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'Askhsh 1 (1,5 Mon). Na deÐxete ìti gia k�je protasiakì tÔpo ϕ isqÔei
mϕ = nϕ + 1, ìpou mϕ eÐnai o arijmìc emfanÐsewn protasiak¸n metablht¸n
kai nϕ eÐnai o arijmìc emfanÐsewn dijèsiwn sundèsmwn ston ϕ.

LÔsh. Pr¸ta deÐqnoume gia th protasiak  metablht  p. 'Eqoume ìti
mp = 1 kai np = 0. 'Ara isqÔei o isqurismìc gia th p.

'Estw ìti deÐxame gia ton tÔpo ϕ, dhlad  èstw ìti mϕ = nϕ + 1. Epeid 
èqoume pwc m¬ϕ = mϕ kai n¬ϕ = nϕ, deÐxame pwc isqÔei o isqurismìc kai gia
¬ϕ.

'Estw ìti deÐxame gia touc tÔpouc ϕ, ψ, dhlad  èstw ìti mϕ = nϕ + 1 kai
mψ = nψ + 1. Epeid  èqoume pwc mϕ∧ψ = mϕ +mψ kai nϕ∧ψ = nϕ + nψ + 1,
èpetai pwcmϕ∧ψ = mϕ+mψ = (nϕ+1)+(nψ+1) = (nϕ+1+nψ)+1 = nϕ∧ψ+1.
Dhlad , deÐxame pwc isqÔei o isqurismìc kai gia ϕ ∧ ψ.

'Askhsh 2 (1 Mon). Na deÐxete ìti {p→ (q → r), q} |= p→ r.

LÔsh.

PÐnakac 1:

p q r p→ (q → r) p→ r
1 1 1 1 1
1 1 0 0 0
1 0 1 1 1
1 0 0 1 0
0 1 1 1 1
0 1 0 1 1
0 0 1 1 1
0 0 0 1 1

Stic grammèc 1, 5 kai 6 gÐnetai to sÔnolo {p→ (q → r), q} al jeia, kai se
autèc tic grammèc blèpoume pwc ikanopoieÐtai kai o tÔpoc p→ r. 'Ara èqoume
to zhtoÔmeno.
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'Askhsh 3 (1 Mon). 'Askhsh 4, apì to pr¸to mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh. (a') Den arkeÐ. Prèpei na xèroume th logik  tim  tou r. An r = 1,
tìte o tÔpoc paÐrnei logik  tim  1, en¸ an r = 0, tìte o tÔpoc paÐrnei logik 
tim  0.

(b') ArkeÐ. O tÔpoc paÐrnei logik  tim  0.
(g') ArkeÐ, diìti èqoume na exet�soume sthn ousÐa an isqÔei ¬q ↔ ¬q, kai

autì eÐnai p�nta al jeia.
(d') Den arkeÐ. Prèpei na xèroume th logik  tim  tou r. An r = 1, tìte o

tÔpoc paÐrnei logik  tim  0, en¸ an r = 0, tìte o tÔpoc paÐrnei logik  tim  1.

'Askhsh 4 (1,5 Mon). 'Askhsh 12, apì to pr¸to mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh. (a') To {|} eÐnai pl rec sÔnolo sundèsmwn diìti mporoÔme na
orÐsoume ta ¬ kai ∨. Pr�gmati,
¬ϕ ≡ ϕ|ϕ

PÐnakac 2:

ϕ ¬ϕ ϕ|ϕ
1 0 0
0 1 1

ϕ ∨ ψ ≡ (ϕ|ϕ)|(ψ|ψ)

PÐnakac 3:

ϕ ψ ϕ ∨ ψ (ϕ|ϕ)|(ψ|ψ)
1 1 1 1
1 0 1 1
0 1 1 1
0 0 0 0

(b') To {↓} eÐnai pl rec sÔnolo sundèsmwn diìti mporoÔme na orÐsoume ta
¬ kai ∨. Pr�gmati,
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PÐnakac 4:

ϕ ¬ϕ ϕ ↓ ϕ
1 0 0
0 1 1

¬ϕ ≡ ϕ ↓ ϕ
ϕ ∨ ψ ≡ (ϕ ↓ ψ) ↓ (ϕ ↓ ψ)

PÐnakac 5:

ϕ ψ ϕ ∨ ψ (ϕ ↓ ψ) ↓ (ϕ ↓ ψ)
1 1 1 1
1 0 1 1
0 1 1 1
0 0 0 0

'Askhsh 5 (1 Mon). 'Askhsh 18, apì to pr¸to mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh.

PÐnakac 6:

p q p→ q p→ (p ∧ q) ¬q → (p→ q)
1 1 1 1 1
1 0 0 0 0
0 1 1 1 1
0 0 1 1 1

SÔmfwna me ton parap�nw pÐnaka èqoume pwc kai oi treic tÔpoi eÐnai logik�
isodÔnamoi.

