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Eisagwg 

H Logik  asqoleÐtai me touc nìmouc orjoÔ sullogismoÔ kai melet� touc kanìnec b�sei
twn opoÐwn bg�zoume swst� sumper�smata. Stic jetikèc epist mec suneq¸c sunant�me
diadikasÐec diexagwg c sumperasm�twn apì k�poiec apodektèc upojèseic. Eidikì endia-
fèron gia th Logik  èqoun oi majhmatikèc apodeÐxeic. KÔrioc skopìc thc Majhmatik c
Logik c eÐnai h austhr  jemelÐwsh kai h melèth twn majhmatik¸n ennoi¸n ìpwc: je¸rhma,
axÐwma, sunèpeia, apìdeixh, antÐfash k.a..

H aujaÐreth qr sh thc ènnoiac ��apìdeixh�� kai h alìgisth qrhsimopoÐhsh thc kajhmeri-
n c, fusik c gl¸ssac stic apodeÐxeic jewrhm�twn, od ghsan ta Majhmatik� se antif�seic
kai glwssik� par�doxa. Ton 19o ai¸na xekÐnhse mia prosp�jeia swst c kai austhr c je-
melÐwshc twn Majhmatik¸n. Q�rh sto èrgo twn Frege, Peano, Boole kai �llwn, polloÐ
kl�doi twn Majhmatik¸n p ran mi� nèa, tupopoihmènh morf . Pollèc jewrÐec xanadia-
tup¸nontai me thn axiwmatik  mèjodo kai se austhr  gl¸ssa, pou den èqei tic as�feiec
thc kajhmerin c gl¸ssac.

H klasik  Logik  tou Aristotèlh f�nhke anepark c gia th swst  jemelÐwsh twn
Majhmatik¸n. Kai toÔto diìti oi apodeiktikoÐ kanìnec pou melèthse o Aristotèlhc kai
qrhsimopoioÔsan oi majhmatikoÐ apì thn epoq  tou EukleÐdh,  tan diatupwmènoi sth fu-
sik  gl¸ssa. Oi as�feiec kai h èlleiyh austhrìthtac thc gl¸ssac dhmioÔrghsan ta
glwssik� par�doxa.

H sÔgqronh Majhmatik  Logik  eÐnai an�ptuxh kai epèktash thc klasik c Logik c. H
shmerin  thc morf  ofeÐletai stouc Frege, Russell kai Whitehead. Lègetai kai Sumbolik 
Logik  epeid  qrhsimopoieÐ mi� austhr , sumbolik  gl¸ssa kai èna apì ta antikeÐmena
melèthc thc eÐnai oi tupopoimènec, sumbolikèc gl¸ssec twn sÔgqronwn Majhmatik¸n.

Exet�zontac tic gl¸ssec twn majhmatik¸n jewri¸n, h Logik  den endiafèretai gia thn
��majhmatik  pragmatikìthta��, gia sugkekrimèna antikeÐmena twn Majhmatik¸n oÔte gia
tic idiìthtèc touc.

H melèth twn glwss¸n èqei dÔo apìyeic: th suntaktik  kai th shmasiologik  (en-
noiologik ) �poyh. H pr¸th melet� tic s¸stec ekfr�seic thc gl¸ssac kai touc kanìnec
sÔntaxhc se epÐpedo sumbìlwn qwrÐc na apodÐdei kamÐa ermhneÐa sta sÔmbola aut�. H
�llh �poyh asqoleÐtai me thn apìdosh no matoc kai thn apìdosh tim¸n alhjeÐac stic
ekfr�seic thc gl¸ssac.

H sÔgqronh Majhmatik  Logik  èqei efarmogèc kai ektìc twn Majhmatik¸n. EÐnai
p.q. basikì m�jhma thc Epist mhc Upologist¸n.

Oi shmei¸seic eÐnai qwrismènec se dÔo mèrh. To pr¸to eÐnai afierwmèno ston Prota-
siakì Logismì kai to deÔtero ston Kathgorhmatikì Logismì.
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MEROS PRWTO

PROTASIAKOS LOGISMOS
O Protasiakìc Logismìc eÐnai ènac basikìc kai stoiqei¸dhc kl�doc thc Majhmatik c
Logik c.

Stic fusikèc gl¸ssec, p.q. sthn ellhnik , ekfrazìmaste me prot�seic. K�poiec apì
autèc eÐnai aplèc kai �llec sÔnjetec. Oi sÔnjetec prot�seic sqhmatÐzontai apì aploÔste-
rec me th bo jeia glwssik¸n sundèsmwn. To nìhma miac sÔnjethc prìtashc kajorÐzetai
apì to nìhma twn prot�sewn pou thn apoteloÔn kai apì touc sundèsmouc.

H shmasiologik  �poyh tou ProtasiakoÔ LogismoÔ asqoleÐtai me ton trìpo apìdoshc
no matoc stic sÔnjetec prot�seic. EÐnai ousiastik� mi� jewrÐa twn glwssik¸n sundè-
smwn. Den melet� akrib¸c th shmasÐa twn prot�sewn kai den endiafèretai gia to eidikì,
nohmatikì touc perieqìmeno. PeriorÐzetai se mi� qondrik  perigraf  thc shmasÐac twn
prot�sewn: tic qarakthrÐzei apl¸c wc alhjeÐc   yeudeÐc.1

Par� thn aplìtht� tou, o Protasiakìc Logismìc èqei pollèc efarmogèc, eidik� sta
Majhmatik�, ìpou h ènnoia thc al jeiac eÐnai basik  kai polÔ shmantik . EÐnai aparaÐ-
thto na xèroume an eÐnai alhjinèc oi prot�seic me tic opoÐec diatup¸nontai ta jewr mata
twn Majhmatikwn kai oi prot�seic pou qrhsimopoioÔntai stic apodeÐxeic twn jewrhm�twn
aut¸n.

Ja gnwrÐsoume parak�tw, kurÐwc, th shmasiologik  �poyh tou ProtasiakoÔ Logi-
smoÔ. Ja melet soume tic ènnoiec thc tautologÐac kai thc sunèpeiac, kai ja gnwrÐsoume
touc basikoÔc Nìmouc tou ProtasiakoÔ LogismoÔ. Sto tèloc, sthn par�grafo 1.11 ja
perigr�youme èna tupikì, axiwmatikì sÔsthma gi� ton Protasiakì Logismì kai ja gnw-
rÐsoume tic ènnoiec suntaktik c sunèpeiac kai tupikoÔ jewr matoc. Oi dÔo apìyeic tou
ProtasiakoÔ LogismoÔ sugkrÐnontai sthn teleutaÐa par�grafo.

1 'Opwc kai sthn klasik  Logik , deqìmaste dÔo dunatèc timèc alhjeÐac. Up�rqoun ìmwc kai �llec,
mh klasikèc logikèc, pou dèqontai perissìterec timèc alhjeÐac.
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1.1 Prot�seic. Logikèc timèc alhjeÐac.
Oi ènnoiec prìtash, alhj c kai yeud c eÐnai arqikèc ènnoiec tou ProtasiakoÔ LogismoÔ.
Den orÐzontai. Touc ìrouc ��alhj c�� kai ��yeud c�� touc lème logikèc timèc   timèc
alhjeÐac. Deqìmaste ìti se k�je prìtash antistoiqeÐ mÐa akrib¸c tim  alhjeÐac.

Tic prot�seic tic sumbolÐzoume me mikr� gr�mmata tou latinikoÔ alfab tou: p, q, r, . . .
Gia tic logikèc timèc qrhsimopoioÔme ta sÔmbola: 1 (gia to ��alhj c��) kai 0 (gia to
��yeud c��).

1.2 LogikoÐ sÔndesmoi. Logikèc pr�xeic.
Sta Majhmatik�, ìpwc kai stic fusikèc gl¸ssec, qrhsimopoioÔntai polloÐ sÔndesmoi. O
Protasiakìc Logismìc melet� monì merikoÔc ap' autoÔc. Ja doÔme ìmwc argìtera ìti
autoÐ oi sÔndesmoi eÐnai arketoÐ kai kalÔptoun pl rwc touc glwssikoÔc. 'Etsi p.q. oi
akìloujec prot�seic:

1. H exÐswsh x2 + βx + γ = 0 èqei lÔseic e�n kai mìnon e�n β2 ≥ 4γ

2. Gia na èqei lÔseic h exÐswsh x2 + βx + γ = 0 arkeÐ kai prèpei na isqÔei β2 ≥ 4γ

3. H sunj kh β2 ≥ 4γ eÐnai anagkaÐa kai ikan  gia na èqei lÔseic h exÐswsh
x2 + βx + γ = 0

ekfr�zoun to Ðdio gegonìc me diaforetik� lìgia. Peript¸seic san thn parap�nw perigr�-
fontai apì ènan logikì sÔndesmo, ton sÔndesmo thc isodunamÐac.

Sth sunèqeia ja gnwrÐsoume touc pènte basikoÔc logikoÔc sundèsmouc.
AutoÐ eÐnai:

o sÔndesmoc ��ìqi�� thc �rnhshc
o sÔndesmoc ��kai�� thc sÔzeuxhc
o sÔndesmoc �� �� thc diazèuxhc
o sÔndesmoc ��an ... tìte ...�� thc sunepagwg c
o sÔndesmoc ��e�n kai mìnon e�n�� thc isodunamÐac

Me th bo jeia aut¸n twn sundèsmwn sqhmatÐzoume sÔnjetec prot�seic apì aploÔste-
rec. Oi logikoÐ sÔndesmoi orÐzoun loipìn k�poiec pr�xeic p�nw stic prot�seic. Autèc oi
pr�xeic lègontai logikèc pr�xeic.

Ta apotelèsmata twn logik¸n pr�xewn p�nw se prot�seic eÐnai p�li prot�seic (sÔnjetec
prot�seic). Gi� tic logikèc timèc twn sÔnjetwn prot�sewn ja deqtoÔme orismoÔc poÔ
sumfwnoÔn me thn ��koin �� logik  twn fusik¸n glwss¸n. Oi orismoÐ perigr�fontai kai
apì touc legìmenouc pÐnakec tim¸n alhjeÐac.

H logik  tim  tou apotelèsmatoc mi�c logik c pr�xhc kajorÐzetai monos manta apì
tic timèc twn prot�sewn apì tic opoÐec sqhmatÐsthke h sÔnjeth prìtash.

