
Ask seic gia to spÐti 2

'Askhsh 1 (1 Mon). 'Askhsh 34, apì to pr¸to mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh.

(a') Jètoume
p : �o exetast c eÐnai austhrìc� kai q : �o exetast c eÐnai dÐkaioc�.
Opìte to sÔnolo pou èqoume na exet�soume eÐnai

{p ∧ q,¬p ∧ ¬q}.

K�nontac ton pÐnaka al jeiac diapist¸noume pwc gia kamÐa apotÐmhsh
den ikanopoieÐtai to sÔnolo autì. Dhlad  den eÐnai sunepèc.

(b') Jètoume
p : �o arijmìc p eÐnai perittìc� kai q : �o arijmìc p diaireÐtai me to 2�.
Opìte to sÔnolo pou èqoume na exet�soume eÐnai

{p ∨ q,¬p ∧ ¬q}.

K�nontac ton pÐnaka al jeiac diapist¸noume pwc gia kamÐa apotÐmhsh
den ikanopoieÐtai to sÔnolo autì. Dhlad  den eÐnai sunepèc.

(g') Jètoume
p : �oi filìsofoi meletoÔn ta majhmatik�� kai q : �oi filìsofoi ta jew-
roÔn �qrhsta�. Opìte to sÔnolo pou èqoume na exet�soume eÐnai

{¬p ∨ q, p↔ q}.

K�nontac ton pÐnaka al jeiac diapist¸noume pwc gia par�deigma h a-
potÐmhsh a(p) = a(q) = 1 ikanopoieÐ to sÔnolo autì. Dhlad  eÐnai
sunepèc.

'Askhsh 2 (1 Mon). 'Askhsh 35, apì to pr¸to mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh. 'Estw ϕ1, ..., ϕn = ϕ mia tupik  apìdeixh tou ϕ apì to G. Tìte
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1. ϕ1

...

n. ϕ

n+ 1. ϕ→ ϕ ∨ ψ (A8)

n+ 2. ϕ ∨ ψ (MP,n, n+ 1 )

n+ 3. ϕ ∨ ψ → ψ ∨ ϕ (A6)

n+ 4. ψ ∨ϕ (MP,n+ 2, n+ 3 )

eÐnai mia tupik  apìdeixh gia touc tÔpouc ϕ ∨ ψ, ψ ∨ ϕ.

'Askhsh 3 (1 Mon). 'Askhsh 49(a'), apì to deÔtero mèroc twn shmei¸sewn
tou K. Skand�lh.

LÔsh. 'Oroi: x, y, z, I, x ◦ y, (x ◦ y) ◦ I, y + z, ((x ◦ y) ◦ I) ◦ x, x ◦ I, y ◦ I.
TÔpoi: ((x ◦ y) ◦ I) ◦ x = y + z,
x = y + z,
x ◦ I = y ◦ I,
x ◦ I = y ◦ I→ x = y + z,
∀y(((x ◦ y) ◦ I) ◦ x = y + z),
∃x∀y(((x ◦ y) ◦ I) ◦ x = y + z),
∀y(x ◦ I = y ◦ I→ x = y + z),
∀x∀y(x ◦ I = y ◦ I→ x = y + z),
∃x∀y(((x ◦ y) ◦ I) ◦ x = y + z) ∨ ∀x∀y(x ◦ I = y ◦ I→ x = y + z).

'Askhsh 4 (1 Mon). 'Askhsh 53, apì to deÔtero mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh.

a' i) V ∗((x2 · x1) + S(x1)) = 7 · 3 + 4 = 25.

ii) V ∗((x1 + x3) · S(S(0)) = (3 + 13) · 2 = 32.

iii) V ∗((x1 + x2) · S(S(0) + S(S(S(0))) · x2) = (3 + 7) · 2 + 3 · 7 = 41.
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a' i) Met� thn efarmog  tou orismoÔ al jeiac tou Tarski èqoume ìti

A |= (x1 + x3) · S(S(0)) · x2 < (x2 · x1) + S(x1)[V ]

an kai mìno an 32 < 25. H teleutaÐa sqèsh den isqÔei stouc fusikoÔc,
�ra

A 6|= (x1 + x3) · S(S(0)) · x2 < (x2 · x1) + S(x1)[V ].

ii) Met� thn efarmog  tou orismoÔ al jeiac tou Tarski èqoume ìti

A |= ∀x1∃x2(x1 · S(S(0)) + x2 · S(S(S(0))) = S(S(S(S(0)))) · x3)[V ]

an kai mìno an gia k�je a ∈ N up�rqei b ∈ N ¸ste b = 52−2a
3

.