'Askhsh 6 (1,5 Mon). 'Askhsh 24(a'), (b'), apì to pr¸to mèroc twn shmei-
¸sewn tou K. Skand�lh.
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LÔsh. (a') Gia thn kanonik  suzeuktik  morf  efarmìzoume diadoqik�:
p ∧ (q ∨ (¬p ∧ r)) ≡ p ∧ (q ∨ ¬p) ∧ (q ∨ r)) ≡ p ∧ (q ∨ ¬p) ∧ (q ∨ r)
O teleutaÐoc tÔpoc eÐnai h kanonik  suzeuktik  morf .

Gia thn kanonik  diazeuktik  morf  efarmìzoume diadoqik�:
p ∧ (q ∨ (¬p ∧ r)) ≡ (p ∧ q) ∨ (p ∧ (¬p ∧ r)) ≡ (p ∧ q)
O teleutaÐoc tÔpoc eÐnai h kanonik  diazeuktik  morf .

Sqìlio: Gia thn akrÐbeia o tÔpoc p∧q mporeÐ na jewrhjeÐ kai wc kanonik 
suzeuktik  morf  kai wc kanonik  diazeuktik  morf  tou tÔpou p∧ (q∨ (¬p∧
r)).

(b') Gia thn kanonik  suzeuktik  morf  efarmìzoume diadoqik�:
p↔ (q → (q → p)) ≡ p↔ (¬q ∨ (¬q ∨ p)) ≡ p↔ (¬q ∨ p) ≡
(p→ (¬q ∨ p)) ∧ ((¬q ∨ p)→ p) ≡ (¬p ∨ (¬q ∨ p)) ∧ (¬(¬q ∨ p) ∨ p) ≡
(¬(¬q ∨ p) ∨ p) ≡ (q ∧ ¬p) ∨ p ≡ (q ∨ p) ∧ (¬p ∨ p) ≡ (q ∨ p)
O teleutaÐoc tÔpoc eÐnai h kanonik  suzeuktik  morf .

Gia thn kanonik  diazeuktik  morf  efarmìzoume diadoqik�:
p↔ (q → (q → p)) ≡ p↔ (¬q ∨ (¬q ∨ p)) ≡ p↔ (¬q ∨ p) ≡
(p→ (¬q ∨ p)) ∧ ((¬q ∨ p)→ p) ≡ (¬p ∨ (¬q ∨ p)) ∧ (¬(¬q ∨ p) ∨ p) ≡
(¬(¬q ∨ p) ∨ p) ≡ (q ∧ ¬p) ∨ p
O teleutaÐoc tÔpoc eÐnai h kanonik  diazeuktik  morf .

'Askhsh 7 (1 Mon). 'Askhsh 26, apì to pr¸to mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh. 'Estw tuqaÐa apotÐmhsh V . Tìte gia ìlouc touc tÔpouc ψ ∈ ∆
èqoume ìti V ∗(ψ) = 1 diìti k�je ψ ∈ ∆ eÐnai tautologÐa. Apì thn upìjesh
ìti ∆ |= ϕ, prèpei V ∗(ϕ) = 1. Dhlad  deÐxame pwc gia k�je apotÐmhsh V
èqoume V ∗(ϕ) = 1. 'Ara ϕ eÐnai tautologÐa.

'Askhsh 8 (1,5 Mon). 'Askhsh 40, apì to pr¸to mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh.
Gia arq  deÐqnoume ìti ϕ → ψ, ψ → ϕ ` ϕ ↔ ψ. Pr�gmati h tupik 

apìdeixh eÐnai h akìloujh:
1. ϕ→ ψ, Upìjesh
2. ψ → ϕ, Upìjesh
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3. (ϕ→ ψ)→ ((ψ → ϕ)→ (ϕ↔ ψ)), (A5)
4. ((ψ → ϕ)→ (ϕ↔ ψ)), 1, 3, MP
5. ϕ↔ ψ, 2, 4, MP

Gia to deÔtero mèroc thc �skhshc èqoume ta ex c:
(1) (ϕ→ ψ) ∧ (ψ → ϕ) ` ϕ→ ψ apì thn �mesh efarmog  tou A9.
(2) (ϕ→ ψ)∧ (ψ → ϕ) ` ψ → ϕ apì thn �mesh efarmog  twn A7 kai A9.
(3) (ϕ→ ψ) ∧ (ψ → ϕ) ` ϕ↔ ψ apì thn tupik  apìdeixh, (1) kai (2).
(4) ` (ϕ→ ψ)∧ (ψ → ϕ)→ (ϕ↔ ψ) apì to (3) kai Je¸rhma Apagwg c.
(5) ϕ↔ ψ ` ϕ→ ψ apì A3 kai Je¸rhma Apagwg c.
(6) ϕ↔ ψ ` ψ → ϕ apì A4 kai Je¸rhma Apagwg c.
(7) ϕ ↔ ψ ` (ϕ → ψ) ∧ (ψ → ϕ) apì (5). (6), A10 kai Je¸rhma

Apagwg c.
(8) ` (ϕ ↔ ψ) ↔ (ϕ → ψ) ∧ (ψ → ϕ) apì th Parat rhsh 6 (sel. 24)

stic shmei¸seic tou K. Skand�lh, (4), (7) kai Je¸rhma Apagwg c.
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