ARNHSH

'Arnhsh miac prìtashc p lème thn prìtash ��ìqi p�� pou sumbolÐzetai

¬p
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Deqìmaste ìti h �rnhsh thc prìtashc p eÐnai alhj c ìtan h prìtash p eÐnai yeud c kai
ìti h �rnhsh thc prìtashc p eÐnai yeud c ìtan h p eÐnai alhj c.

p ¬ p
0 1
1 0

ShmeÐwsh.. Suqn� sta Majhmatik� h �rnhsh ¬p thc prìtashc p diab�zetai kai ��den
p��, ��den isqÔei p��   ��den eÐnai al jeia, ìti p��. 'Etsi p.q. h �rnhsh thc prìtashc

��up�rqei rÐza thc exÐswshc x2 + 1 = 0��
diab�zetai

��den up�rqei rÐza thc exÐswshc x2 + 1 = 0��  
��den eÐnai al jeia, ìti up�rqei rÐza thc exÐswshc x2 + 1 = 0��

Ston Protasiakì Logismì periorizìmaste se ènan mìno trìpo ekf¸nishc thc �rnhshc
lème ��ìqi p�� kai apofeÔgoume tic �llec ekfr�seic, eidik� thn teleutaÐa.2

H �rnhsh wc logik  pr�xh eÐnai monomel c. Efarmozìmenh se mÐa prìtash p dÐnei wc
apotèlesma mi� nèa prìtash, thn ¬p. Lème ìti to sÔmbolo eÐnai monojèsio. Oi upìloipec
logikèc pr�xeic eÐnai dimeleÐc kai ta antÐstoiqa sÔmbola eÐnai dijèsia.

SUZEUXH

SÔzeuxh dÔo prot�sewn p, q lème thn prìtash ��p kai q�� pou sumbolÐzetai

p ∧ q

Deqìmaste ìti h sÔzeuxh twn prot�sewn p, q eÐnai alhj c mìnon sthn perÐptwsh pou
kai h prìtash p kai h prìtash q eÐnai alhjeÐc. Stic upìloipec peript¸seic h sÔzeuxh eÐnai
yeud c.

p q p ∧ q
0 0 0
0 1 0
1 0 0
1 1 1

DIAZEUXH

Di�zeuxh dÔo prot�sewn p, q lème thn prìtash ��p   q�� pou sumbolÐzetai

p ∨ q

Deqìmaste ìti h di�zeuxh twn prot�sewn p, q eÐnai alhj c an toul�qiston mÐa apì tic
prot�seic p, q eÐnai alhj c. Sthn perÐptwsh pou kai h prìtash p kai h prìtash q eÐnai
yeudeÐc, h di�zeuxh touc eÐnai yeud c.

2O ìroc ��eÐnai al jeia ìti p�� eÐnai èkfrash miac gl¸ssac sthn opoÐa sqoli�zetai h upì melèth gl¸ssa
(sthn opoÐa an kei h p). H mh di�krish metaxÔ thc legìmenhc metagl¸ssac kai thc exetazìmenhc gl¸ssac
mporeÐ na odhg sei se glwssik� par�doxa.
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p q p ∨ q
0 0 0
0 1 1
1 0 1
1 1 1

ShmeÐwsh.. H di�zeuxh p ∨ q diab�zetai kai ��p eÐte q��, ìqi ìmwc ��  p   q��. O orismìc
pou deqt kame parap�nw antistoiqeÐ sthn egkleistik  di�zeuxh thc kajhmerin c gl¸ssac
kai ìqi sthn apokleistik . Thn apokleistik  di�zeuxh p Y q ja thn orÐsoume argìtera me
b�sh tic upìloipec logikèc pr�xeic.

SUNEPAGWGH

Sunepagwg  dÔo prot�sewn p, q lème thn prìtash ��an p , tìte q�� pou sumbolÐzetai:

p → q

To pr¸to mèroc thc sunepagwg c (dhlad  h prìtash p) lègetai upìjesh kai to deÔtero
mèroc (h prìtash q) lègetai sumpèrasma thc sunepagwg c.

Deqìmaste ìti mia sunepagwg  eÐnai yeud c mìno sthn perÐptwsh alhjin c upìjeshc
kai yeudoÔc sumper�smatoc. Stic upìloipec peript¸seic h sunepag¸gh eÐnai alhj c.

p q p → q
0 0 1
0 1 1
1 0 0
1 1 1

Sta Majhmatik�, ektìc apì to ��an . . . , tìte . . .��, qrhsimopoioÔntai kai �lloi trìpoi
gi� thn èkfrash thc sunepagwg c. 'Etsi p.q. diab�zoume thn p → q kai wc:

��p sunep�getai q��, ��q èpetai thc p��,
��h p eÐnai ikan  sunj kh gia thn q��,
��h q eÐnai anagkaÐa sunj kh gia thn p��,
��arkeÐ p gia thn q��,
��an p prèpei q��.

'Opwc faÐnetai apì ton pÐnaka, h sunepagwg  (wc logik  pr�xh) den eÐnai summetrik .
Qrei�zetai loipìn prosoq  sth qr sh twn parap�nw fr�sewn. ApagoreÔetai h enalla-
ktik  qrhsimopoÐhsh twn ìrwn ikan  - anagkaÐa, kaj¸c kai twn arkeÐ - prèpei.

ShmeÐwsh.: 'Iswc den eÐnai amèswc fanerì an o orismìc tim¸n alhjeÐac gia th sune-
pagwg  sumfwneÐ me thn ��koin  logik �� kai th diaÐsjhs  mac. Eidik� oi dÔo pr¸tec
grammèc tou parap�nw pÐnaka dhmiourgoÔn amfibolÐec kai epiful�xeic. EÐnai oi peript¸-
seic sunepegwg c me yeud  upìjesh. Ac doÔme ìmwc pìte h diaÐsjhsh mac lèei ìti den
alhjeÔei mi� sunepagwg  ��an p, tìte q��. Autì sumbaÐnei akrib¸c otan isqÔei ��p kai ìqi
q��. H teleutaÐa prìtash eÐnai alhjin  mìno sthn perÐptwsh pou h p eÐnai alhj c kai h q
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eÐnai yeud c. 'Ara mìno s' aut  thn perÐptwsh h sunepagwg  ��an p, tìte q�� eÐnai yeud c.

'Estw p → q sunepagwg . H sunepagwg :

1. ¬ p → ¬ q lègetai antÐjet  thc,

2. q → p lègetai antÐstrof  thc,

3. ¬ q → ¬ p lègetai antistrofoantÐjet  thc.

Tic logikèc timèc twn parap�nw sunepagwg¸n mporoÔme na tic doÔme, kai na tic sugkrÐ-
noume me tic antÐstoiqec timèc thc sunepagwg c p → q, kataskeu�zontac ènan pÐnaka
logik¸n tim¸n. H kataskeu  basÐzetai stouc pÐnakec logik¸n tim¸n gia thn sunepagwg 
kai thn �rnhsh.

p q ¬ p ¬ q p → q ¬ p → ¬ q q → p ¬q → ¬p
0 0 1 1 1 1 1 1
0 1 1 0 1 0 0 1
1 0 0 1 0 1 1 0
1 1 0 0 1 1 1 1

Oi logikèc timèc thc sunepagwg c p → q den tautÐzontai oÔte me tic logikèc timèc
thc antÐstrofhc sunepagwg c q → p, oÔte tic antÐjethc sunepagwg c ¬ p → ¬ q. H
pr¸th parat rhsh shmaÐnei ìti h sunepagwg  (wc logik  pr�xh) den eÐnai summetrik . To
gegonìc autì sumfwneÐ me thn ��koin  logik ��. SumfwneÐ epÐshc me th diaÐsjhs  mac kai
mi� parat rhsh pou mporoÔme na k�noume melet¸ntac ton parap�nw pÐnaka. Blèpoume ìti
h sunepagwg  p → q kai h antistofoantÐjet  ¬q → ¬p èqoun p�nta tic Ðdiec logikèc
timèc. Oi ekfr�seic: ��an p, tìte q�� kai ��an ìqi q, tìte ìqi p��, èqoun to Ðdio nìhma.

ISODUNAMIA

IsodunamÐa dÔo prot�sewn p, q lème thn prìtash ��p e�n kai mìnon e�n q�� pou sumbolÐ-
zetai:

p ↔ q

Deqìmaste ìti h isodunamÐa dÔo prot�sewn eÐnai alhj c stic peript¸seic pou oi pro-
t�seic èqoun thn Ðdia logik  tim . An oi prot�seic èqoun diaforetikèc logikèc timèc, h
isodunamÐa touc eÐnai yeud c.

p q p ↔ q
0 0 1
0 1 0
1 0 0
1 1 1

'Opwc eÐdame sthn arq  thc paragr�fou, up�rqoun kai �lloi trìpoi na ekfr�soume thn
isodunamÐa dÔo prot�sewn.
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1.3 TÔpoi tou ProtasiakoÔ LogismoÔ.
Gia th melèth thc dom c twn sÔnjetwn prot�sewn, pou eÐnai ènac apì touc skopoÔc tou
ProtasiakoÔ Logismou, qreiazìmaste piì austhr , tupopoihmènh gl¸ssa. Mi� tètoia
gl¸ssa eÐnai aparaÐthth gi� thn apìluth akrÐbeia thc èkfrashc.

Xekin¸ntac apì aplèc prot�seic, me th bo jeia twn logik¸n sundèsmwn, sqhmatÐzou-
me sÔnjetec prot�seic. Me pollapl  efarmog  twn logik¸n pr�xewn qtÐzoume �llec,
pio sÔnjetec prot�seic. Gia na upogrammÐsoume th seir� me thn opoÐa efarmìsthkan oi
pr�xeic, qrhsimopoioÔme parenjèseic. Parak�tw ja doÔme mi� pio austhr  perigraf  twn
kanìnwn sqhmatismoÔ sÔnjetwn prot�sewn.

Gia na sumbolÐsoume prot�seic, qrhsimopoioÔme ta gr�mmata:

p, q, r, . . . , p1, p2, p3, . . .

pou lègontai protasiakèc metablhtèc. To alf�bhto thc gl¸ssac tou ProtasiakoÔ
LogismoÔ, ektìc apì tic protasiakec metablhtèc. perièqei kai �lla sÔmbola. Aut� eÐnai
ta sÔmbola logik¸n sundèsmwn:

¬, ∧, ∨, →, ↔
kai parenjèseic: ( , ) .

Oi swstèc ekfr�seic thc gl¸ssac tou ProtasiakoÔ LogismoÔ eÐnai k�poiec peperasmè-
nec akoloujÐec twn sumbìlwn tou alfab tou. 'Oqi ìmwc ìlec. Den eÐnai p.q. swstèc oi
ekfr�seic:

→ p, q¬ ∨ r, )pq∧
Up�rqoun sugkekrimènoi kanìnec ��grammatik c�� gia ton sqhmatismì twn swst¸n ek-

fr�sewn.
Oi tÔpoi tou ProtasiakoÔ LogismoÔ orÐzontai wc ex c:

1. Oi protasiakèc metablhtèc eÐnai tÔpoi tou ProtasiakoÔ LogismoÔ.

2. An ϕ kai ψ eÐnai tÔpoi tou ProtasiakoÔ LogismoÔ, tìte kai oi ekfr�seic:

(¬ϕ), (ϕ ∧ ψ), (ϕ ∨ ψ), (ϕ → ψ), (ϕ ↔ ψ)

eÐnai epÐshc tÔpoi tou ProtasiakoÔ LogismoÔ.
Merik� paradeÐgmata tÔpwn tou ProtasiakoÔ LogismoÔ eÐnai ta akìlouja:

(¬(¬p)), (p → ¬(q ↔ p)), (((p ∧ q) ∨ r) ∨ (¬q)).

