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'Askhsh 1 (2 Mon). 'Estw lϕ to pl joc ìlwn twn sumbìlwn pou emfa-
nÐzontai ston ϕ. DeÐxete ìti gia k�je tÔpo ϕ ston opoÐon den emfanÐzetai to
sÔmbolo ¬ isqÔei ìti o arijmìc lϕ eÐnai perittìc.

LÔsh. Ja to deÐxoume me epagwg  sthn poluplokìthta tou tÔpou.
B�sh: 'Estw ϕ mia protasiak  metablht , p, tìte lϕ = 1. 'Ara isqÔei to

zhtoÔmeno gia th protasiak  metablht .
Epagwgikì b ma:

• 'Estw ϕ thc morf c ψ∧χ, ìpou to sÔmbolo ¬ den emfanÐzetai stouc ψ, χ
kai isqÔei ìti oi arijmoÐ lψ, lχ eÐnai perittoÐ. 'Eqoume ìti lψ∧χ = lψ+lχ+1,
dhlad  p�li perittìc.

• 'Estw ϕ thc morf c ψ∨χ, ìpou to sÔmbolo ¬ den emfanÐzetai stouc ψ, χ
kai isqÔei ìti oi arijmoÐ lψ, lχ eÐnai perittoÐ. 'Eqoume ìti lψ∨χ = lψ+lχ+1,
dhlad  p�li perittìc.

• 'Estw ϕ thc morf c ψ → χ, ìpou to sÔmbolo ¬ den emfanÐzetai stouc
ψ, χ kai isqÔei ìti oi arijmoÐ lψ, lχ eÐnai perittoÐ. 'Eqoume ìti lψ→χ =
lψ + lχ + 1, dhlad  p�li perittìc.

• 'Estw ϕ thc morf c ψ ↔ χ, ìpou to sÔmbolo ¬ den emfanÐzetai stouc
ψ, χ kai isqÔei ìti oi arijmoÐ lψ, lχ eÐnai perittoÐ. 'Eqoume ìti lψ↔χ =
lψ + lχ + 1, dhlad  p�li perittìc.

Sunep¸c deÐxame to zhtoÔmeno gia ìlouc touc protasiakoÔc tÔpouc stouc
opoÐouc den emfanÐzetai to sÔmbolo ¬.

'Askhsh 2 (2 Mon). Jètoume ϕ0 na eÐnai o tÔpoc p→ q kai gia k�je k ∈ N
ϕk+1 eÐnai o tÔpoc ϕk → p. Gia poiec timèc tou k o tÔpoc ϕk eÐnai tautologÐa;

LÔsh.
'Eqontac melet sei ton parak�tw pÐnaka, diatup¸noume ton ex c isqurismì:

O tÔpoc ϕk eÐnai tautologÐa an kai mìno an k = 2n, me n ≥ 1.
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PÐnakac 1:

p q ϕ0 ϕ1 ϕ2 ... ϕ2n ϕ2n+1 ϕ2n+2 ...
1 1 1 1 1 ... 1 1 1 ...
1 0 0 1 1 ... 1 1 1 ...
0 1 1 0 1 ... 1 0 1 ...
0 0 1 0 1 ... 1 0 1 ...

Pr�gmati, gia k = 0, 1, ìpwc faÐnetai kai ston pÐnaka, o tÔpoc ϕk eÐnai den
tautologÐa. Me epagwg  sto n ja deÐxoume ìti ϕ2n eÐnai tautologÐa gia ìla
ta n ≥ 1.

B�sh: n = 1, isqÔei, ìpwc faÐnetai kai ston pÐnaka, ìti o tÔpoc ϕ2 eÐnai
tautologÐa.

Epagwgikì b ma: 'Estw ìti to deÐxame gia n. Tìte sÔmfwna me ton pÐnaka,
kataskeu�zoume pr¸ta ton ϕ2n+1, kai met� ton ϕ2n+2 = ϕ2(n+1) kai blèpoume
pwc ϕ2(n+1) eÐnai tautologÐa.

Sth sunèqeia deÐqnoume me parìmoio trìpo pwc ϕ2n+1 den eÐnai tautologÐa
gia ìla ta n ∈ N.

'Askhsh 3 (1 Mon). D¸ste èna par�deigma sunìlou Γ1 thc protasiak c
logik c tètoiou ¸ste Γ1 na eÐnai antifatikì, all� gia k�je dÔo tÔpouc ϕ1,
ϕ2 ∈ Γ1, to sÔnolo {ϕ1, ϕ2} eÐnai sunepèc.

LÔsh. JewroÔme Γ1 = {p, p → q, ¬p ∨ ¬q}. K�nontac ton pÐnaka
al jeiac gia to sÔnolo Γ1, èqoume ìti ta sÔnola {p, p→ q}, {p,¬p∨¬q} kai
{p→ q,¬p ∨ ¬q} eÐnai ègkura, all� ìlo to {p, p→ q,¬p ∨ ¬q} den eÐnai.

