
Om�da A

'Askhsh 1. DÐnetai o pÐnakac A =

(
2 −5
−1 3

)
.

Na upologÐsete ton B = A6 +2A4−A+I kai tic idiotimèc tou B me qr sh
tou qarakthristikoÔ poluwnÔmou tou A kai twn idiotim¸n tou A.

(1 mon.)

LÔsh. To qarakthristikì polu¸numo tou A eÐnai
ϕ(λ) = det(A−λI) = λ2−5λ+1. 'Ara apì to Je¸rhma Cayley−Hamilton

èqoume ìti ϕ(A) = 0. K�noume th diaÐresh tou B me to A2 − 5A + I kai
paÐrnoume

B = (A2−5A+I)(A4+5A3+26A2+125A+559)+2869A−598I = 2869A−598I.

'Ara

B =

(
5140 −14345
−2869 8009

)
.

UpenjÔmish: I =

(
1 0
0 1

)
.

Oi idiotimèc tou A eÐnai oi rÐzec tou ϕ(λ) = λ2 − 5λ+ 1 = 0, dhlad  eÐnai

oi akìloujec: λ1 = 5+
√

21
2

, λ2 = 5−
√

21
2

.
'Ara oi idiotimèc tou B eÐnai λ6

1 +2λ4
1−λ1 +1, λ6

2 +2λ4
2−λ2 +1. Kai epeid 

eÐnai kai diaforetikèc, èpetai pwc tic br kame ìlec!

'Askhsh 2. DÐnetai o pÐnakac A =

1 0 0
1 0 1
0 1 0

 .

• Na deÐxete ìti gia k�je k ≥ 3 isqÔei Ak = Ak−2 + A2 − I.

• Na upologÐsete ton A2007.

(2 mon.)

LÔsh.

• Me epagwg  sto k ≥ 3 ja deÐxoume ìti isqÔei Ak = Ak−2 + A2 − I.
Gia k = 3 isqÔei diìti to qarakthristikì polu¸numo tou A eÐnai ϕ(λ) =
det(A− λI) = λ3 − λ2 − λ+ 1.
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'Estw ìti to deÐxame gia k. Ja to deÐxoume gia k + 1.

Ak+1 = AkA = (Ak−2 +A2− I)A = Ak−1 +A3−A = Ak−1 + (A2 +A−
I)− A = Ak−1 + A2 − I.
'Ara isqÔei gia k�je k ≥ 3.

• Gia na upologÐsoume ton A2007, ja qrhsimopoi soume th prohgoÔmenh
anadromik  sqèsh.

A2007 = A2005 + A2 − I
A2005 = A2003 + A2 − I

...

A3 = A+ A2 − I
'Etsi A2007 = A3 + 2007−3

2
(A2 − I) = A2 + A − I + 1002(A2 − I) =

1003(A2 − I) + A,

dhlad  A2007 =

 1 0 0
1004 0 1
1003 1 0

 .

'Enac �lloc trìpoc  tan na p�me me digwnopoi sh, afoÔ pr¸ta elèg-
xoume ìti o A eÐnai diagwnopoi simoc. Ed¸ dustuq¸c den eÐnai, opìte
lÔnetai mìno me anadrom !!

'Askhsh 3. DÐnetai o pÐnakac A =


2 −3 0 0
−1 5 0 0

3 1 1 −1
0 −6 0 2

 .

Na exet�sete an o A trigwnopoieÐtai. An nai, na breÐte touc antÐstoiqouc
pÐnakec U, T , me T na eÐnai trigwnikìc kai A = UTU−1.

(1 mon.)