Oi tÔpoi tou ProtasiakoÔ LogismoÔ, an den up�rqei perÐptwsh na dhmiourghjeÐ pare-
x ghsh, lègontai apl¸c tÔpoi. Gia na touc sumbolÐsoume qrhsimopoioÔme ta gr�mmata:
ϕ, ψ, . . . , ϕ1, ϕ2, ϕ3, . . .

K�je tÔpoc, sÔmfwna me ton parap�nw orismì, prokÔptei apì èna peperasmèno pl -
joc efarmog¸n twn logik¸n sundèsmwn se protasiakèc metablhtèc. EÐnai fanerì ìti to
pl joc twn logik¸n sundèsmwn se ènan tÔpo eÐnai Ðso me to pl joc twn arister¸n paren-
jèsewn (kai twn dexi¸n parenjèsewn). Suqn� ìmwc, q�rin aplìthtac, den gr�foume ìlec
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tic parenjèseic. Tic paraleÐpoume ìtan den up�rqei amfibolÐa gia to pou anafèrontai ta
sÔmbola sundèsmwn. 'Etsi sqhmatÐzontai k�poiec suntm seic tÔpwn tou ProtasiakoÔ
LogismoÔ, touc opoÐouc epÐshc ja lème tÔpouc. Den eÐnai p.q. aparaÐthto na gr�foume
tic exwterikèc parenjèseic se ènan tÔpo. SumfwnoÔme (sumbatik�) ìti oi logikèc pr�xeic
ekteloÔntai me th seir� pou tic gnwrÐsame sthn prohgoÔmenh par�grafo. 'Etsi loipìn to
sÔmbolo ¬ thc �rnhshc desmeÔei pio isqur� apì ìla ta �lla sÔmbola logik¸n sundè-
smwn. To sÔmbolo ∧ thc sÔzeuxhc desmeÔei pio isqur� apì ta ∨, →, ↔ k. o. k.

ParadeÐgmata: AntÐ tou ((¬p) → q) gr�foume ¬p → q. Ston tÔpo (¬(p → q))
den mporoÔme ìmwc na paraleÐyoume ìlec tic parenjèseic, afoÔ to sÔmbolo ¬ thc �r-
nhshc anafèretai sthn sunepagwg  p → q. Gia ton tÔpo (¬(p → q)) , mporoÔme na
gr�youme pio sÔntoma ¬(p → q) . O tÔpoc (p ∧ (q ∨ r)) gr�fetai kai wc p ∧ (q ∨ r),
en¸ o tÔpoc (p ∨ (q ∧ r)) èqei sÔntmhsh p ∨ q ∧ r .

ShmeÐwsh.. Stic efarmogèc, oi tÔpoi tou ProtasiakoÔ LogismoÔ gÐnontai prot�seic met�
thn antikat�stash twn protasiak¸n metablht¸n touc me sugkekrimènec prot�seic. To
nìhma twn prot�sewn pou prokÔptoun kajorÐzetai apì to nìhma twn apl¸n prot�sewn
kai apì thn ermhneÐa twn logik¸n sundèsmwn.

1.4 Apotim seic
O Protasiakìc Logismìc den asqoleÐtai me �llec timèc twn prot�sewn ektìc apì tic dÔo
timèc alhjeÐac 0 kai 1. 'Otan dojoÔn logikèc tÐmec stic protasiakèc metabl tec enìc
tÔpou, h logik  tim  tou kajorÐzetai monos manta. Thn diadikasÐa apìdoshc logik c
tim c s' ènan tÔpo mporoÔme na thn doÔme wc antikat�stash twn metabl twn tou tÔpou
me tic timèc 0 kai 1. Sth sunèqeia, qrhsimopoi¸ntac touc pÐnakec tim¸n alhjeÐac gia touc
logikoÔc sundèsmouc, brÐskoume stadiak� tic lìgikec timèc twn pio sunjet¸n tÔpwn.

Par�deigma. H logik  tim  tou tÔpou (p → q) ∧ ¬q , ìtan oi logikèc timèc twn me-
tablht¸n p, q eÐnai 0, 1 antÐstoiqa, eÐnai 0. Apì touc pÐnakec thc sunepagwg c kai thc
�rnhshc brÐskoume ìti o tÔpoc (p → q) èqei tim  1 kai o tÔpoc ¬q èqei tim  0. Met�,
apì ton pÐnaka thc sÔzeuxhc blèpoume ìti o tÔpoc (p → q) ∧ ¬q paÐrnei, s' aut n thn
peript¸sh, tim  0.

Argìtera ja perigr�youme pio austhr� ton trìpo apìdoshc logik c tim c stouc tÔ-
pouc tou ProtasiakoÔ LogismoÔ. EÐnai ìmwc fanerì apì ta parap�nw poi� eÐnai aut 
h diadikasÐa.

Up�rqei mia apl  kai apotelesmatik  mèjodoc eÔreshc logik¸n tim¸n twn tÔpwn me
b�sh tic timèc twn metablht¸n touc. EÐnai h legìmenh mèjodoc pin�kwn logik¸n tim¸n
(  0− 1 mèjodoc). Gia na broÔme tic di�forec logikèc timèc enìc tÔpou me n metablhtèc,
fti�qnoume ènan pÐnaka me 2n grammèc (tìsec eÐnai ìlec oi dunatèc peript¸seic apotÐmhshc
twn n metablht¸n). Stic pr¸tec n st lec tou pÐnaka gr�foume tic timèc twn metablht¸n
(mÐa apotÐmhsh se k�je gramm ). H teleutaÐa st lh ja perièqei tic logikèc timèc tou
exetazìmenou tÔpou. Tic timèc autèc tic brÐskoume stadiak�, sumplhr¸nontac tic timèc
twn aploÔsterwn tÔpwn apì touc opoÐouc apoteleÐtai o exetazìmenoc. S' autoÔc touc
endi�mesouc tÔpouc eÐnai afierwmènec oi upìloipec st lec tou pÐnaka.
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Par�deigma: Gia na broÔme ton pÐnaka logik¸n tim¸n tou tÔpou ¬p ↔ (q ∧ ¬r) , me-
let�me pr¸ta touc tÔpouc ¬ p kai (q ∧ ¬r). NwrÐtera brÐskoume tic logikèc timèc tou
tÔpou ¬ r. Sumplhr¸nontac tic antÐstoiqec st lec, èqoume ton epìmeno pÐnaka:

p q r ¬ p ¬ r (q ∧ ¬r) ¬p ↔ (q ∧ ¬r)
0 0 0 1 1 0 0
0 0 1 1 0 0 0
0 1 0 1 1 1 1
1 0 0 0 1 0 1
1 1 0 0 1 1 0
1 0 1 0 0 0 1
0 1 1 1 0 0 0
1 1 1 0 0 0 1

H diadikasÐa apìdoshc logik c tim c se tÔpouc tou ProtasiakoÔ LogismoÔ mporeÐ na
perigrafeÐ kai wc ex c.

ApotÐmhsh twn metablht¸n lème k�je antistoÐqish V twn logik¸n tim¸n 0, 1 stic
protasiakèc metablhtèc. K�je apotÐmhsh V twn metablht¸n epekteÐnetai se mia apo-
tÐmhsh V ∗ twn tÔpwn tou ProtasiakoÔ LogismoÔ. H tim  V ∗(ϕ) enìc tÔpou ϕ, pou
prokÔptei apì thn apotÐmhsh V twn metablht¸n, mporeÐ na oristeÐ me epagwg  wc proc
to pl joc twn sumbìlwn logik¸n sundèsmwn tou tÔpou. Gia tÔpouc me 0 sÔmbola sun-
dèsmwn, dhlad  gia tic protasiakèc metablhtèc, jètoume apl¸c V ∗(p) = V (p). An gnw-
rÐzoume tic apotim seic V ∗ ìlwn twn tÔpwn me to polÔ n sÔmbola sundèsmwn, mporoÔme
na epekteÐnoume ton orismì thc apotÐmhshc V ∗ se tÔpouc me n + 1 sÔmbola sundèsmwn.
Sugkekrimèna. gnwrÐzontac tic timèc V ∗(ϕ) kai V ∗(ψ) twn tÔpwn ϕ kai ψ, antÐstoiqa,
orÐzoume tic timèc twn tÔpwn:

V ∗(¬ϕ), V ∗(ϕ ∧ ψ), V ∗(ϕ ∨ ψ), V ∗(ϕ → ψ), V ∗(ϕ ↔ ψ)

sÔmfwna me touc pÐnakec tim¸n alhjeÐac twn logik¸n sundèsmwn.
Mia parallag  tou teleutaÐou b matoc tou orismoÔ tic apotÐmhshc V ∗ dÐnei h �skhsh

15.

ShmeÐwsh.. Melet¸ntac ton orismì thc apotÐmhshc V ∗ pou prokÔptei apì mia apotÐmhsh
twn protasiak¸n metablht¸n, blèpoume ìti h tim  V ∗(ϕ) enìc tÔpou ϕ den exart�tai apì
tic timèc twn metablht¸n pou den emfanÐzontai ston tÔpo ϕ. Gia thn eÔresh thc logik c
tim c V ∗(ϕ), arkeÐ na gnwrÐzoume mìnon tic timèc pou dÐnei h apotÐmhsh V stic metablhtèc
tou tÔpou ϕ. 'Etsi p.q. gia na broÔme thn tim  V ∗((p → q)∧¬ q), arkeÐ na gnwrÐzoume
tic timèc V (p) kai V (q).

1.5 TautologÐec
SumbaÐnei, h logik  tim  enìc tÔpou tou ProtasiakoÔ LogismoÔ na eÐnai stajer , anex�r-
thta apì tic timèc pou mporoÔn na dojoÔn stic metablhtèc tou. p.q. o tÔpoc p∨¬p eÐnai
p�nta alhj c. Tètoioi tÔpoi èqoun eidikì endiafèron sth Logik .

'Enac tÔpoc tou ProtasiakoÔ LogismoÔ lègetai logik� alhj c   tautologÐa, an
lamb�nei thn logik  tim  1 gia opoiad pote apotÐmhsh twn metablht¸n tou. 'Enac tÔpoc
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tou ProtasiakoÔ LogismoÔ lègetai logik� yeud c   antÐfash, an gia opoiad pote
apotÐmhsh twn metablht¸n tou, lamb�nei thn logik  tim  0.

Oi tÔpoi pou den eÐnai oÔte tautologÐec oÔte antif�seic lègontai sqetikoÐ. Oi tÔpoi
pou den eÐnai antif�seic, dhlad  oi tÔpoi pou gia mia toul�qiston apotÐmhsh twn metablh-
t¸n touc paÐrnoun thn logik  tim  1, lègontai ikanopoi simoi.

Oi tautologÐec tou ProtasiakoÔ LogismoÔ ekfr�zoun touc basikoÔc nìmouc tou sw-
stoÔ sullogismoÔ ìqi mìno twn Majhmatik¸n all� kai k�je �llhc epist mhc.

EÐnai fanerì ìti ènac tÔpoc ϕ eÐnai tautologÐa tìte kai mìnon tìte, ìtan o tÔpoc ¬ϕ
eÐnai antÐfash.

