
Exet�seic sto m�jhma
M113 Grammik  'Algebra I

28-01-2008

Om�da A

Jèma 1.
JewroÔme ton ex c upìqwro tou R4:

V = {(x1, x2, x3, x4)|2x1 = x3, x2 = x4}

• Na breÐte mia b�sh tou V .

• Na breÐte ènan upìqwro W ¸ste V +W = R4 kai to �jroisma na eÐnai
eujÔ.

(2 mon.)

Ap�nthsh.

V = {(x1, x2, x3, x4)|2x1 = x3, x2 = x4} = {(x1, x2, 2x1, x2)|x1, x2 ∈ R}.

Opìte V =< (1, 0, 2, 0), (0, 1, 0, 1) >, dhlad  par�getai apì ta dianÔsmata
(1, 0, 2, 0), (0, 1, 0, 1). Exet�zoume an eÐnai kai grammik� anex�rthta. 'Estw
λ1, λ2 ∈ R me

λ1(1, 0, 2, 0) + λ2(0, 1, 0, 1) = (0, 0, 0, 0).

Tìte h pr¸th exÐswsh dÐnei λ1 = 0, kai h deÔterh λ2 = 0. 'Ara eÐnai grammik�
anex�rthta kai �ra apoteloÔn b�sh tou V . Autì mac lèei ìti h di�stash tou
V eÐnai 2.

An p�roume tuqaÐo W ¸ste dimW = 2 kai V +W = R4, tìte èqoume ìti
dimV ∩W = dim(V +W )−dimV −dimW = 4−2−2 = 0, pou shmaÐnei ìti
V ∩W = {0}. 'Etsi arkeÐ na dialèxoume tuqaÐo W pou sumplhr¸nei ton V
kai èqei di�stash 2. Ac p�roume gia par�deigma W = {(1, 0, 0, 0), (0, 1, 0, 0)}.
Elègqoume an eÐnai kal  h epilog  mac. Apì

λ1(1, 0, 2, 0) + λ2(0, 1, 0, 1) + λ3(1, 0, 0, 0) + λ4(0, 1, 0, 0) = (0, 0, 0, 0).

PaÐrnoume sÔsthma λ1 + λ3 = 0, λ2 + λ4 = 0, 2λ1 = 0 kai λ2 = 0. Autì to
sÔsthma èqei monadik  lÔsh λ1 = λ2 = λ3 = λ4 = 0. Dhlad  h epilog  tou
W eÐnai kal .
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Jèma 2. Na deÐxete ìti den up�rqei grammik  apeikìnish

L : R4 → R2,

me KerL = {x1, x2, x3, x4|x1 = 2x2 = 3x3 = 4x4}.
(1 mon.)

Ap�nthsh. To mìno pou mac dènetai eÐnai h perigraf  tou KerL kai oi diast�-
seic twn dÔo q¸rwn. Pr¸ta prèpei na upologÐsoume th di�stash tou KerL.
'Eqoume ìti KerL = {x1,

1
2
x1,

1
3
x1,

1
4
x1|x1 ∈ R}. 'Ara KerL = 〈(1, 1

2
, 1

3
, 1

4
)〉.

Kai epeid  to di�nusma eÐnai mh mhdenikì, èpetai pwc apì λ(1, 1
2
, 1

3
, 1

4
) = 0,

sunep�getai λ = 0, dhlad  eÐnai grammik� anex�rthto kai �ra b�sh tou KerL.
'Etsi dimKerL = 1. Apì to je¸rhma gnwrÐzoume ìti dimKerL+dimImL =
dimR4. 'Ara paÐrnoume ìti anagkastik� dimImL = 3. 'Omwc ImL eÐnai upì-
qwroc tou R2, pou shmaÐnei h di�stas  tou prèpei na eÐnai to polÔ 2. 'Etsi
katal goume se �topo! 'Ara den up�rqei tètoia grammik  apeikìnish.

Jèma 3. Swstì   L�joc kai giatÐ;

• DÐnetai to sÔnolo S = {x2 + 1, 2x, x3 + 2x + 1}. To S eÐnai b�sh tou
R3[x].

• DÐnetai pÐnakac A di�stashc 3 me qarakthristikì polu¸numo

(x− 2)(x2 + 2x+ 3).

O A diagwnopoieÐtai sto R.

• DÐnetai pÐnakac A di�stashc 4 me qarakthristikì polu¸numo

(x− 2)2(x+ 3)2.

Tìte up�rqoun akrib¸c trÐa pijan� el�qista polu¸numa gia ton A.

• 'Oloi oi pÐnakec trigwnopoioÔntai sto C.

(3 mon.)

Ap�nthsh. L�joc-L�joc-L�joc-Swstì. Analutik�,

• To sÔnolo S = {x2 + 1, 2x, x3 + 2x + 1} èqei trÐa stoiqeÐa. EmeÐc
gnwrÐzoume ìti h di�stash tou R3[x] eÐnai 4, diìti mia b�sh tou gia
par�deigma eÐnai {1, x, x2, x3} kai xèroume ìti ìlec oi b�seic èqoun to
Ðdio pl joc stoiqeÐwn. 'Ara to S den mporeÐ na eÐnai mia b�sh tou R3[x].
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• Exet�zoume to qarakthristikì polu¸numo (x−2)(x2 +2x+3). 'Eqoume
ìti h diakrÐnousa tou x2 + 2x+ 3 = 0 eÐnai arnhtik , (D=-8), �ra to to
qarakthristikì polu¸numo tou A den èqei ìlec tic rÐzec sto R, opìte o
A den diagwnopoieÐtai sto R.