LÔsh. O pÐnakac A gr�fetai se morf 

A =

(
A1 0
∗ A2

)
. 'Opou oi pÐnakec A1, A2 eÐnai 2 epÐ 2, opìte eÔkola brÐ-

skoume tic idiotimèc tou kajenìc. Dhlad  èqoume sunolik� tèsseric idiotimèc
tou A:

λ1 = 7+
√

21
2

, λ2 = 7−
√

21
2

, λ3 = 1, λ4 = 2. Br kame ìlec tic idiotimèc, �ra
o A trigwnopoieÐtai. Epeid  ìmwc A eÐnai kai 4 epÐ 4, kai br kame tèsseric
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idiotimèc tou, èpetai pwc eÐnai kai diagwnopoi simoc. 'Ara o T sthn ousÐa
ektìc apì �nw trigwnikìc, eÐnai kai diag¸nioc! Dhlad 

T =


λ1 0 0 0
0 λ2 0 0
0 0 λ3 0
0 0 0 λ4

 .

En¸ o pÐnakac U apoteleÐtai apì antÐstoiqa idiodianÔsmata.

'Askhsh 4. DÐnetai o pÐnakac A =

 1 0 4
0 5 4
−4 4 3

 .

• EÐnai o A antistrèyimoc;

• Na exet�sete an o A diagwnopoieÐtai. An nai, na breÐte touc antÐstoi-
qouc pÐnakec P,∆, me ∆ na eÐnai diag¸nioc kai A = P∆P−1.

Upìdeixh: To qarakthristikì polu¸numo eÐnai trÐtou bajmoÔ, opìte èqei
toul�qiston mia pragmatik  rÐza. Me melèth tou qarakthristikoÔ poluwnÔmou
wc sun�rthsh, dhlad  pìsec forèc all�zei prìshmo, na exet�sete an telik�
èqei treic rÐzec   mìno mÐa. An èqei treic tìte diagwnopoieÐtai, alli¸c den
diagwnopoieÐtai. (2 mon.)

LÔsh.

• To qarakthristikì polu¸numo tou A eÐnai

ϕ(λ) = det(A−λI) = −λ3 + 9λ2− 23λ+ 79. 'Ara h orÐzousa tou A den
eÐnai mhdèn, gia thn akrÐbeia eÐnai 79, sunep¸c eÐnai antistrèyimoc.

• Dokim�zontac touc diairètec tou stajeroÔ ìrou, blèpoume pwc den èqou-
me akèraiec rÐzec. Xèroume ìmwc èqei toul�qiston mia pragmatik . Gia
na broÔme to pl joc twn riz¸n èqoume dÔo trìpouc.

Pr¸toc trìpoc: brÐskoume th par�gwgo (−3λ2 + 18λ−23) kai tic rÐzec

thc (−18±
√

48
−6

). Autì shmaÐnei pwc èqei dÔo akrìtata. AntikajistoÔme
autèc tic dÔo timèc sto qarakthristikì mac polu¸numo kai diapist¸noume
ìti kai oi dÔo timèc eÐnai jetikèc. 'Ara to qarakthristikì mac polu¸numo
èqei akrib¸c mÐa pragmatik  rÐza. Opìte den diagwnopoieÐtai o A. (OÔte
kan trigwnopoieÐtai!)
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DeÔteroc trìpoc: Oi rÐzec tou −λ3+9λ2−23λ+79 eÐnai Ðdiec me tic rÐzec

tou λ3−9λ2+23λ−79.Metatrèpoume to teleutaÐo polu¸numo se morf 
qwrÐc λ2, sÔmfwna me to bohjhtikì arqeÐo, dhlad  se λ3 − 4λ − 202.
UpologÐzoume th diakrÐnousa D = −4(−4)3−27(−202)2 kai èqoume ìti
D < 0. 'Ara to qarakthristikì polu¸numo èqei akrib¸c mÐa pragmatik 
rÐza. Opìte den diagwnopoieÐtai o A.

'Askhsh 5. Na brejeÐ to el�qisto polu¸numo tou A, ìpou

A =

2 2 −5
3 7 −15
1 2 −4

 . (1 mon.)