ParadeÐgmata. O tÔpoc ¬ p ↔ (q ∧ ¬ r), pou exet�same pio p�nw eÐnai sqetikìc. Gia
k�poiec apotim seic paÐrnei thn tim  1, en¸ gia �llec paÐrnei thn tim  0. Den eÐnai loipìn
oÔte tautologÐa oÔte antÐfash.

O tÔpoc p → p eÐnai alhj c gia k�je tim  thc metablht c p, �ra eÐnai tautologÐa. O
tÔpoc p ∧ ¬ p eÐnai antÐfash.

Th mèjodo twn pin�kwn, pou qrhshmopoioÔme gia thn eÔresh twn logik¸n tim¸n enìc
tÔpou gia ìlec tic dunatèc apotim seic, mporoÔme na thn efarmìsoume gia na elègxoume
an ènac tÔpoc eÐnai tautologÐa. H mèjodoc aut  eÐnai ennoiologik� apl  kai apotelesma-
tik . EÐnai ìmwc arket� epÐponh kai kourastik , eidik� gia tÔpouc me meg�lo pl joc
metablht¸n.

Se k�poiec peript¸seic mporoÔme na diapist¸soume pio sÔntoma ìti ènac tÔpoc tou
ProtasiakoÔ LogismoÔ eÐnai tautologÐa. AkoloujoÔme thn ex c diadikasÐa. Upojètoume
ìti o tÔpoc den eÐnai tautologÐa, dhlad  ìti gia k�poia apotÐmhsh paÐrnei th logik  tim  0.
Stadiak� brÐskoume poièc prèpei na eÐnai tìte oi logikèc timèc twn metablht¸n tou tÔpou.
An apì ton èlegqo prokÔyei ìti k�poia apì tic metablhtèc ja prèpei na eÐqe s' aut n thn
apotÐmhsh th logik  tim  0 kai 1 sugqrìnwc, katal goume se �topo. EÐnai fanerì pwc
den up�rqei tètoia apotÐmhsh. AfoÔ loipìn den up�rqei apotÐmhsh pou na dÐnei ston tÔpo
th logik  tim  0, èpetai ìti o tÔpoc eÐnai tautologÐa.
Ac doÔme èna par�deigma efarmog c aut c thc mejìdou. Gia na elègxoume ìti o tÔpoc

(p → q) → (r ∨ p → r ∨ q)

eÐnai tautologÐa, upojètoume proc stigm , ìti den eÐnai. Upojètoume dhlad  ìti up�rqei
mia apotÐmhsh V twn metablht¸n p, q, r gia thn opoÐa o tÔpoc eÐnai yeud c. Tìte ìmwc oi
tÔpoi p → q kai r∨ p → r∨ q , prèpei na èqoun tic logikèc timèc 1 kai 0 antÐstoiqa. To
teleutaÐo isqÔei mìnon ìtan o tÔpoc r ∨ p èqei tim  1 kai o tÔpoc r∨ q tim  0. 'Epetai ìti
V (r) = 0 kai V (q) = 0. Epeid  ìmwc eÐqame V ∗(r∨p) = 1, prèpei na eÐnai V (p) = 1. All�
apì to gegonìc V ∗(p → q) = 1, kai to V (q) = 0, prokÔptei ìti V (p) = 0. H apotÐmhsh V
ja èdine sthn metablht  p tim  0 kai 1 sugqrìnwc. Autì eÐnai adÔnato. SumperaÐnoume
loipìn ìti den up�rqei apotÐmhsh pou dÐnei ston tÔpo mac thn tim  0 kai sunep¸c autìc
eÐnai tautologÐa.

H diadikasÐa pou perigr�yame parap�nw mporeÐ na parastajeÐ wc ex c:
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(p → q) → (r ∨ p → r ∨ q)
0

1 0
1 0

0 0
0 1

0 0
0 < − adÔnato − > 1

1.6 Nìmoi tou ProtasiakoÔ LogismoÔ
Oi pio gnwstèc tautologÐec lègontai Nìmoi tou ProtasiakoÔ LogismoÔ. Parak�tw ana-
fèrontai merikoÐ apì autoÔc touc nìmouc.

1. Nìmoc tautìthtac:
p ↔ p

2. AntimetajetikoÐ nìmoi:
p ∨ q ↔ q ∨ p

p ∧ q ↔ q ∧ p

3. ProsetairistikoÐ nìmoi:
(p ∨ q) ∨ r ↔ p ∨ (q ∨ r)

(p ∧ q) ∧ r ↔ p ∧ (q ∧ r)

4. EpimeristikoÐ nìmoi:
(p ∨ q) ∧ r ↔ (p ∧ r) ∨ (q ∧ r)

(p ∧ q) ∨ r ↔ (p ∨ r) ∧ (q ∨ r)

5. Nìmoc apìkleishc trÐtou:
p ∨ ¬p

6. Nìmoc dipl c �rnhshc:
¬¬p ↔ p

7. Nìmoi tou de Morgan:
¬ (p ∨ q) ↔ ¬ p ∧ ¬ q

¬ (p ∧ q) ↔ ¬ p ∨ ¬ q

8. Nìmoc antijetoantistrof c:

(p → q) ↔ (¬ q → ¬ p)
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9. Nìmoc upojetikoÔ sullogismoÔ (  met�bashc sunepagwg c):

(p → q) ∧ (q → r) → (p → r)

10. Nìmoc apìspashc (  Modus Ponens):

p ∧ (p → q) → q

11. Nìmoc sullogismoÔ arnhtik c morf c (  Modus Tollens):

(p → q) ∧ ¬ q → ¬ p

12. Nìmoi antikat�stashc:
(p → q) ↔ (¬ p ∨ q)

(p ∧ q) ↔ ¬ (¬ p ∨ ¬ q)

(p ∨ q) ↔ ¬ (¬ p ∧ ¬ q)

(p ↔ q) ↔ (p → q) ∧ (q → p)

13. Nìmoc �rnhshc sunepagwg c:

¬ (p → q) ↔ (p ∧ ¬ q)

14. Nìmoc �rnhshc isodunamÐac:

¬ (p ↔ q) ↔ (p ∧ ¬ q) ∨ (¬ p ∧ q)

To ìti oi parap�nw tÔpoi eÐnai logik� alhjinoÐ diapit¸netai eÔkola me thn kataskeu 
pin�kwn logik¸n tim¸n.

1.7 Ep�rkeia logik¸n sundèsmwn
Mèqri t¸ra melet jhkan pènte logikoÐ sÔndesmoi. Sth sunèqeia ja doÔme ìti autoÐ
eÐnai arketoÐ gia na ekfr�soume ìlouc touc dunatoÔc sundèsmouc thc fusik c gl¸ssac.
SumbaÐnei m�lista na ft�noun gia thn pl rh èkfrash kai ligìteroi sÔndesmoi.

Tic logikèc pr�xeic, pou orÐzontai apì touc sundèsmouc, mporoÔme na tic doÔme kai
wc pr�xeic p�nw stic logikèc timèc 0 kai 1. H �rnhsh eÐnai mia monomel c pr�xh, en¸ oi
upìloipec tèsseric basikèc logikèc pr�xeic eÐnai dimeleÐc. Opoiosd pote �lloc sÔndesmoc
orÐzei mia pr�xh p�nw stic logikèc timèc. AntÐstrofa, ìlec tic apeikonÐseic tou sunì-
lou {0, 1} twn tim¸n alhjeÐac ston eautì tou, mporoÔme na tic jewr soume monomeleÐc
pr�xeic p�nw se prot�seic kai tic apeikonÐseic tou sunìlou {0, 1} × {0,1} twn zeug¸n
tim¸n alhjeÐac sto sÔnolo {0, 1}, mporoÔme na tic jewr soume dimeleÐc pr�xeic p�nw se
prot�seic.

Par�deigma. O diplanìc pÐnakac orÐzei mia dimel  pr�xh p�nw se prot�seic. To apo-
tèlesma aut c thc pr�xhc p�nw se dÔo prot�seic p, q eÐnai alhjèc mìno sthn perÐptwsh
pou akrib¸c mÐa apì tic prot�seic p, q eÐnai alhj c.



12

H parap�nw pr�xh eÐnai gnwst  wc apokleistik  di�zeuxh kai sumbolÐzetai sun jwc me
Y.

MporoÔme eÔkola na broÔme ènan tÔpo tou ProtasiakoÔ LogismoÔ, pou èqei pÐnaka
logik¸n tim¸n Ðdio me ton parap�nw, kai den qrhsimopoieÐ �llouc sundèsmouc ektìc apì
touc basikoÔc. 'Enac tètoioc tÔpoc eÐnai p.q. o p ∧ ¬ q ∨ ¬ p ∧ q.

Epeid  o teleutaÐoc tÔpoc èqei tic Ðdiec logikèc timèc m' autèc thc apokleistik c di�-
zeuxhc p Y q, mporeÐ na jewrhjeÐ orismìc thc.

p q p Y q
0 0 0
0 1 1
1 0 1
1 1 0

Lème ìti dÔo tÔpoi ϕ, ψ tou ProtasiakoÔ LogismoÔ eÐnai logik� isodÔnamoi, ìtan
gia k�je apotÐmish twn metablht¸n oi tÔpoi ϕ, ψ paÐrnoun thn Ðdia logik  tim . Autì,
profan¸c, sumbaÐnei ìtan o tÔpoc ϕ ↔ ψ eÐnai tautologÐa. An oi tÔpoi ϕ, ψ eÐnai logik�
isodÔnamoi, ja gr�foume

ϕ ≡ ψ

Ac prosèxoume ìti h èkfrash ϕ ≡ ψ den eÐnai tÔpoc tou ProtasiakoÔ LogismoÔ. EÐnai
mia suntomografÐa thc ellhnik c gl¸ssac, thn opoÐa qrhsimopoioÔme ed¸ wc metagl¸s-
sa gia thn perigraf  tou ProtasiakoÔ LogismoÔ. H diafor� metaxÔ thc gl¸ssac tou
ProtasiakoÔ LogismoÔ kai thc metagl¸ssac faÐnetai kai sto epìmeno par�deigma. H
èkfrash p ↔ ¬ p eÐnai ènac tÔpoc tou ProtasiakoÔ LogismoÔ. Den eÐnai tautologÐa.
Den mporoÔme loipìn na poÔme ìti oi tÔpoi p kai ¬p eÐnai logik� isodÔnamoi, oÔte na
gr�youme p ≡ ¬ p.

Par�deigma. Oi tÔpoi p → q kai ¬ p ∨ q eÐnai logik� isodÔnamoi, diìti o tÔpoc
(p → q) ↔ (¬ p ∨ q) eÐnai tautologÐa (bl. nìmoi antikat�stashc). MporoÔme loipìn
na gr�youme p → q ≡ ¬ p ∨ q.