• Ta pijan� el�qista polu¸numa gia ton A eÐnai ta ex c:

(x− 2)2(x+ 3)2, (x− 2)2(x+ 3), (x− 2)(x+ 3)2, (x− 2)(x+ 3).

Dhlad  eÐnai tèssera kai ìqi trÐa pijan� el�qista polu¸numa gia ton
A.

• Gia na trigwnopoieÐtai ènac pÐnakac prèpei to qarakthristikì polu¸nu-
mo na analÔetai se ginìmeno prwtob�jmiwn paragìntwn, ìqi kat�n�gkh
diaforetik¸n. 'H pio apl�, prèpei na up�rqoun ìlec oi rÐzec tou. Apì
to Jemelei¸dec Je¸rhma thc 'Algebrac, k�je polu¸numo epÐ tou C a-
nalÔetai se ginìmeno prwtob�jmiwn paragìntwn. 'Ara pr�gmati, ìloi oi
pÐnakec trigwnopoioÔntai sto C.

Jèma 4. DÐnetai o pÐnakac A =

(
1 −3
0 2

)
.

Na upologÐsete me qr sh tou qarakthristikoÔ poluwnÔmou

• Ton pÐnaka B = A4 − 2A+ I kai tic idiotimèc tou B.

• Ton pÐnaka A−1 kai tic idiotimèc tou A−1.

(2 mon.)

Ap�nthsh. Oi idiotimèc tou A eÐnai 1 kai 2. To qarakthristikì polu¸numo
tou A eÐnai x2 − 3x+ 2.

• 'Ara oi idiotimèc tou pÐnaka B = A4 − 2A+ I eÐnai

14 − 2 · 1 + 1 = 0,

24 − 2 · 2 + 1 = 13.
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Gia na broÔme ton B, mèsw tou qarakthristikoÔ poluwnÔmou tou A, ja
diairèsoume to x4−2x+1 me x2−3x+2, diìti xèroume apì to Je¸rhma
Caley −Hamilton ìti A2 − 3A+ 2I = 0. Dhlad  èqoume

x4 − 2x+ 1 = (x2 − 3x+ 2)(x2 + 3x+ 7) + 13x− 13.

Sunep¸c B = 13A− 13I =

(
0 −39
0 13

)
.

An k�poioc jèlei na k�nei (merik ) epal jeush me mia mati�,
koit�zei tic idiotimèc pou br kame sthn arq  kai ton pÐnaka B. Epeid 
o B eÐnai �nw trigwnikìc, oi idiotimèc tou eÐnai ta diag¸nia stoiqeÐa!
E�n den sumfwnoÔsan, tìte k�pou ja eÐqame k�nei l�joc stic pr�xeic.
EpÐshc efìson k�noume pr�xeic me �nw trigwnikouc, to apotèlesma eÐnai
kai autì �nw trigwnikìc! Dhlad  an brÐskame ton B mh �nw trigwnikì,
p�li ja eÐqame k�nei k�pou l�joc stic pr�xeic!

• O pÐnakac A èqei orÐzousa 2, dhlad  mh mhdenik , �ra eÐnai antistrèyi-
moc. Oi idiotimèc tou A−1 eÐnai

(1)−1 = 1,

(2)−1 =
1

2
.

Gia na broÔme ton pÐnaka A−1 pollaplasi�zoume to A2−3A+2I = 0 me

A−1 kai lÔnoume wc proc A−1. Opìte A−1 = −1
2
(A− 3I) =

(
1 3

2

0 1
2

)
.

H merik  epal jeush pou anèfera prin isqÔei kai gia ton A−1.

Jèma 5.

• EÐnai ta dianÔsmata (i, 2 + i) kai (3, 1 − i) k�jeta sto (C2, 〈, 〉); 'Opou
to 〈, 〉 eÐnai to kanonikì eswterikì ginìmeno epÐ tou C.

• OrÐzei h sun�rthsh

(v, w) = 2v1w2 + 3v2w1

eswterikì ginìmeno sto R2; 'Opou v = (v1, v2) kai w = (w1, w2).
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(2 mon.)

Ap�nthsh. To kanonikì eswterikì ginìmeno epÐ tou C paÐrnei ta suzug 
tou deÔterou dianÔsmatoc, alli¸c den eÐnai kan eswterikì ginìmeno!

• 〈(i, 2 + i), (3, 1 − i)〉 = i · 3 + (2 + i)(1− i) = 6i + 1 6= 0. 'Ara aut� ta
dÔo dianÔsmata den eÐnai k�jeta sto (C2, 〈, 〉).

• Gia na deÐxoume pwc telik� h dosmènh sun�rthsh den orÐzei eswterikì
ginìmeno, prèpei na d¸soume èna antipar�deigma, sto opoÐo faÐ-
netai pwc k�poia idiìthta tou eswterikoÔ ginomènou den isqÔei. 'Ena
tètoio antipar�deigma eÐnai

((0, 1), (0, 1)) = (0, 0), me (0, 1) 6= (0, 0).

Autì antibaÐnei ston orismì tou eswterikoÔ ginomènou pou lèei pwc
(v, v) = (0, 0) an kai mìno an v = (0, 0).

Sunep¸c h dosmènh sun�rthsh den orÐzei eswterikì ginìmeno sto R2.
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