
Ask seic gia to spÐti 1
Par�dosh 30-11-2007.

Met� apì thn anaferìmenh mèra den ja bajmologoÔntai oi ask seic.

'Askhsh 1. Na exetasjeÐ an to sÔnolo W = {(x, y, z) : x > y > z} eÐnai
upìqwroc tou R3. (1 mon.)

LÔsh. To mhdenikì di�nusma tou R3 eÐnai to (0, 0, 0). K�je dianusmatikìc
upìqwroc tou R3 perièqei to mhdenikì di�nusma. To W den eÐnai upìqwroc
tou R3 diìti (0, 0, 0) 6∈ W .

'Askhsh 2. Na exetasjeÐ an to sÔnolo twn lÔsewn tou sust matoc
2x− 7y − 5z = 0
x− 2y − 3z = 1
eÐnai upìqwroc tou R3 . (1 mon.)

LÔsh. EÔkola elègqoume ìti to (0, 0, 0) den eÐnai lÔsh tou sust matoc. 'Ara
to sÔnolo twn lÔsewn tou dosmènou sust matoc den eÐnai upìqwroc tou R3.

'Askhsh 3. Gia poia tim  tou k to di�nusma (1,−2, k) eÐnai grammikìc sun-
duasmìc twn dianusm�twn (1, 0,−2) kai (3,−1,−5);

(2 mon.)

LÔsh. 'Enac trìpoc eÐnai na broÔme k ¸ste h exÐswsh

λ1(1,−2, k) + λ2(1, 0,−2) + λ3(3,−1,−5) = (0, 0, 0)

na èqei kai mh mhdenik  lÔsh. Autì sumbaÐnei ann h orÐzousa tou pÐnaka
suntelest¸n tou antÐstoiqou sust matoc eÐnai mhdèn:

A =

1 −2 k
1 0 −2
3 −1 −5

 = −k = 0.

Epomènwc, gia k = 0 ta trÐa dianÔsmata eÐnai grammik¸c exarthmèna, opìte
to (1,−2, k) gr�fetai wc grammikìc sunduasmìc twn (1, 0,−2) kai (3,−1,−5).

'Alloc trìpoc eÐnai me ton orismì. Y�qnoume an up�rqoun λ1, λ2 tètoia
¸ste:

(1,−2, k) = λ1(1, 0,−2) + λ2(3,−1,−5)

LÔnontac to sÔsthma
1 = λ1 + 3λ2

−2 = −λ2

k = −2λ1 − 5λ2,
paÐrnoume k = 0.
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'Askhsh 4. Na deiqjeÐ ìti ta dianÔsmata (1, 2, 3), (0, 1, 2) kai (0, 0, 1) apoteloÔn
mia b�sh tou R3. (4 mon.)

LÔsh. Xèroume ìti dim(R3) = 3. Epomènwc, gia na eÐnai b�sh tou R3 ta
dianÔsmata (1, 2, 3), (0, 1, 2) kai (0, 0, 1), arkeÐ na deÐxoume ìti eÐnai grammik�
anex�rthta. Pr�gmati, lÔnontac to sÔsthma

λ1(1, 2, 3) + λ2(0, 1, 2) + λ3(0, 0, 1) = (0, 0, 0)

wc proc λ1, λ2, λ3, blèpoume ìti h mình lÔsh eÐnai λ1 = λ2 = λ3 = 0.

'Askhsh 5. To sÔnolo A = {x+1, x2 +1, x2 +5} par�gei to R2[x]; Up�rqei
gn sio uposÔnolo tou A pou na eÐnai b�sh tou R2[x];

(2 mon.)

LÔsh. 'Enac trìpoc gia na doÔme an to A par�gei to R2[x] eÐnai mèsw tou
orismoÔ, dhl. gia tuqaÐo polu¸numo α2x

2 + α1x + α0 ∈ R2[x], ja elègxoume
an up�rqoun λ1, λ2, λ3 tètoia ¸ste

α2x
2 + α1x+ α0 = λ1(x+ 1) + λ2(x

2 + 1) + λ3(x
2 + 5).

'Enac �lloc trìpoc eÐnai na parathr soume ìti to A èqei tìsa stoiqeÐa
ìso eÐnai h di�stash tou R2[x]. 'Ara, sthn ousÐa to A par�gei to R2[x] ann ta
stoiqeÐa tou A eÐnai grammik� anex�rthta. An to A eÐqe perissìtera stoiqeÐa,
ja èprepe na p�me me ton pr¸to trìpo. An to A eÐqe ligìtera stoiqeÐa, tìte
h ap�nthsh eÐnai kateujeÐan ìqi.