To parap�nw, dhlad  to gegonìc p → q ≡ ¬ p ∨ q, apoteleÐ b�sh gia ton orismì thc
sunepagwg c mèsw thc �rnhshc kai thc di�zeuxhc. Ja doÔme sth sunèqeia ìti apì thn
�rnhsh kai thn di�zeuxh mporoun na oristoÔn ìloi oi upìloipoi logikoÐ sÔndesmoi. Apì
touc nìmouc antikat�stashc èqoume:

p ∧ q ≡ ¬ (¬ p ∨ ¬ q)

p ↔ q ≡ (p → q) ∧ (q → p)

H pr¸th parat rhsh dÐnei ènan orismì thc sÔzeuxhc mèsw thc �rnhshc kai thc di�zeu-
xhc. Qrhsimopoi¸ntac th deÔterh parat rhsh kai touc orismoÔc thc sunepagwg c kai thc
sÔzeuxhc, brÐskoume ènan orismì thc isodunamÐac mèsw thc �rnhshc kai thc di�zeuxhc.
Sugkekrimèna èqoume:

p ↔ q ≡ ¬ (¬(¬ p ∨ q) ∨ ¬ (¬q ∨ p))

Blèpoume loipìn ìti oi pènte basikoÐ logikoÐ sÔndesmoi mporoÔn na ekfrastoÔn me
b�sh mìno dÔo apì autoÔc. IsqÔei k�ti perissìtero. Me th bo jeia thc �rnhshc kai thc
di�zeuxhc mporoÔn na oristoÔn ìlec oi dunatèc pr�xeic p�nw stic prot�seic.
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Up�rqoun 4 monomeleÐc kai 16 dimeleÐc pr�xeic p�nw stic logikèc timèc3 . Autèc mpo-
roÔn na oristoÔn me th bo jeia twn pènte basik¸n pr�xewn, �ra kai me th bo jeia thc
�rnhshc kai thc di�zeuxhc.

To parap�nw mporoÔme, me �lla lìgia, na to perigr�youme kai wc ex c. An fanta-
stoÔme ènan opoiond pote glwssikì sÔndesmo me th bo jeia tou opoÐou mporoÔme na
sqhmatÐzoume sÔnjetec prot�seic kai tètoion ¸ste autìc kajorÐzei monos manta th lo-
gik  tim  thc sÔnjethc prìtashc me b�sh tic timèc twn prot�sewn pou thn apoteloÔn,
tìte autìc o sÔndesmoc mporeÐ na oristeÐ mèsw twn basik¸n sundèsmwn: ¬, ∧, ∨, →, ↔.
'Epetai ìti k�je logikìc sÔndesmoc mporeÐ na ekfrasteÐ mìno me touc sÔndesmouc: ¬, ∨.

To gegonìc autì to sqoli�zoume lègontac ìti to sÔsthma sundèsmwn {¬, ∨} eÐnai
eparkèc (  pl rec). Genik�, lème ìti èna sÔsthma sundèsmwn eÐnai eparkèc, an me th
bo jeia twn sundèsmwn autoÔ tou sust matoc mporoÔme na orÐsoume ìlec thc logikèc
pr�xeic p�nw se prot�seic. Stic ask seic ja gnwrÐsoume kai �lla epark  sust mata
sundèsmwn èktìc apì to {¬, ∨}.

H aitiolìghsh thc ep�rkeiac tou sust matoc {¬, ∨} den eÐnai dÔskolh. 'Hdh xèroume
pwc ekfr�zontai oi pènte basikoÐ sÔndesmoi kai h apokleistik  di�zeuxh Y mèsw twn
¬, ∨. Ja exet�soume t¸ra merikèc �llec peript¸seic. Oi upìloipec ja sumplhrwjoÔn wc
ask seic.

O monomel c sÔndesmoc F pou dÐdetai apì ton pr¸to pÐnaka mporeÐ na oristeÐ p.q. wc
p ∧ ¬ p.

p F (p)
0 0
1 0

p q p | q
0 0 1
0 1 1
1 0 1
1 1 0

p q p ↓ q
0 0 1
0 1 0
1 0 0
1 1 0

O sÔndesmoc | , pou lègetai sÔndesmoc asumbibastìthtac, mporeÐ na oristeÐ wc
¬(p ∧ q) eÐte wc ¬ p ∨ ¬ q. O sÔndesmoc ↓ thc tautìqronhc �rnhshc (oÔte p oÔte q)
ekfr�zetai apì ton tÔpo ¬ p ∧ ¬ q, pou eÐnai logik� isodÔnamoc me ton tÔpo ¬ (p ∨ q).

1.8 Kanìnec sqhmatismoÔ tautologi¸n
Oi logik� alhjinoÐ tÔpoi tou ProtasiakoÔ LogismoÔ paÐzoun spoudaÐo rìlo sth Majhma-
tik  Logik  kai sunep¸c axÐzoun idiaÐterhc melèthc. Me th mèjodo pin�kwn tim¸n alhjeÐac
den sqhmatÐzoume tautologÐec, apl¸c elègqoume an ènac dosmènoc tÔpoc eÐnai tautolo-

3Tìsec eÐnai oi dunatèc apeikonÐseic tou {0, 1} kai tou {0, 1} × {0, 1} sto {0,1}, antÐstoiqa.
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gÐa. Up�rqoun merikoÐ kanìnec b�sei twn opoÐwn mporoÔme na sqhmatÐzoumme tautologÐ-
ec. Parak�tw ja gnwrÐsoume k�poiouc ap' autoÔc touc kanìnec.

Kanìnac apìspashc (Modus Ponens)
An oi tÔpoi ϕ kai ϕ → ψ eÐnai tautologÐec, tìte kai o tÔpoc ψ eÐnai tautologÐa.
Pragmatik�, gia opoiad pote apotÐmhsh V twn metablht¸n èqoume V ∗(ϕ) = 1 kai

V ∗(ϕ → ψ) = 1, afoÔ ϕ kai ϕ → ψ eÐnai tautologÐec. 'Epetai ìti V ∗(ψ) = 1. EÐdame
loipìn ìti gia k�je apotÐmhsh twn metablht¸n o tÔpoc ψ paÐrnei th logik  tim  1. Autì
shmaÐnei ìti eÐnai tautologÐa.

Gia na diatup¸soume touc epìmenouc kanìnec, qreiazìmaste mia sÔmbash. 'Estw ϕ, τ, τ ′

tÔpoi. 'Estw p mia metablht  tou tÔpou ϕ. O tÔpoc pou prokÔptei apì thn antikat�stash
thc metablht c p (pantoÔ ìpou aut  emfanÐzetai ston tÔpo ϕ) me ton tÔpo τ , sumbolÐzetai

ϕ [p/τ ] .

'Omoia, o tÔpoc pou prokÔptei apì thn antikat�stash ston ϕ ìlwn twn emfanÐsewn tou
tÔpou τ me ton tÔpo τ ′ sumbolÐzetai

ϕ [τ/τ ′] .

ParadeÐgmata. To p eÐnai mia metablht  tou tÔpou ϕ : p ∧ ¬ p ∨ q. An p�roume wc τ
ton tÔpo p ∨ r → ¬ q, tìte o tÔpoc ϕ [p/τ ] eÐnai o ex c:

(p ∨ r → ¬ q) ∧ ¬ (p ∨ r → ¬ q) ∨ q.

An jewr soume σ ton tÔpo ¬p kai σ′ ton tÔpo (p → q) ∧¬q, tìte gia ton parap�nw tÔpo
ϕ, o tÔpoc ϕ [σ/σ′] eÐnai o:

p ∧ (p → q) ∧ ¬ q ∨ q

Kanìnac antikat�stashc metablht¸n
An o tÔpoc ϕ eÐnai tautologÐa, p mia metablht  tou kai τ opoiosd pote tÔpoc, tìte o

tÔpoc ϕ [p/τ ] eÐnai tautologÐa.
Pr�gmati, èstw ìti o tÔpoc ϕ èqei ektìc apì thn p metablhtèc tic q1, . . . , qn. Oi

metablhtèc tou ϕ [p/τ ] eÐnai tìte oi q1, . . . , qn kai oi metablhtèc tou tÔpou τ . Gia
na apodeÐxoume ìti o tÔpoc ϕ [p/τ ] eÐnai tautologÐa, arkeÐ na doÔme ìti gia k�je a-
potÐmhsh V twn metablht¸n èqoume V ∗(ϕ [p/τ ]) = 1. 'Estw V apotÐmhsh twn meta-
blht¸n. Aut  dÐnei ston tÔpo τ thn tim  V ∗(τ). JewroÔme mia nèa apotÐmhsh V ′ me
V ′(q1) = V (q1), . . . , V

′(qn) = V (qn) kai V ′(p) = V ∗(τ) . H apotÐmhsh V ′ dÐnei ston
tÔpo ϕ th logik  tim  V ′∗(ϕ) , pou eÐnai Ðsh me thn tim  V ∗(ϕ [p/τ ]). Autì prokÔptei
apì ton orismì tou tÔpou ϕ [p/τ ] kai to gegonìc V ′(p) = V ∗(τ). Epeid  o tÔpoc ϕ
eÐnai tautologÐa, èqoume V ′∗(ϕ) = 1, kai sunep¸c V ∗(ϕ [p/τ ]) = 1. DeÐxame loipìn ìti
o tÔpoc ϕ [p/τ ] paÐrnei thn tim  1 gia opoiad pote apotÐmhsh twn metablht¸n, �ra eÐnai
tautologÐa.

Kanìnac antikat�stashc
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'Estw ϕ, τ, τ ′ tÔpoi tou ProtasiakoÔ LogismoÔ. An oi tÔpoi τ, τ ′ eÐnai logik� isodÔna-
moi, tìte kai oi tÔpoi ϕ, ϕ [τ/τ ′] eÐnai logik� isodÔnamoi. An o tÔpoc ϕ eÐnai tautologÐa,
tìte kai o tÔpoc ϕ [τ/τ ′] eÐnai tautologÐa.

An oi tÔpoi τ, τ ′ eÐnai logik� isodÔnamoi, tìte gia k�je apotÐmhsh V twn metablht¸n
èqoume V ∗(τ) = V ∗(τ ′). Apì ton orismì tou tÔpou ϕ [τ/τ ′] èpetai ìti tìte isqÔei kai
V ∗(ϕ) = V ∗(ϕ [τ/τ ′]). Blèpoume loipìn ìti ϕ, ϕ [τ/τ ′] eÐnai logik� isodÔnamoi. 'Ara, an o
tÔpoc ϕ eÐnai tautologÐa, tìte kai o logik� isodÔnamoc m' auton ϕ [τ/τ ′] eÐnai tautologÐa.

MerikoÔc �llouc kanìnec sqhmatismoÔ tautologi¸n perièqei h �skhsh 20. Aplèc e-
farmogèc twn kanìnwn antikat�stashc èqoume sto epìmeno par�deigma.

