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ABSTRACT. We consider standard finite volume piecewise linear approximations for
second order elliptic boundary value problems on a nonconver polygonal domain.
Based on sharp shift estimates, we derive error estimations in H'— and L*-norm,
taking into consideration the reqularity of the data.
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1. Introduction

In this note we study the convergence of the standard finite volume element
method for discretization of second order linear elliptic pde’s on a non-convex
polygonal domain  C R? with Dirichlet boundary conditions. Namely, for a
given function f, we seek u such that

Lu=f, inQ, and u=0 on J9, (1.1)
with Lv = —div(AVv), A = A(z) = (ai;)’

i,j=
function with real-valued entries a;; € Wh*>, 1 < i,j < 2. We assume that
the matrix A(z) is uniformly positive definite in €2, i.e., there exists a positive

constant «q such that

T A(x)€ > aptTe, VEER? Vo e Q. (1.2)

; @ given symmetric matrix

Finite volume discretizations for more general convection—diffusion-reaction
problems were studied by many authors (for a comprehensive presentation and
more references of existing results we refer to [EGH-00]). For convex polygonal
domains, H! and L? norm error estimates were derived in [EWI-02], taking
into account the regularity of f.

Our goal in this paper is to study the influence of the corner singularities
and insufficient regularity of the right-hand side f, say f € LP(Q), p < 2,
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Figure 1. A non-convex domain €2 with a corner Sy and wy > 7.

or f € H %), 0 < ¢ < 1/2, on the convergence rate of the finite volume
element method. We note that we use the conservative version of the method,
namely the right-hand side of the scheme is computed by the L?~inner product
of f with the characteristic functions of the finite volumes (or equivalently by
the duality between H® and H—¢ for 0 < ¢ < 1/2). For more singular f,
ie. fe H* 0<{¢<1, werefer to [DRO-02]. Our analysis of the error
estimates in H' and L? norm follows the approach developed in [CHA-02] and
uses known sharp regularity results for the solutions of elliptic boundary value
problems, cf. [GRI-85].

2. Preliminaries

In this paper we use standard notation for Sobolev spaces WP and H® =
W2 cf. [ADA-75]. Namely, LP denotes the space of p—integrable real
functions over €, |-|, and |- ||, the seminorm and norm, respectively, in
H® = H*(Q), |- |yyepr and || - |ly«., the seminorm and norm, respectively, in
WP = WsP(Q), p > 1, and s € R. If s = 0 we suppress this index.

Let us first consider the Dirichlet problem for Poisson’s equation: Given
f € LP, p>1,find a function u : @ — R? such that

—Au=f, inQ, and w=0 on d9, (2.1)

with € a bounded, non-convex, polygonal domain in R. For simplicity we
assume that Q has only one inner angle greater than 7, namely wy € (, 27),
cf. Figure 1. Tt is known that there exists a unique solution u € H} of
(2.1). Furthermore, u could be represented in the form u = cowy + v, where
v € WP N H}, ¢g is a constant and wy = 7= \/le)/\m sin(A,,0)n(re??). Here
Am = 2%, m € N, n is a cutoff function which is one near Sy and zero away
from Sy and (r, ) are the polar coordinates with respect to the vertex Sy with
angle wg. A crucial role in determining the regularity of w is played by the

constant Po = ﬁ
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If feLP, p>1,in view of [GRI-85, p. 233] and a standard imbedding
result, we have that u € H® with s =2 — 59 — §(p), where sg and §(p) > 0 are
defined by

2 77 2_2 p < po
=——-1=1—-— = p Po’ ’ 2.2

%0 Po wo’ o) { arbitrarily small, p > po. (2:2)
Further, if f € H=*, 0 < ¢ < 1 the solution u of (2.1) satisfies u € H*, with
s =2— 59— 0(£), where §(£) > 0 is defined by

o {— sg, so < €<,
o) = { arbitrarily small, 0 </ < sq. (2:3)

For the more general problem (1.1) similar results hold. Let A and 7,
be matrices such that A = (aij(SO))?,j:1 and —TTAT = I. Also, let wy(A)
be the measure of the angle at 7Sy of TQ, with 7Q = {Tz : z € Q} and
po(A) = m. Then in view of [GRI-85, Theorem 5.2.7], if f € LP, p > 1,
the solution w of (1.1) is in H®, with s = 2 — 5o — §(p), where in the definition

of sp and 4, (2.2), we substitute po(A) for po.

In the rest of this paper, we will denote by s = 2 — 59 — §, where sg and
0 are defined as above, depending if we are referring to problem (1.1) or (2.1)
and whether f isin LP, p>1or H=¢ ¢ € [0,1].