H teleutaÐa sqèsh den isqÔei stouc fusikoÔc gia a = 1 gia par�deigma,
�ra

A 6|= ∀x1∃x2(x1 · S(S(0)) + x2 · S(S(S(0))) = S(S(S(S(0)))) · x3)[V ].

iii) Met� thn efarmog  tou orismoÔ al jeiac tou Tarski èqoume ìti

A |= ∃x1(S(S(S(0))) < x1) ∧ ∀x2(S(S(S(0))) < x1 · x3 + S(0))[V ]

an kai mìno an up�rqei a ∈ N ¸ste 3 < a kai 3 < 40.

H teleutaÐa sqèsh isqÔei stouc fusikoÔc gia a = 4 gia par�deigma, �ra

A |= ∃x1(S(S(S(0))) < x1) ∧ ∀x2(S(S(S(0))) < x1 · x3 + S(0))[V ].

'Askhsh 5 (1 Mon). 'Askhsh 55, apì to deÔtero mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh. DÐnetai h gl¸ssa {+, ·,O, <, S}. JewroÔme gia par�deigma th
dom  A me sÔmpan to monosÔnolo {0}. H ermhneÐa twn sumbìlwn eÐnai h
akìloujh: 0 + 0 = 0, 0 · 0 = 0, OA = 0, <A= {(0, 0)}, S(0) = 0. 'Eqoume ìti

A |= ∃x∀y(O < y ∧ y < x).

'Askhsh 6 (1 Mon). 'Askhsh 56, apì to deÔtero mèroc twn shmei¸sewn tou
K. Skand�lh.
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LÔsh. Wc prìtash ϕ mporoÔme gia par�deigma na p�roume thn arq 
elaqÐstou: ∃x∀y(x < y ∨ x = y), h opoÐa isqÔei stouc fusikoÔc, all� ìqi
stouc akeraÐouc.

Wc prìtash ψ mporoÔme gia par�deigma na p�roume thn arq  thc diakrit c
di�taxhc: ∃x∃y(x < y ∧∀z¬(x < z ∧ z < y)), h opoÐa isqÔei stouc akeraÐouc,
all� ìqi stouc rhtoÔc.

'Askhsh 7 (1 Mon). 'Askhsh 57, apì to deÔtero mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh.

a') ∃y(x = y + y)

b') ∃y(x = y + y + S(O))

g') ∃z(x · z = y) ∧ ¬(x = 0)

d') ∃y∃z[¬(y = S(O)) ∧ ¬(z = S(O)) ∧ x = y · z]

e') ∀y∀z¬[¬(y = S(O)) ∧ ¬(z = S(O)) ∧ x = y · z]

st') y|x ∧ z|x ∧ [∀w(y|w ∧ z|w ∧ w < S(x)→ x = w)]

z') x|y ∧ x|z ∧ [∀w(w|y ∧ w|z ∧ x < S(w)→ x = w)]

h') ∀y∀z∃x[y|x ∧ z|x ∧ [∀w(y|w ∧ z|w ∧ w < S(x)→ x = w)]]

j') ∀x∃y(x = 2 · y ∨ x = 2 · y + S(O))

i') ∀x∃y(x < y)

'Askhsh 8 (1 Mon). 'Askhsh 60, apì to deÔtero mèroc twn shmei¸sewn tou
K. Skand�lh.

LÔsh. TÔpoc pou orÐzei domèc me akrib¸c èna stoiqeÐo eÐnai

ϕ1 ≡ ∃x∀y(x = y).

TÔpoc pou orÐzei domèc me akrib¸c dÔo stoiqeÐa eÐnai

ϕ2 ≡ ∃x1∃x2(¬(x1 = x2) ∧ ∀y(x1 = y ∨ x2 = y)).