Par�deigma. O tÔpoc ϕ : p ∧ q ↔ ¬ (¬ p ∨ ¬ q) eÐnai tautologÐa (nìmoi antikat�sta-
shc ). Sunep¸c, oi tÔpoi:

p ∧ ¬ q ↔ ¬(¬ p ∨ ¬¬ q)

(r ↔ ¬s ∨ t) ∧ q ↔ ¬(¬(r ↔ ¬s ∨ t) ∨ ¬q)

eÐnai tautologÐec. O pr¸toc eÐnai o ϕ [q/¬q] kai o deÔteroc o ϕ [p/τ ], ìpou τ eÐnai:
r ↔ ¬ s ∨ t. Antikajist¸ntac ston pr¸to ton tÔpo ¬¬q me ton logik� isodÔnamo q,
èqoume mia nèa tautologÐa

p ∧ ¬ q ↔ ¬ (¬ p ∨ q).

Efarmìzontac xan� ton kanìna antikat�stashc ston teleutaÐo tÔpo kai stouc logik�
isodÔnamouc tÔpouc ¬p ∨ q kai p → q, èqoume thn tautologÐa

p ∧ ¬ q ↔ ¬(p → q).

1.9 Kanonikèc morfèc
Lème ìti ènac tÔpoc eÐnai stoiqei¸dhc diazeuktikìc ìtan eÐnai morf c

ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn,

ìpou k�je ϕi(i = 1, 2, . . . , n) eÐnai protasiak  metablht    �rnhsh protasiak c metablh-
t c. 'Omoia, lème ìti ènac tÔpoc eÐnai stoiqei¸dhc suzeuktikìc ìtan eÐnai morf c

ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn ,

ìpou k�je ϕi(i = 1, 2, . . . , n) eÐnai protasiak  metablht    �rnhsh protasiak c metablh-
t c.

ParadeÐgmata. O tÔpoc ¬ q ∨ s ∨ ¬ p ∨ ¬ s eÐnai stoiqei¸dhc diazeuktikìc. O tÔpoc
p1 ∧ ¬p2 ∧ p3 eÐnai stoiqei¸dhc suzeuktikìc. O tÔpoc ¬ p eÐnai kai stoiqei¸dhc diazeukti-
kìc kai stoiqei¸dhc suzeuktikìc.

Parat rhsh. 'Enac stoiqei¸dhc diazeuktikìc tÔpoc eÐnai tautologÐa e�n kai mìnon e�n
perièqei toul�qiston dÔo ìrouc ek twn opoÐwn o ènac eÐnai mia metablht  kai o �lloc eÐnai
h �rnhsh aut c thc metablht c.
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Lème ìti ènac tÔpoc eÐnai se kanonik  diazeuktik  morf  ìtan eÐnai morf c ψ1 ∨
ψ2 ∨ . . . ∨ ψn, ìpou k�je ψi(i = 1, 2, . . . , n) eÐnai stoiqei¸dhc suzeuktikìc tÔpoc. Ana-
lìgwc, lème ìti ènac tÔpoc eÐnai se kanonik  suzeuktik  morf  ìtan eÐnai morf c
ψ1 ∧ ψ2 ∧ . . . ∧ ψn , ìpou k�je ψi(i = 1, 2, . . . , n) eÐnai stoiqei¸dhc diazeuktikìc tÔpoc.

ParadeÐgmata. O tÔpoc

(p ∧ s ∧ ¬ q) ∨ (t ∧ ¬ p) ∨ (s) ∨ (q ∧ ¬ p ∧ ¬ q ∧ q)

eÐnai se kanonik  diazeuktik  morf . O tÔpoc

(¬ r ∨ p ∨ ¬ t ∨ q) ∧ (¬ s) ∧ (p ∨ ¬ q ∨ ¬ p)

eÐnai se kanonik  suzeuktik  morf . Ac parathr soume ìti p.q. o tÔpoc (p ∧ ¬ q ∧ r)
eÐnai se kanonik  suzeuktik  morf  (treic ìroi, o kajènac stoiqei¸dhc diazeuktikìc) kai
se kanonik  diazeuktik  morf  (ènac stoiqei¸dhc suzeuktikìc ìroc).

H parap�nw parat rhsh eÔkola genikeÔetai wc ex c.
Parat rhsh. 'Enac tÔpoc ψ1 ∧ ψ2 ∧ . . . ∧ ψn se kanonik  suzeuktik  morf  eÐnai

tautologÐa tìte kai mìnon tìte ìtan kajènac apì touc tÔpouc ψi (i = 1, 2, . . . , n) perièqei
mia metablht  kai thn �rnhs  thc.

Me b�sh ta parap�nw, mporoÔme polÔ apl� na diapist¸soume an ènac tÔpoc tou Pro-
tasiakoÔ LogismoÔ eÐnai h ìqi tautologÐa. ArkeÐ autìc o tÔpoc na eÐnai se kanonik 
suzeuktik  morf    na gnwrÐzoume ènan tÔpo logik� isodÔnamo me ton exetazìmeno, pou
na eÐnai se kanonik  suzeuktik  morf .

Lème ìti o tÔpoc ϕ′ eÐnai mia kanonik  suzeuktik  (diazeuktik ) morf  tou
tÔpou ϕ , ìtan ϕ ≡ ϕ′ kai ϕ′ eÐnai se kanonik  suzeuktik  (diazeuktik ) morf .

En gènei, oi tÔpoi tou ProtasiakoÔ LogismoÔ den eÐnai se kanonik  morf . Up�rqei
ìmwc mia mèjodoc eÔreshc miac kanonik c suzeuktik c kai miac kanonik c diazeuktik c
morf c gia opoiond pote tÔpo tou ProtasiakoÔ LogismoÔ. H diadikasÐa eÐnai apotele-
smatik  all� arket� epÐponh. BasÐzetai stouc nìmouc tou ProtasiakoÔ LogismoÔ. Ja
d¸soume t¸ra mia perigraf  thc kai ja doÔme merik� paradeÐgmata eÔreshc kanonik¸n
morf¸n.

Arqik� apaleÐfoume ta sÔmbola ↔ kai →. Apì touc nìmouc antikat�stashc èqoume
ϕ ↔ ψ ≡ (ϕ → ψ) ∧ (ψ → ϕ) kai ϕ → ψ ≡ ¬ϕ ∨ ψ. Qrhsimopoi¸ntac ta prohgoÔmena,
brÐskoume ènan tÔpo logik� isodÔnamo me ton dosmèno kai ston opoÐo emfanÐzontai mìno
oi sÔndesmoi ¬, ∧, ∨. Sth sunèqeia metafèroume ta sÔmbola ¬ thc �rnhshc kont� stic
protasiakèc metablhtèc. Autì to petuqaÐnoume efarmìzontac ta parak�tw

¬ (ϕ ∧ ψ) ≡ ¬ϕ ∨ ¬ψ kai ¬ (ϕ ∨ ψ) ≡ ¬ϕ ∧ ¬ψ,

pou prokÔptoun apì touc nìmouc tou de Morgan. Sugqrìnwc apaleÐfoume tic diplèc
arn seic me b�sh to ¬¬ϕ ≡ ϕ. Sth teleutaÐa f�sh, ekmetaleuìmenoi touc epimeristikoÔc
nìmouc

ϕ ∧ (ψ ∨ χ) ≡ (ϕ ∧ ψ) ∨ (ϕ ∧ χ), ϕ ∨ (ψ ∧ χ) ≡ (ϕ ∨ ψ) ∧ (ϕ ∨ χ),

brÐskoume thn kat�llhlh kanonik  morf .
H diadikasÐa gÐnetai pio sÔntomh, an antÐ gia thn pollapl  qr sh twn nìmwn tou

ProtasiakoÔ LogismoÔ, qrhsimopoi soume tic genikeÔseic touc (bl. �skhsh 25), dhlad 
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ìti:
¬ (ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn) ↔ ¬ϕ1 ∨ ¬ϕ2 ∨ . . . ∨ ¬ϕn,
¬ (ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn) ↔ ¬ϕ1 ∧ ¬ϕ2 ∧ . . . ∧ ¬ϕn,
ϕ ∧ (ψ1 ∨ ψ2 ∨ . . . ∨ ψn) ↔ (ϕ ∧ ψ1) ∨ (ϕ ∧ ψ2) ∨ . . . ∨ (ϕ ∧ ψn)
ϕ ∨ (ψ1 ∧ ψ2 ∧ . . . ∧ ψn) ↔ (ϕ ∨ ψ1) ∧ (ϕ ∨ ψ2) ∧ . . . ∧ (ϕ ∨ ψn)

eÐnai tautologÐec. EpÐshc eÐnai qr simo na parathr soume ìti èqoume ψ ∨ ϕ ≡ ϕ, ìtan ψ
eÐnai logik� yeud c kai ψ ∧ ϕ ≡ ϕ ìtan ψ eÐnai tautologÐa.

ParadeÐgmata. Ja broÔme kanonikèc morfèc gia touc tÔpouc (p → q) → p kai
¬ (p ∨ q) ↔ p ∧ q.
'Eqoume diadoqik�

(p → q) → p ≡ ¬ (¬ p ∨ q) ∨ p

≡ (¬¬p ∧ ¬ q) ∨ p ≡ (p ∧ ¬ q) ∨ p

≡ (p ∨ p) ∧ (¬ q ∨ p) ≡ p ∧ (¬ q ∨ p)

O tÔpoc (p ∧ ¬ q) ∨ p eÐnai mia kanonik  diazeuktik  morf  tou tÔpou (p → q) → p.
Oi tÔpoi (p ∨ p) ∧ (¬ q ∨ p) kai p ∧ (¬q ∨ p) eÐnai kanonikèc suzeuktikèc tou morfèc.

Gia ton deÔtero tÔpo èqoume

¬ (p ∨ q) ↔ p ∧ q ≡ (¬ (p ∨ q) → p ∧ q) ∧ (p ∧ q → ¬ (p ∨ q))

≡ (¬¬(p ∨ q ) ∨ p ∧ q) ∧ (¬ (p ∧ q) ∨ ¬ (p ∨ q))

≡ ((p ∨ p ) ∨ p ∧ q ) ∧ ((¬ p ∨ ¬ q) ∨ ¬ p ∧ ¬ q)

≡ (p ∨ q ∨ p ) ∧ (p ∨ q ∨ q) ∧ (¬ p ∨ ¬q ∨ ¬p) ∧ (¬ p ∨ ¬ q ∨ ¬ q)

O teleutaÐoc tÔpoc eÐnai se kanonik  suzeuktik  morf . EÐnai logik� isodÔnamoc me
ton tÔpo (p ∨ q) ∧ (¬p ∨ ¬q) diìti

p ∨ q ∨ p ≡ p ∨ q ∨ q ≡ p ∨ q , (p ∨ q) ∧ (p ∨ q) ≡ p ∨ q,

¬ p ∨ ¬ q ∨ ¬ p ≡ ¬ p ∨ ¬q ∨ ¬ q ≡ ¬ p ∨ ¬q , (¬ p ∨ ¬ q) ∧ (¬p ∨ ¬q) ≡ ¬ p ∨ ¬q

Mia �llh kanonik  suzeuktik  morf  tou tÔpou ¬ (p ∨ q) ↔ p ∧ q eÐnai loipìn o tÔpoc
(p ∨ q) ∧ (¬ p ∨ ¬ q).