LÔnoume loipìn wc proc λ1, λ2, λ3 to sÔsthma

λ1(x+ 1) + λ2(x
2 + 1) + λ3(x

2 + 5) = 0x2 + 0x+ 0,

opìte paÐrnoume λ1 = λ2 = λ3 = 0. Blèpoume ìti to A eÐnai b�sh tou R2[x],
�ra par�gei to R2[x].

'Askhsh 6. DÐnetai o upìqwroc U = {(x, y, z) : x = 3y} tou R3. Na brejeÐ
upìqwroc W ¸ste U +W = R3 kai to �jroisma na eÐnai eujÔ.
LÔsh. Pr¸ta brÐskoume th b�sh tou U , h opoÐa eÐnai {(3, 1, 0), (0, 0, 1)},
dhl. dim(U) = 2, opìte dim(W ) = 1. Opoiod pote loipìn di�nusma pou
sumplhr¸nei th b�sh tou U se b�sh tou R3, apoteleÐ th zhtoÔmenh b�sh. Gia
par�deigma, to (0, 1, 0) eÐnai èna tètoio di�nusma. 'Ara, o W =< (0, 1, 0) >
eÐnai ènac upìqwroc tètoioc ¸ste U +W = R3 kai to �jroisma na eÐnai eujÔ.

(2 mon.)
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'Askhsh 7. DÐnetai h apeikìnish L(x, y, z) = (2x− 3y, y + 2z, z − y, x+ y)
apì R3 sto R4.

1) Na deÐxete pwc eÐnai grammik .
2) Na brejoÔn KerL, ImL kai oi b�seic touc.
3) Exet�ste an h L eÐnai 1-1.
4) Exet�ste an h L eÐnai epÐ. (3 mon.)

LÔsh.
1) To deÐqnoume me ton orismì, dhl. ìti gia k�je (x1, y1, z1), (x2, y2, z2) ∈

R3 kai k�je λ ∈ R isqÔei

L((x1, y1, z1) + λ(x2, y2, z2)) = L(x1, y1, z1) + λL(x2, y2, z2).

2) Gia na broÔme to KerL, lÔnoume to sÔsthma
2x− 3y = 0
y + 2z = 0
z − y = 0
x+ y = 0,
pou dÐnei monadik  lÔsh x = y = z = 0. 'Ara, KerL = {(0, 0, 0)}, dhl. èqei
di�stash 0 kai �ra h b�sh tou eÐnai to ∅. 'Etsi, xèroume ìti dim(ImL) =
dim(R3) − 0 = 3. Gia na broÔme to ImL, arkeÐ na prosdiorÐsoume th b�sh
tou. 'Eqoume ìti

(2x− 3y, y + 2z, z − y, x+ y) = x(2, 0, 0, 1) + y(−3, 1,−1, 1) + z(0, 2, 1, 0).

'Ara to (ImL) par�getai apì ta (2, 0, 0, 1), (−3, 1,−1, 1), (0, 2, 1, 0). DeÐxame
prin pwc dim(ImL) = 3, opìte aut� ta trÐa eÐnai kai grammik� anex�rthta,
dhlad  apoteloÔn mia b�sh tou (ImL).

3) L eÐnai 1-1 diìti KerL = {(0, 0, 0)}.
4) L den eÐnai epÐ diìti dim(ImL) = 3 < dim(R3) = 4.

'Askhsh 8. Na brejeÐ mia b�sh tou q¸rou phlÐkou R6[x]/R3[x]. (2 mon.)

LÔsh. Pr¸ta brÐskoume mia b�sh tou R3[x], gia par�deigma th kanonik :
{1, x, x2, x3}. EpekteÐnoume aut  th b�sh se mia tou R6[x]. Gia par�deigma
se {1, x, x2, x3, x4, x5, x6}. 'Ara h zhtoÔmenh b�sh tou q¸rou phlÐkou eÐnai
{x4 + R3[x], x

5 + R3[x], x
6 + R3[x]}.

'Askhsh 9. DÐnetai h grammik  apeikìnish L(x, y) = (y + 2x, x + y, x − y)
apì R2 sto R3. Na breÐte ton pÐnaka AL(B1, B2), ìpou B1 kanonik  b�sh tou
R2 kai B2 = {0, 1, 1), (2, 3, 0), (1,−1, 3)} b�sh tou R3. (1 mon.)
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LÔsh. UpologÐzoume ta dianÔsmata L(1, 0) kai L(0, 1) kai ta gr�foume wc
grammikoÔc sunduasmoÔc twn (0, 1, 1), (2, 3, 0) kai (1,−1, 3). O zhtoÔmenoc
pÐnakac eÐnai twn suntelest¸n pou brÐskoume, dhl.:

AL(B1, B2) =

−7
11

−8
11

8
11

6
11

6
11

−1
11

.
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