ParomoÐwc o tÔpoc pou orÐzei domèc me akrib¸c k stoiqeÐa eÐnai

ϕk ≡ ∃x1...∃xk(¬(x1 = x2) ∧ ... ∧ (¬(xk−1 = xk) ∧ ∀y(x1 = y ∨ ... ∨ xk = y)).
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'Askhsh 9 (1 Mon). 'Askhsh 64(g'), (d'), (e'), (j') kai (ib'), apì to deÔtero
mèroc twn shmei¸sewn tou K. Skand�lh.

LÔsh.

g') Den eÐnai logik� alhjinìc o tÔpoc, diìti sth dom  me sÔmpan to dunamo-
sÔnolo tou N kai me me ermhneÐa tou < wc sqèsh uposunìlou den isqÔei
o tÔpoc. IkanopoieÐtai ìmwc sth dom  me sÔmpan touc fusikoÔc kai th
klassik  di�taxh.

d') EÐnai logik� alhjinìc o tÔpoc, lìgw tou nìmou antikat�stashc.

e') Den eÐnai logik� alhjinìc o tÔpoc, diìti sth dom  me sÔmpan touc fu-
sikoÔc kai th klassik  di�taxh den isqÔei o tÔpoc. IkanopoieÐtai ìmwc
sth dom  me sÔmpan monosÔnolo, diìti to stoiqeÐo tou sÔmpantoc ja
eÐnai kai h ermhneÐa tou I, kai ètsi den ja eÐnai potè al jeia to pr¸to
mèroc thc sunepagwg c.

j') EÐnai logik� alhjinìc o tÔpoc, lìgw tou nìmou antimet�jeshc posodei-
kt¸n.

ib') Den eÐnai logik� alhjinìc o tÔpoc, diìti sth dom  me sÔmpan touc fusi-
koÔc kai me ermhneÐa tou P (x) na eÐnai 'x eÐnai mh arnhtikìc arijmìc' den
isqÔei o tÔpoc. IkanopoieÐtai ìmwc sth dom  me sÔmpan touc fusikoÔc
kai me ermhneÐa tou P (x) na eÐnai 'x eÐnai �rtioc'.

'Askhsh 10 (1 Mon). 'Askhsh 65(a'), (d'), (e') kai (z'), apì to deÔtero mèroc
twn shmei¸sewn tou K. Skand�lh.

LÔsh.

a') Den eÐnai logik� alhjinìc o tÔpoc, diìti sth dom  me sÔmpan touc fusi-
koÔc kai me ermhneÐa tou P (x) na eÐnai 'x eÐnai �rtioc' kai me ermhneÐa tou
Q(x) na eÐnai 'x eÐnai perittìc den isqÔei o tÔpoc, efìson k�je fusikìc
eÐnai   perittìc   �rtioc. All� den eÐnai oÔte ìloi fusikoÐ �rtioi oÔte
ìloi perittoÐ.

d') Den eÐnai logik� alhjinìc o tÔpoc, diìti sth dom  me sÔmpan touc fusi-
koÔc kai me ermhneÐa tou P (x) na eÐnai 'x eÐnai �rtioc' kai me ermhneÐa tou
Q(x) na eÐnai 'x eÐnai perittìc den isqÔei o tÔpoc, efìson ikanopoieÐtai
tetrimmèna h isodunamÐa.
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e') Den eÐnai logik� alhjinìc o tÔpoc, diìti sth dom  me sÔmpan touc fusi-
koÔc kai me ermhneÐa tou P (x) na eÐnai 'x eÐnai �rtioc' den isqÔei o tÔpoc.
Efìson up�rqei �rtioc fusikìc, all� den eÐnai ìloi �rtioi oi fusikoÐ.

z') Den eÐnai logik� alhjinìc o tÔpoc, diìti sth dom  me sÔmpan touc fusi-
koÔc kai me ermhneÐa tou P (x) na eÐnai 'x eÐnai �rtioc' den isqÔei o tÔpoc.
Efìson up�rqei apotÐmhsh pou stèlnei to x sto 2, all� all� den eÐnai
ìloi �rtioi oi fusikoÐ.
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