Sth sunèqeia èqoume

¬ (p ∨ q) ↔ p ∧ q ≡ (p ∨ q) ∧ (¬ p ∨ ¬ q)

≡ (p ∨ q ) ∧ ¬ p ∨ (p ∨ q) ∧ ¬ q

≡ (p ∧ ¬ p ) ∨ (q ∧ ¬ p ) ∨ (p ∧ ¬q) ∨ (q ∧ ¬ q)

Br kame mia kanonik  diazeuktik  morf  tou exetazìmenou tÔpou. Mia pio apl  èqoume
an parathr soume ìti oi tÔpoi p ∧ ¬ p, q ∧ ¬ q eÐnai antif�seic kai sunep¸c

(p ∧ ¬ p) ∨ (q ∧ ¬ p) ∨ (p ∧ ¬ q) ∨ (q ∧ ¬ q) ≡ (q ∧ ¬ p) ∨ (p ∧ ¬ q).



18

1.10 Sunèpeia
Tic enèrgeiec diexagwg c sumperasm�twn apì k�poiec upojèseic tic lème sullogismoÔc.
'Enac sullogismìc jewreÐtai orjìc, ìtan odhgeÐ apì alhjinèc upojèseic se alhjin� su-
mper�smata. Lème ìti to sumpèrasma, s' ènan orjì sullogismì, eÐnai sunèpeia twn upo-
jèsewn. O Protasiakìc Logismìc dÐnei mia perigraf  twn orj¸n sullogism¸n kai thc
ènnoiac thc sunèpeiac.

'Estw ∆ sÔnolo tÔpwn, ψ tÔpoc. Lème ìti o tÔpoc ψ eÐnai shmasiologik  (  ennoio-
logik ) sunèpeia tou ∆, ìtan gia k�je apotÐmhsh twn metablht¸n, gia thn opoÐa ìloi
oi tÔpoi tou ∆ gÐnontai alhjeÐc, o tÔpoc ψ eÐnai alhj c. 'Otan ψ eÐnai sunèpeia tou ∆
gr�foume ∆ |= ψ, ta stoiqeÐa tou ∆ ta lème upojèseic kai to ψ sumpèrasma.

Lème ìti mia apotÐmhsh V ikanopoieÐ to sÔnolo tÔpwn ∆, ìtan ikanopoieÐ ìla ta stoi-
qeÐa tou ∆, dhlad  ìtan V ∗(ϕ) = 1 gia k�je tÔpo ϕ tou ∆.

EÐnai fanerì ìti gia na deÐxoume ìti ∆ |= ψ, ft�nei na doÔme ìti V ∗(ψ) = 1 mìno gia
ekeÐnec tic apotim seic V pou ikanopoioÔn to sÔnolo upojèsewn ∆.

'Otan ∆ = {ϕ1, . . . , ϕn} antÐ gia {ϕ1, . . . , ϕn} |= ψ gr�foume pio sÔntoma ϕ1, . . . , ϕn |= ψ.
MporeÐ to sÔnolo twn upojèsewn na eÐnai kenì. Gr�foume apl¸c |= ϕ, ìtan o tÔpoc ϕ
eÐnai sunèpeia kenoÔ sunìlou upojèsewn.

Parat rhsh 1. |= ϕ tìte kai mìnon tìte, ìtan ϕ eÐnai tautologÐa.
Pr�gmati, èstw |= ϕ. An V eÐnai opoiad pote apotÐmhsh twn metablht¸n, tìte den

up�rqei upìjesh pou na mhn ikanopoieÐtai apì thn V (diìti den up�rqoun kajìlou upojè-
seic !). Prèpei loipìn gia thn V na isqÔei V ∗(ϕ) = 1, lìgw tou |= ϕ. AfoÔ ϕ gÐnetai
alhj c gia k�je apotÐmhsh twn metablht¸n, eÐnai tautologÐa.

Antistrìfwc, an ϕ eÐnai tautologÐa, tìte V ∗(ϕ) = 1 gia k�je apotÐmhsh V . Sunep¸c
V ∗(ϕ) = 1 gia ìlec tic apotim seic pou ikanopoioÔn to (ed¸ kenì) sÔnolo upojèsewn.
'Ara |= ϕ.

ParadeÐgmata

1. ϕ, ψ |= ϕ ∧ ψ
Gia tic apotim seic pou ikanopoioÔn touc ϕ, ψ, dhlad  isqÔei V ∗(ϕ) = 1, V ∗(ψ) = 1,
prèpei na èqoume kai V ∗(ϕ ∧ ψ) = 1.

2. ϕ → ψ, ϕ |= ψ
'Estw ìti V ∗(ϕ → ψ) = 1, V ∗(ϕ) = 1. Tìte upoqrewtik� V ∗(ψ) = 1.

3. ϕ ∨ ψ, ϕ → χ, ¬ψ |= χ
'Estw ìti V ikanopoieÐ tic upojèseic. Prèpei V ∗(¬ψ) = 1, �ra V ∗(ψ) = 0. 'Epetai
ìti V ∗(ϕ) = 1, afoÔ V ∗(ϕ∨ψ) = 1. Epeid  V ∗(ϕ → χ) = 1 kai V ∗(ϕ) = 1, èqoume
kai V ∗(χ) = 1.

4. ϕ, ¬ϕ |= ψ
Den up�rqoun apotim seic pou ikanopoioÔn tic upojèseic ϕ kai ¬ϕ sugqrìnwc. 'Ara
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mporÔme na poÔme ìti k�je apotÐmhsh pou ikanopoieÐ tic ϕ, ¬ϕ èqei opoiad pote
idiìthta. p.q. k�je tètoia apotÐmhsh k�nei ton tÔpo ψ alhjinì.

SÔnola upojèsewn, san to parap�nw, pou den ikanopoioÔntai apì kamÐa apotÐmhsh ja
melet soume argìtera. Blèpoume t¸ra ìti apì tètoiec upojèseic mporoÔme na bg�loume
opoiod pote sumpèrasma.

H epìmenh parat rhsh deÐqnei mia akìma sqèsh metaxÔ twn ennoi¸n sunèpeiac kai tauto-
logÐac, �ra kai th spoudaiìthta twn tautologi¸n gia th Logik .

Parat rhsh 2. ϕ |= ψ tìte kai mìnon tìte, ìtan |= ϕ → ψ.
Ac upojèsoume pr¸ta ìti ϕ |= ψ. 'Estw V apotÐmhsh twn metablht¸n. An  tan

V ∗(ϕ → ψ) = 0, tìte V ∗(ϕ) = 1 kai V ∗(ψ) = 0. Autì ìmwc eÐnai adÔnato afoÔ an ϕ |= ψ
kai V ∗(ϕ) = 1 prèpei V ∗(ψ) = 1. 'Eqoume loipìn upoqrewtik� V ∗(ϕ → ψ) = 1, gia k�je
apotÐmhsh V . Autì shmaÐnei ìti o tÔpoc ϕ → ψ eÐnai tautologÐa, �ra ìti |= ϕ → ψ.

Antistrìfwc, èstw ìti ϕ → ψ eÐnai tautologÐa. An V eÐnai opoiad pote apotÐmhsh me
V ∗(ϕ) = 1, tìte lìgw V ∗(ϕ → ψ) = 1 èqoume kai V ∗(ψ) = 1. Autì deÐqnei ìti ϕ |= ψ.
ShmeÐwsh. H parap�nw parat rhsh eÐnai gnwst  kai wc ��shmasiologik  morf  tou Jew-
r matoc Apagwg c tou ProtasiakoÔ LogismoÔ��. PaÐzei spoudaÐo rìlo sta Majhmatik�.
PolÔ suqn� gia na apodeÐxoume èna je¸rhma diatupwmèno

�� an ϕ, tìte ψ��

deqìmaste to ϕ wc alhjin  upìjesh kai me b�sh autì bg�zoume to ψ wc sumpèrasma.

IsqÔei kai mia genÐkeush thc parat rhshc, sugkekrimèna èqoume:
∆ ∪ {ϕ} |= ψ tìte kai mìnon tìte, ìtan ∆ |= ϕ → ψ. H aitiolìghsh eÐnai ìmoia m'

aut n thc parat rhshc (�skhsh 27).

H ènnoia tou orjoÔ sullogismoÔ ekfr�sthke mèsw thc ènnoiac thc shmasiologik c sunè-
peiac. Parak�tw anafèrontai oi pio gnwstoÐ kanìnec orjoÔ sullogismoÔ. Oi aitiolog seic
eÐnai aplèc ask seic.

1. p, p → q |= q Sullogismìc apìspashc (Modus Ponens)
2. p → q, ¬ q |= ¬ p Sullogismìc arnhtik c morf c (Modus Tollens)
3. p → q, q → r |= p → r Upojetikìc sullogismìc
4. p ∨ q, ¬ p |= q Diazeuktikìc sullogismìc
5. p → q, r → s, p ∨ r |= q ∨ s Dhmiourgikì dÐlhmma
6. p ∧ q |= p Aplousteutikìc sullogismìc
7. p |= p ∨ q Prosjetikìc sullogismìc

'Ena sÔnolo ∆ tÔpwn tou ProtasiakoÔ LogismoÔ lègetai shmasiologik� (  ennoio-
logik�) antifatikì, ìtan up�rqei tÔpoc ψ, tètoioc ¸ste autìc kai h �rnhsh tou eÐnai
sunèpeiec tou ∆, dhlad  ∆ |= ψ kai ∆ |= ¬ψ.
An to sÔnolo ∆ den eÐnai antifatikì, tìte lègetai shmasiologik� (  ennoiologik�) su-
nepèc.

Mia aitiolìghsh ìmoia m' aut n tou paradeÐgmatoc 4 (sel. 18) deÐqnei tic akìloujec
parathr seic.
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Parat rhsh 3. 'Ena sÔnolo tÔpwn ∆ tou ProtasiakoÔ LogismoÔ eÐnai antifatikì tì-
te kai mìnon tìte, ìtan k�je tÔpoc eÐnai sunèpeia tou ∆.

Parat rhsh 4. 'Ena sÔnolo tÔpwn ∆ tou ProtasiakoÔ LogismoÔ eÐnai sunepèc tìte
kai mìnon tìte, ìtan eÐnai ikanopoi simo, dhlad  up�rqei apotÐmhsh twn metablht¸n pou
ikanopoieÐ to ∆.

ParadeÐgmata. To {¬ p, q ∨ p, ¬ r ∧ q} eÐnai sunepèc, afoÔ ikanopoieÐtai apì k�je a-
potÐmhsh V me V (p) = 0, V (q) = 1, V (r) = 0. To {p → q, r, s ∧ p, r → ¬ r ∧ q} eÐnai
antifatikì diìti den to ikanopoieÐ kamÐa apotÐmhsh twn metablht¸n.

Telei¸noume th melèth thc shmasiologik c sunèpeiac me mia akìma shmantik  parat -
rhsh.

Parat rhsh 5. 'Estw ∆ sÔnolo tÔpwn, ψ tÔpoc.
∆ |= ψ tìte kai mìnon tìte, ìtan ∆ ∪ {¬ψ} eÐnai antifatikì.

