
Apant sei twn exet�sewn sth Grammik  'Algebra I5 Septembr�ou, 2008Jèma 1. Swstì   L�jo me pl rh dikaiolìghsh.'Estw W1 = {(0, a) ∈ R
2 : a ∈ R}, W2 = {(b, 0) ∈ R

2 : b ∈ R} kai ∅ tokenì sÔnolo. Tìte1. W1 ∪ W2 e�nai grammikì upìqwro tou R
2.Ap�nthsh. L�jo, diìti (1, 0), (0, 1) ∈ W1∪W2, all� (1, 0)+(0, 1) =

(1, 1) 6∈ W1 ∪ W2.2. dimR(W1 + W2) = dimR(R2)Ap�nthsh. Swstì, diìti dimR(W1 +W2) = dimR(W1)+dimR(W2)−
dimR(W1 ∩ W2) = 1 + 1 − 0 = 2 = dimR(R2)3. dimR(∅) = 0.Ap�nthsh. L�jo, diìti to kenì sÔnolo den e�nai dianusmatikìq¸ro, �ra den èqei nìhma to dimR(∅). To monosÔnolo {0V } e�nai dia-nusmatikì q¸ro me di�stash mhdèn.Jèma 2. Na de�xete ìti to sÔnolo lÔsewn tou parak�tw grammikoÔ sust ma-to e�nai èna grammikì upìqwro tou R

3 kai na bre�te mia b�sh tou:
2x + 3y + z = 0

5y + 3z = 0Ap�nthsh. To sÔnolo lÔsewn A e�nai
{(x, y, z) ∈ R

3 : 2x+3y+z = 0, 5y+3z = 0} = {(x, y, z) : 2x+3y+z = 0, 5y+3z = 0} =

{(−
2

3
y, y,−

5

3
y) : y ∈ R}.Gia to A èqoume ìti

• (0, 0, 0) ∈ A 1



• 'Estw (−2

3
y1, y1,−

5

3
y1), (−

2

3
y2, y2,−

5

3
y2) ∈ A, tìte

(−
2

3
y1, y1,−

5

3
y1)+(−

2

3
y2, y2,−

5

3
y2) = (−

2

3
(y1+y2), (y1+y2),−

5

3
(y1+y2)) ∈ A.

• 'Estw (−2

3
y, y,−5

3
y) ∈ A kai λ ∈ R, tìte

λ(−
2

3
y, y,−

5

3
y) = (−

2

3
λy, λy,−

5

3
λy) ∈ A.'Ara to A e�nai grammikì upìqwro tou R

3 kai mia b�sh tou e�nai (−2

3
, 1,−5

3
).Jèma 3. D�netai h apeikìnish f : R

3 → R
2 me

f(x, y, z) = (3x + z, 3y + z).1. Na upolog�sete tou upoq¸rou Kerf kai Imf kai ti diast�sei tou.Ap�nthsh.
Kerf = {(x, y, z) ∈ R

3 : f(x, y, z) = (0, 0)} = {(x, x,−3x) : x ∈ R} =< (1, 1,−3) > .

Imf = {f(x, y, z) ∈ R
2 : (x, y, z) ∈ R

3} = {(3x+z, 3y+z) : (x, y, z) ∈ R
3} =

{x(3, 0) + y(0, 3) + z(1, 1) : (x, y, z) ∈ R
3} =< (3, 0), (0, 3), (1, 1) > .'Eqoume ìti to (1,1,-3) e�nai mh mhdèn kai grammik� anex�rthto, �ra apo-tele� kai b�sh tou Kerf . Opìte h di�stash tou Kerf e�nai 1.'Eqoume ìti ta (3,0),(0,3),(1,1) par�goun ton Imf , ìmw e�nai grammik�exarthmèna. Ta (3,0),(0,3) e�nai anex�rthta, kai �ra

Imf =< (3, 0), (0, 3) >kai �ra èqei di�stash 2.2. Na exet�sete an h f e�nai 1-1.Ap�nthsh. Kerf den e�nai o mhdenikì upìqwro, �ra h f den e�nai1-1.3. Na exet�sete an h f e�nai ep�.Ap�nthsh. H di�stash tou Imf e�nai �sh me ton deÔtero q¸ro R
2.'Ara h f e�nai ep�. 2