3. The finite volume element method

We consider a quasi uniform family {7} },_;, ., of triangulations of Q, where
h denotes the maximum diameter of the triangles of T},. Let us denote by Z;"
and EI the set of interior vertices and edges of T}, respectively. We construct
the control volumes by considering an interior point zx in each triangle K € T},
and connecting it with the edge midpoints of K. This partitions K into three
subregions K, with z a vertex of K, see Figure 2. With each vertex z € Z}L“ we
associate the control volume b, which consists of the union of the subregions
K, with common vertex z (see Figure 2). Next, let us consider the finite
dimensional spaces Xj = {x € C(Q) : x|k is linear for all K € T}, and x|aq =
0} and X = {x € L?(Q) : ¥|p. is constant, z € Zi", x|,. = 0, if 2 € 9Q}.

We consider then the following finite volume method for (1.1): Find u;, € X
such that for every y € X}

an(un,x) = — zgnx<z> /8 | (AVw) s = ZZ x(2) / @1

We now introduce the interpolation operator I, : C(Q) — X}, defined by

Inv = Z v(2) @,

zEZ;L“
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Figure 2. Left: A sample region; with dotted lines the corresponding box b,.
Right: A triangle K partitioned into three subregions K.

where @, is the characteristic function of b,. Note that,

(1100 = S XE) [ foede= Y (o) [ o Vpel? e,

zEZy, zEZ},

Thus (3.1) can be written equivalently in the form
ah(uh7X) = (fa th)a VX € X}? (32)
In addition, if A = I, we have
() = a( ) = [ V- Vide, Ve XY, (33)
cf., e.g., [BAN-87]. Thus, (3.2) takes the form

a(“’hX) = (fv th)v VX S X;OL

In the general case of problem (1.1), the identity (3.3) is not valid. However,
following [CHA-02], we are able to rewrite ap, in a form similar to a. Indeed,
take the integral of (1.1) over K., for z € Zi" and K € Ty, so that after
integration by parts we obtain

/ Lxd:ch/ AVX-nds:—/ AV -nds, Vxe€ Xj.
K. 0K .NOK OK.Ndb.

Multiplying this by ¥(z), ¥ € X 2, and summing over the triangles that have z
as a common vertex and the vertices z € Z;*, we get

ap(x, ) = ;{/K Lx It dx + /BK AVyx -nlppds}y, Yy, ¢ € X}?. (3.4)

This is similar to

a(x. ) = (AV, Vo) = g{/K Lxwde + /BK AVy -nipds}), Yy, € X0,
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4. Error estimates

For the analysis of the finite volume method (3.2) we shall need to estimate
the errors ¢, and ¢, defined by

5h(f7X):(faX)_(fath), VfGLp, XeXi?v
Ea(Xa 1/}) = a(Xﬂ/)) - ah(qu)a VX7 1/1 € XI(Z
We can easily see that I, satisfies the following property:
I = Tl = >0 / X = X2 da < Wl V€ XD, (41)
z€Zy, K)

with 1 < ¢ < oo and Z,(K) the set of the vertices of K. Also, if in the
construction of the control volumes we choose zx to be the barycenter of K,
then

/ x dz :/ Inxdr, VYK €Ty, Yx € X} (4.2)
K K

In addition, using known interpolation results, cf., e.g., [BRE-94, p. 285],
we get

inf ([lv— x|l + hllv = x[l1) < CR®|v]s, Vv e H? NHy, 1<s<2. (4.3)
XGX}L

In the sequel we shall give some auxiliary lemmas which are used for estimating
ep and &,.

Lemma 4.1 There exists a constant C, such that for every x € X))

len(f,X)| < CR™™ 2220 g x|y, Vf € LP, (4.4)
1 1

‘8h(f’ X)| S Ch2|f|W1yP |X|W1‘qa Vf € WLpa 2; + 6 = 1a (45)

en(f) SCRNFI oIxly, YFeH™  0<e<1/2, . (46)

Proof: The estimate (4.4) is based on (4.1) and the inverse inequality |x|y 1., <
Chz/q*1|x|1, q > 2, for y € X)). The estimate (4.5) is obtained similarly, by
taking into consideration (4.2). Finally, (4.6) is based on

- 1
X = Inxl, <CH'™Ixly, 0<l<g, VxeXp. O

Lemma 4.2 There exists a positive constant C such that

lea(®, )| < ChIYly Ixh,  Yx, v € X, (4.7)
lea(un, X)| < Ch(Jup — uly + blulyyes) Xl X € X5, A€ W2, (4.8)
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Proof: We first note that in view of (3.4),
ca(X) = Z/ Lw(x—fhx)derZ/ AV -n(x — Inx)ds =T +I1.
= JK < JOK

Using (4.1) and (4.2), to estimate I, we obtain the desired bounds of (4.7) and
(4.8), respectively. The contribution of IT can be calculated using the estimate

\/w(x— Inx) ds| < Chlglywr iy IXIwra i)

and the fact that, if A, = A(m.) with m, the midpoint of the edge e, then

Z/ AN (up, —u) -n(x — Inx) ds = 0. O
< oK

Theorem 4.1 Let u and uy be the solutions of (1.1) and (3.2), respectively,
with f € LP, p > 1. Then, there exists a constant C, independent of h, such
that

lu —unlly < C(A*lull, + R™2 222 £ ), (4.9)
lu —unll < C(R*EVull, + AP E2Z2B £ ). (4.10)