LÔsh.
To qarakthristikì polu¸numo tou A eÐnai
ϕ(λ) = det(A − λI) = (1 − λ)2(3 − λ). Ta pijan� el�qista polu¸numa

eÐnai dÔo:
(1−λ)2(3−λ) kai (1−λ)(3−λ). Exet�zoume pr¸ta an (I−A)(3I−A) = 0.

Pr�gmati k�nontac tic pr�xeic diapist¸noume ìti (I − A)(3I − A) = 0. 'Ara
to el�qisto qarakthristikì polu¸numo tou A eÐnai (1− λ)(3− λ).

'Askhsh 6. Exet�ste an orÐzoun oi parak�tw apeikonÐseic eswterikì ginì-
meno ston R2

• < (u1, u2), (v1, v2) >= u1v1 + u2v1 + u1v2 − u2v2

• < (u1, u2), (v1, v2) >= u2
1v

2
1 + u2

2v
2
2

(2 mon.)

LÔsh.

• Xèroume ìti se èna eswterikì ginìmeno prèpei na isqÔei

< (u1, u2), (u1, u2)) >≥ 0.

Ed¸ ìmwc < (0, 1), (0, 1)) >= −1 < 0. Kat� sunèpeia den eÐnai eswte-
rikì ginìmeno.
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• Xèroume ìti se èna eswterikì ginìmeno prèpei na isqÔei

< a(u1, u2), (v1, v2) >= a < (u1, u2), (v1, v2) > .

Ed¸ ìmwc

< 2(u1, u2), (v1, v2) >= 4 < (u1, u2), (v1, v2) >6= 2 < (u1, u2), (v1, v2) >
Kat� sunèpeia den eÐnai eswterikì ginìmeno.

'Askhsh 7. DÐnetai h b�sh B = {(1, 1, 0), (−1, 0, 1), (1,−1, 2)} tou R3. Na
metatrapeÐ se mia orjokanonik  b�sh tou R3.

(1 mon.)
LÔsh. Jètoume v1 = (1, 1, 0), v2 = (−1, 0, 1), v3 = (1,−1, 2).

UpologÐzoume pr¸ta ta e′1, e
′
2, e
′
3 sÔmfwna me ton tÔpo stic shmei¸seic.

Dhlad 
e′1 = v1 = (1, 1, 0)
e′2 = v2 + 1

2
e′1 = (−1

2
, 1

2
, 1)

e′3 = v3 − 1
2
e′1 − 1

2
e′2 = (1,−1, 2)− 0(1, 1, 0)− 2

3
(−1

2
, 1

2
, 1) = 1

3
(4,−4, 4).

Kai t¸ra mac mènei na k�noume ta e′1, e
′
2, e
′
3 mètrou 1, dhlad  h zhtoÔmenh

orjokanonik  b�sh eÐnai e′
1

||e′
1||
,

e′
2

||e′
2||
,

e′
3

||e′
3||
.

'Askhsh 8. Na brejoÔn ìla ta dianÔsmata tou C2 pou na eÐnai k�jeta sto
di�nusma (1− i, 1 + i) wc proc to kanonikì ginìmeno tou C2.

(1 mon.)

LÔsh.
Zht�me ìla ta a1, a2, b1, b2 ∈ R ¸ste

< (a1 + a2i, b1 + b2i), (1− i, 1 + i) >= 0.

Miac to eswterikì ginìmeno eÐnai to kanonikì, èpetai pwc

(a1 + a2i)(1− i) + (b1 + b2i)(1 + i) = 0

Autì mac dÐnei to sÔsthma
a1 + b1 − a2 + b2 = 0
a2 + a1 + b2 − b1 = 0
Kai autì me th seir� dÐnei pwc prèpei b1 = a2 kai b2 = −a1. 'Etsi ta

zhtoÔmena dianÔsmata eÐnai (a1 + a2i, a2 − a1i), me a1, a2 ∈ R.
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