Jèma 4. 'Estw f1, f2, f3, f4 tuqa�a tèssera polu¸numa tou R3[x] pou pa-r�goun ton R3[x]. 'Epetai ìti e�nai kai b�sh tou R3[x]; Na dikaiolog setepl rw thn (e�te jetik  e�te arnhtik ) ap�nths  sa.Ap�nthsh. 'Eqoume ìti h di�stash tou R3[x] e�nai 4. An ta f1, f2, f3, f4e�nai grammik� exarthmèna, tìte to èna gr�fetai w grammikì sunduasmìtwn �llwn tri¸n, kai �ra ta tr�a polu¸numa e�nai arket� gia na par�gounton R3[x]. 'Atopo, �ra ta f1, f2, f3, f4 e�nai anagkastik� grammik� anex�rthta.Opìte pr�gmati apoteloÔn mia b�sh tou R3[x].Jèma 5. D�netai h f : R4[x] → R3[x] me
f(p(x)) = p′(x).Na bre�te ton p�naka (f : ā, b̄), ìpou ā = (1, x4, x2, x3, x), b̄ = (1, x2, x, x3)e�nai oi diatetagmène b�sei twn R4[x] kai R3[x] ant�stoiqa.Ap�nthsh. Upolog�zoume thn eikìna twn stoiqe�wn th b�sh ā kai tagr�foume w grammikì sunduasmì twn stoiqe�wn th b�sh b̄. H seir� pa�zeipolÔ shmantikì rìlo. An thn all�xoume, o p�naka pou ja prokÔyei, den jae�nai swstì.

f(1) = 0 = 0 · 1 + 0 · x2 + 0 · x + 0 · x3

f(x4) = 4x3 = 0 · 1 + 0 · x2 + 0 · x + 4 · x3

f(x2) = 2x = 0 · 1 + 0 · x2 + 2 · x + 0 · x3

f(x3) = 3x2 = 0 · 1 + 3 · x2 + 0 · x + 0 · x3

f(x) = 1 = 1 · 1 + 0 · x2 + 0 · x + 0 · x3'Ara o p�naka pou jèloume e�nai
(f : ā, b̄) =









0 0 0 0 1
0 0 0 3 0
0 0 2 0 0
0 4 0 0 0









.Jèma 6. D�netai h f : R2[x] → R2[x] me p�naka




2 3 4
0 −1 1
0 0 0



 ,ìpou ā = (1, x, x2). Na upolog�sete to f(2x2 + 5x + 1).Upìdeixh: qrhsimopoi ste th grammikìthta th f .3



Ap�nthsh.
f(1) = 2 · 1 + 0 · x + 0 · x + 0 · x2 = 2
f(x) = 3 · 1 − 1 · x + 0 · x + 0 · x2 = 3 − x

f(x2) = 4 · 1 + 1 · x + 0 · x + 0 · x2 = 4 + xApì grammikìthta th f èqoume ìti
f(2x2 + 5x + 1) = f2(x2) + 5f(x) + f(1) = 25 − 3x.Jèma 7. D�netai o p�naka A =





1 2 1
0 3 −2
0 4 −3



 .1. Na upolog�sete ti idiotimè, ta idiodianÔsmata.Ap�nthsh. O p�naka A èqei dÔo idiotimè: 1 kai -1, me algebrikèpollaplìthte a(1) = 2, a(−1) = 1. Gia thn idiotim  1 ta idiodianÔsmatae�nai th morf  (x, 0, 0), x ∈ R kai x 6= 0. Gia thn idiotim  -1 taidiodianÔsmata e�nai th morf  (−2x, x, 2x), x ∈ R kai x 6= 0.2. Na upolog�sete tou idiìqwrou kai ti diast�sei tou.Ap�nthsh. Gia thn idiotim  1 o idiìqwro e�nai < (1, 0, 0) > kai �raèqei di�stash 1. Gia thn idiotim  -1 o idiìqwro e�nai < (−2, 1, 2) > kai�ra èqei di�stash 1.3. E�nai o A diagwn�simo; An nai, na gr�yete poio e�nai o P . An ìqi, naanafèrete poio krit rio diagwnisimìthta den ikanopoie�.Ap�nthsh. O A den e�nai diagwn�simo. 'Ena apì ta krit ria e�naieparkè.
• a(1) = 2 6= γ(1) = 1.
• γ(1) + γ(−1) = 2 6= 3.
• to el�qisto polu¸numo e�nai (x−1)2(x+1), diìti (A−I)(A+I) 6= 0.Jèma 8. D�netai o dianusmatikì q¸ro R2[x] me to parak�tw eswterikìginìmeno

〈f(x), g(x)〉 =

∫

1

0

f(x)g(x)dx.4



1. E�nai h kanonik  b�sh tou R2[x] kai orjokanonik ;Ap�nthsh. 'Eqome ìti h kanonik  b�sh tou R2[x] e�nai h {1, x, x2}kai ìti 〈1, x〉 =
∫

1

0
xdx = 1

2
6= 0. 'Ara  dh èqoume ìti den e�nai kaiorjokanonik .2. Na de�xete mìno me qr sh tou eswterikoÔ ginomènou pw to sÔnolo

{1, x − 1

2
, x2 − x + 1

6
} e�nai mia b�sh tou R2[x].Ap�nthsh. Elègqoume ìti an� dÔo (diaforetik�) èqoun eswterikì gi-nìmeno 0. 'Ara to sÔnolo autì e�nai orjog¸nio. Apì jewr�a ta stoiqe�atou orjogwn�ou sunìlou e�nai kai grammik� anex�rthta. Ta stoiqe�ae�nai 3, ìso kai h di�stash tou R2[x]. 'Ara apoteloÔn kai mia b�sh tou

R2[x].
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