'Askhsh 4 (1 Mon). DeÐxete pwc to sÔnolo sundèsmwn {∧,↔,+} eÐnai
pl rec, ìpou + orÐzetai wc ex c:

p+ q ≡ (p ∨ q) ∧ ¬(p ∧ q).

LÔsh. 'Eqoume  dh ton sÔndesmo ∧ sto dosmèno sÔnolo sundèsmwn,
opìte arkeÐ na ekfr�soume ton sÔndesmo ¬. 'Enac trìpoc na ton orÐsoume
eÐnai

¬p ≡ (p+ p)↔ p.

'Ara to sÔnolo sundèsmwn {∧,↔,+} eÐnai pl rec.
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'Askhsh 5 (1 Mon). 'Estw P monomelèc kathgìrhma, f dijèsia sun�rthsh
kai c sÔmbolo stajer�c. BreÐte dom  ¸ste

(a) na mhn isqÔei h prìtash ∀x
(
P (x)→ P (f(x, x))

)
.

(b) na isqÔei h prìtash ∀x(x 6= c→ f(x, c) 6= x).

LÔsh. JewroÔme th dom  A = {N, P,+, 1}, ìpou

P (x) ermhneÔetai wc �x eÐnai perittìc�.

Se aut n th dom  den isqÔei h prìtash ∀x
(
P (x)→ P (f(x, x))

)
, diìti gia thn

apotÐmhsh v(x) = 1, èqoume ìti h sqèsh P (1) alhjeÔei, all� h P (1 + 1) ìqi.
Sth dom  aut  isqÔei h prìtash ∀x(x 6= c → f(x, c) 6= x), gia ton aplì

lìgo pwc stouc fusikoÔc, gia ìla ta x alhjeÔei x+ 1 6= x.

'Askhsh 6 (1 Mon). D¸ste èna par�deigma sunìlou Γ2 thc kathgorhmati-
k c logik c tètoiou ¸ste Γ2 na eÐnai antifatikì, all� gia k�je treic tÔpouc
ϕ1, ϕ2, ϕ3 ∈ Γ2, to sÔnolo {ϕ1, ϕ2, ϕ3} eÐnai sunepèc.

LÔsh. JewroÔme to sÔnolo

Γ2 = {∀xP (x) ∨ ∀xQ(x) ∨ ∀xR(x), ∃x¬P (x), ∃x¬Q(x), ∃x¬R(x)}.

• To sÔnolo {∀xP (x)∨∀xQ(x)∨∀xR(x), ∃x¬P (x), ∃x¬Q(x)} eÐnai ikano-
poi simo sth dom  A1 = {N, P,Q,R}, ìpou

P (x) ermhneÔetai wc �x eÐnai perittìc�,

Q(x) ermhneÔetai wc �x eÐnai �rtioc�,

R(x) ermhneÔetai wc �x = x�.

• To sÔnolo {∀xP (x) ∨ ∀xQ(x) ∨ ∀xR(x), ∃x¬Q(x), ∃x¬R(x)} eÐnai
ikanopoi simo sth dom  A1 = {N, P,Q,R}, ìpou

R(x) ermhneÔetai wc �x eÐnai perittìc�,

Q(x) ermhneÔetai wc �x eÐnai �rtioc�,

P (x) ermhneÔetai wc �x = x�.
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• To sÔnolo {∀xP (x) ∨ ∀xQ(x) ∨ ∀xR(x), ∃x¬P (x), ∃x¬R(x)} eÐnai
ikanopoi simo sth dom  A1 = {N, P,Q,R}, ìpou

R(x) ermhneÔetai wc �x eÐnai perittìc�,

P (x) ermhneÔetai wc �x eÐnai �rtioc�,

Q(x) ermhneÔetai wc �x = x�.

• To sÔnolo {∃x¬P (x), ∃x¬Q(x), ∃x¬R(x)} eÐnai ikanopoi simo sth
dom  A1 = {N, P,Q,R}, ìpou

R(x) ermhneÔetai wc �x eÐnai perittìc�,

Q(x) ermhneÔetai wc �x eÐnai �rtioc�,

P (x) ermhneÔetai wc �x 6= x�.

All� den up�rqei kamÐa dom  sthn opoÐa na ikanopoieÐtai to sÔnolo Γ2.

'Askhsh 7 (2 Mon). Gr�yte tÔpo thc gl¸ssac thc arijmhtik c tou opoÐou
h shmasÐa sth dom  N na eÐnai

�x eÐnai ginìmeno dÔo diadoqik¸n pr¸twn�.

LÔsh. OrÐzoume diadoqik� tic sqèseic:
• P (x) ermhneÔetai wc �x eÐnai pr¸toc� kai orÐzetai wc

∀u∀v[x = u · v → u = 1 ∨ v = 1].

• ∆(x, y) ermhneÔetai wc �x, y eÐnai diadoqikoÐ pr¸toi� kai orÐzetai wc

P (x) ∧ P (y) ∧ ¬∃z[P (z) ∧ x < z ∧ z < y].

'Ara h zhtoÔmenh sqèsh eÐnai

∃u∃v[x = u · v ∧∆(u, v)].
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