Proof: The proof is similar to the corresponding proof in the finite element
method. Hence, for (4.9) it suffices to estimate a(u —up, ), for every 1 € X.
Due to (3.2), we easily see that

a(u —up,¥) = en(f, V) — calun, V). (4.11)

Combining now Lemmas 4.1 and 4.2 and choosing ¢ = up, — X, for h sufficiently
small, we obtain (4.9). To show (4.10) we use a standard duality argument by
introducing the auxiliary problem: Find ¢ € H® N H{ such that: Ly = u —uy,
in . Then, it suffices to estimate the terms I and I in

lu = un|* = au = un, ) = alu —un, ¢ = x) + a(u —up,x) = I +I1. (4.12)

The first term, I, is estimated similarly as in the finite element method. For
the second term I7 we use (4.11) and Lemmas 4.1 and 4.2. O

Remark 4.1 Since 2(s — 1) > 1, |ju — up|| = O(h™»(1L2=2/P)) If f € LP, with
p < po, then s —1 =2—2/p < 1, cf. [GRI-85, p. 233], thus ||lu —usl|; =
O(h®72/P). Also, if p > po then s — 1 < 2 — 2/p, therefore |ju —up, =
O(hl_SO_é).
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Theorem 4.2 Let u and uy be the solutions of (1.1) and (3.2), respectively,
with A=1, f € H %, 0 </ <1/2. Then there exists a constant C independent
of h such that

lu = unlly < C(R*ull, + R F), (4.13)
lu —un]| < C(R2CVlull + RN 1) (4.14)

Proof: The proof is similar to the proof of Theorem 4.1. The desired estimates
are based on bounding a(u — up, x) for every x € X7. In view of Lemma 4.1
we have

ja(u = un,un = x)| < CAAF Xl Vx € XG. 0

Remark 4.2 If f € H*, with sg < £ < 1/2, then in view of (2.3) s —1 =1—¢,
thus [|u — upll; = O(R'=*). If 0 < £ < s then s — 1 < 1 — ¢, thus |ju — uy|, =
O(ht=2079).

Next, we will give an improved error estimate for « — uy, in the L?—norm.

Theorem 4.3 Let u and up, be the solutions of (1.1) and (3.2), respectively,
with f € WHP, p > 1, thenu € H®, with s = 2—s9—6 and § > 0 arbitrary small.
Also, if in the construction of the control volumes b,, zx is the barycenter of
the triangle K then, there exists a constant C, independent of h, such that

= unll < CEEDfull, + B (£ + B8 @522 LY = O(26).

Proof: The proof is similar to that of Theorem 4.1. It is obvious that it suffices
to estimate the term I7 in (4.12). Since f € WP, we have f € L2, and
therefore u € H®, with s =2 — s9 — §. Due to (4.11) and Lemmas 4.1 and 4.2,
we obtain

111 < C(RP(f Iy + lul) + Bllw = unlly) Ixlwra, VX € X5,

with 1/p 4+ 1/¢g = 1. Choosing now x to be an appropriate interpolant of ¢,
with appropriate stability properties, and using standard imbedding arguments
and an inverse inequality we obtain

lu = un® < C(RPCVfull, + Ao | £+ R™ ES 272 ) = -

We can easily see that since 3/2 < s < 2 we have 2(s — 1) < s. Also, the fact
that s <2 <4 —2/p suggests 2(s — 1) < min (2,2 + s — 2/p). Combining now
these with the above error estimation we obtain the desired result. O

Remark 4.3 Our L?>-norm error estimates are in contrast to known estimates
for the finite element method. For example, the finite element approximation
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Table 1. Convergence rate for exvact solution u = (r?/® 4+ r?)sin(20/3)

B 1/2 2/3 3/4 4/5
Hnorm || 0.54 (0.50) | 0.66 (0.66) | 0.69 (0.66) | 0.69 (0.66)
Lo-norm || 1.20 (1.00) | 1.34 (1.34) | 1.37 (1.34) | 1.37 (1.34)

ub®, defined by a(ul®,x) = (f,x), ¥x € X}, is known to satisfy, cf., e.g.,
[BRE-94, Chapter 12],

lu —ui®lly < O Hully, flu—up®) < CR2E™ ull.

In Table 4 we present the computed rates of convergence of the finite volume
method which illustrate the results of Theorem 4.1. We considered the Dirichlet
boundary value problem for the Poisson equations in an L-shaped domain with
an exact solution u = (r2/3+7%)sin(26/3). One can see that u is almost in H>/?
if 3 =1/2 and u is almost in H°/3 if 3 > 2/3. The numerical experiments show
that the finite volume scheme recovers the solution with the expected rates in
H'-norm. The convergence rates in Lo-norm in some cases are slightly higher
than the ones predicted by the theory.
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