Ju—of +tl[ollm) < Ust®, where Uy = [lu g,
ve

so that there exists v = v(t) € H! with

(A1) lu—v| < CUL  and o] < CU .
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We want to show that for some w = w(t) € H} and some constant C,
lu — wl| + tllw]| g < CUL.

It suffices to do this for ¢ < 1, say, because for ¢ > 1 we may choose w(t) = 0, in
which case, by (A.1),

[ = wl| + tw| g = [lu]] < [lu =l + v} < CUE*, for t > 1.

Let ¢, € C3(2) be such that ¢;(z) = 1 in Q, the points in Q with distance at
least ¢ from 92, and |V, < C/t. We now choose w(t) = ¢, v(t) € HE. We
have with w; = Q\ O,

lu = wll + IVl < [[(1 = poull + l[e(u = )| + t Ve v]| + tl: Vo
< Clllull o + llu = vll + 1] Ly + HIVOI).

In view of (A.1) and since ||[v[|1,(w,) < [JUllLy(w,) + llv — |, it remains to show
that

(A-2) [ull £y < CEU = CH Jul g

To prove this we note that, for any straight line v in Q, we have the trace
inequality
[ullLoyy < Cllull girza

For this we may first extend functions from  to R? using [17, Theorem 4.2.3]
and then [17, Theorem 2.9.3(c)]. Applying this to lines parallel to 9 shows,
after squaring and integrating,

||UHL2(wt) < Ct1/2”uHB;/2,1.

The desired result (A.2) now follows by interpolation between this and the trivial
inequality ||u||L2(wt) < ull. a
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