Ac upojèsoume ìti ∆ |= ψ. An up rqe apotÐmhsh pou ikanopoieÐ ta stoiqeÐa tou ∆ kai
ton tÔpo ¬ψ, ja eÐqame V ∗(ϕ) = 1 gia ìla ta stoiqeÐa ϕtou ∆ kai V ∗(ψ) = 0. Autì eÐnai
adÔnato, lìgw tou ∆ |= ψ. 'Ara to ∆ ∪ {¬ψ} den eÐnai ikanopoi simo kai sunep¸c eÐnai
antifatikì.

Antistrìfwc, èstw V apotÐmhsh twn metablht¸n me V ∗(ϕ) = 1 gia k�je ϕ tou ∆. Epeid 
to sÔnolo ∆ ∪ {¬ψ} den eÐnai ikanopoi simo, èpetai ìti V ∗(¬ψ) = 0. 'Ara V ∗(ψ) = 1.
K�je apotÐmhsh loipìn pou k�nei alhjinoÔc touc tÔpouc tou ∆ dÐnei kai ston tÔpo ψ th
logik  tim  1.

1.11 Tupik  'Apoyh tou ProtasiakoÔ LogismoÔ.

Ja perigr�youme ed¸ kai ja melet soume èna tupikì, axiwmatikì sÔsthma gia ton Prota-
siakì Logismì. Touc tÔpouc tou ProtasiakoÔ LogismoÔ, pou gnwrÐsame sthn par�grafo
1.3, ja melet soume t¸ra pio tupik� wc graptèc ekfr�seic qwrÐc kamÐa shmasÐa kai qwrÐc
logik  tim .

MerikoÔc tÔpouc ja touc jewr soume wc arqik� apodektoÔc, dhlad  axi¸mata. Ja de-
qjoÔme ènan trìpo tupik c diexagwg c sumperasm�twn, pou lègetai apodeiktikìc kanìnac.
Sth sunèqeia ja eis�goume thn ènnoia tupik c apìdeixhc kai tupikoÔ jewr matoc (sunè-
peiac).

ShmeÐwsh. Up�rqoun polloÐ trìpoi na oristeÐ èna tupikì sÔsthma gia ton Protasiakì
Logismì. Diafèroun ap' autì pou ja gnwrÐsoume sthn epilog  axiwm�twn kai apodeikti-
k¸n kanìnwn. 'Ola ìmwc eÐnai isodÔnama me thn ènnoia ìti dÐnoun ta Ðdia tupik� jewr mata.

Axi¸mata tou ProtasiakoÔ LogismoÔ

Deqìmaste wc axi¸ma k�je tÔpo tou ProtasiakoÔ LogismoÔ pou èqei mia apì tic pa-
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rak�tw morfèc.

(A1) ϕ → (ψ → ϕ)
(A2) (ϕ → (ψ → χ)) → ((ϕ → ψ) → (ϕ → χ))
(A3) (ϕ ↔ ψ) → (ϕ → ψ)
(A4) (ϕ ↔ ψ) → (ψ → ϕ)
(A5) (ϕ → ψ) → ((ψ → ϕ) → (ϕ ↔ ψ))
(A6) ϕ ∨ ψ → ψ ∨ ϕ
(A7) ϕ ∧ ψ → ψ ∧ ϕ
(A8) ϕ → ϕ ∨ ψ
(A9) ϕ ∧ ψ → ϕ
(A10) ϕ → (ψ → ϕ ∧ ψ)
(A11) (ϕ → χ) ∧ (ψ → χ) → (ϕ ∨ ψ → χ)
(A12) (ϕ → (ψ ∧ ¬ψ)) → ¬ϕ
(A13) (ϕ ∧ ¬ϕ) → ψ
(A14) ϕ ∨ ¬ϕ

ShmeÐwsh. Ta parap�nw 14 sq mata axiwm�twn dÐnoun �peiro pl joc axiwm�twn, afoÔ
sth jèsh twn ϕ, ψ, χ mporoÔme na topojet soume opoiousd pote tÔpouc tou ProtasiakoÔ
LogismoÔ. Up�rqoun sust mata me ligìtera sq mata axiwm�twn. Duo ap' aut� eÐnai ta
akìlouja:

(B1) ϕ ∨ ϕ → ϕ , (B2) ϕ → ϕ ∨ ψ
(B3) ϕ ∨ ψ → ψ ∨ ϕ , (B4) (ϕ → ψ) → (χ ∨ ϕ → χ ∨ ψ)

kai
(C) (((ϕ → ψ) → (¬χ → ¬ϑ) → χ) → ζ) → ((ζ → ϕ) → (ϑ → ϕ)).

Ta sust mata aut� gÐnontai ìmwc se tupopoihmènec gl¸ssec me ligìtera arqik� sÔm-
bola (¬, ∨ kai ¬, → antÐstoiqa ) kai ta upìloipa orÐzontai (dhlad  p.q. to p ∧ q eÐnai
suntm sh k�poiou tÔpou). Ta axi¸mata, eidik� tou teleutaÐou sust matoc, eÐnai dusan�-
gnwsta kai oi tupikèc apodeÐxeic pio epÐponec.

Apodeiktikìc kanìnac

Deqìmaste ènan mìno kanìna, ton legìmeno kanìna apìspashc   Modus Ponens. Ton
sumbolÐzoume

ϕ → ψ, ϕ

ψ

kai ennooÔme m' autì ìti deqìmaste ton tÔpo ψ wc �mesh tupik  sunèpeia twn tÔpwn
ϕ → ψ kai ϕ.

ShmeÐwsh. Merik� tupik� sust mata èqoun kai �llouc, ektìc apì ton Modus Ponens,
apodeiktikoÔc kanìnec. Dèqontai k�poiouc apì touc:

ϕ, ψ

ϕ ∧ ψ
,

ϕ ∧ ψ

ϕ
,

ϕ ∧ ψ

ψ
,

ϕ

ϕ ∨ ψ
,

ϕ

ψ ∨ ϕ
,

ϕ ∨ ψ, ¬ϕ

ψ
,

ϕ ∨ ψ, ¬ψ

ϕ
,

ϕ → ψ, ¬ψ

¬ϕ
,

ϕ → ψ, ψ → ϕ

ϕ ↔ ψ
,

ϕ ↔ ψ

ϕ → ψ
,

ϕ ↔ ψ

ψ → ϕ
,

ϕ

¬¬ϕ
,
¬¬ϕ

ϕ
,

ϕ → ψ, ψ → χ

ϕ → χ
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kai oi tupikèc touc apodeÐxeic gÐnontai pio sÔntomec.

Tupikèc apodeÐxeic

'Estw Γ sÔnolo tÔpwn tou ProtasiakoÔ LogismoÔ. Tupik  apìdeixh apì tic upo-
jèseic Γ(  apì to Γ) lème k�je peperasmènh akoloujia tÔpwn ψ1, ψ2, . . . , ψn me thn
idiìthta:
k�je ìroc ψi thc akoloujÐac (i = 1, 2, . . . , n) an kei sto Γ(eÐnai upìjesh tou Γ)
  eÐnai axÐwma tou ProtasiakoÔ LogismoÔ
  eÐnai �mesh tupik  sunèpeia prohgoÔmenwn ìrwn.
To teleutaÐo shmaÐnei ìti up�rqoun sthn akoloujÐa ìroi ψj, ψm (me j < i, m < i),

tètoioi ¸ste ψj eÐnai morf c ψm → ψi. Tìte apì ton kanìna apìspashc èqoume

ψm → ψi, ψm

ψi

.

An o tÔpoc ϕ eÐnai teleutaÐoc ìroc miac tupik c apìdeixhc apì to Γ, tìte lègetai tupik 
sunèpeia tou Γ   tupikì je¸rhma apì tic upojèseic Γ. To gegonìc autì to sumbo-
lÐzoume me Γ ` ϕ. An Γ = {ϕ1, . . . , ϕn}, gr�foume ϕ1, . . . , ϕn ` ψ antÐ {ϕ1, . . . , ϕn} ` ψ.
Sthn perÐptwsh pou to sÔnolo upojèsewn Γ eÐnai kenì, lème apl¸c: tupik  apìdeixh,
tupikì je¸rhma kai gr�foume ` ϕ, an ϕ eÐnai tupikì je¸rhma.

Parat rhsh 1. An se mia tupik  apìdeixh (apì to Γ) krat soume mìnon merikoÔc ar-
qikoÔc ìrouc, p�li èqoume tupik  apìdeixh (apì to Γ). Epomènwc, k�je ìroc miac tupik c
apìdeixhc (apì to Γ) eÐnai tupikì je¸rhma (apì to Γ). EÐnai fanerì epÐshc ìti k�je u-
pìjesh enìc sunìlou Γ eÐnai tupikì je¸rhma apì to Γ kai k�je axÐwma tou ProtasiakoÔ
LogismoÔ eÐnai tupikì je¸rhma (tupikèc apodeÐxeic me m koc 1). EpÐshc eÐnai profanèc
ìti an Γ ` ϕ kai Γ′ eÐnai upersÔnolo tou Γ, tìte Γ′ ` ϕ.

Epeid  k�je tupik  apìdeixh èqei peperasmènouc ìrouc, qrhsimopoieÐ mìnon peperasmè-
no pl joc upojèsewn. An to sÔnolo Γ eÐnai �peiro kai Γ ` ϕ, tìte gia k�poio peperasmèno
Γ0 uposÔnolo tou Γ èqoume ìti Γ0 ` ϕ.

ParadeÐgmata. Touc ìrouc miac tupik c apìdeixhc touc gr�foume suqn� k�jeta me
aitiolìghsh dÐpla touc.
a) 1. ϕ ∨ ¬ϕ (A14)

2. ϕ ∨ ¬ϕ → ¬ϕ ∨ ϕ (A6)
3. ¬ϕ ∨ ϕ MR(1, 2), apìspash apì 1, 2.
'Eqoume loipìn: ` ϕ ∨ ¬ϕ → ¬ϕ ∨ ϕ

b) 1. ϕ → ((ϕ → ϕ) → ϕ) (A1)
2. (ϕ → ((ϕ → ϕ) → ϕ)) → ((ϕ → (ϕ → ϕ)) → (ϕ → ϕ)) (A2)
3. ((ϕ → (ϕ → ϕ)) → (ϕ → ϕ) MR(1, 2)
4. ϕ → (ϕ → ϕ) (A1)
5. ϕ → ϕ MR(3, 4)
O tÔpoc ϕ → ϕ eÐnai loipìn tupikì je¸rhma.
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g) Ja doÔme ìti ϕ, ψ ` ϕ ∧ ψ, dhlad  ìti o tÔpoc ϕ ∧ ψ
eÐnai tupik  sunèpeia twn upojèsewn ϕ, ψ.
1. ϕ (upìjesh)
2. ψ (upìjesh)
3. ϕ → (ψ → ϕ ∧ ψ) (A10)
4. ψ → ϕ ∧ ψ MR(1, 3)
5. ϕ ∧ ψ MR(2, 4)

Parat rhsh 2. An Γ ` ϕ kai Γ ` ϕ → ψ, tìte Γ ` ψ.
Pr�gmati an ψ1, . . . , ψk, ϕ kai ϑ1, . . . , ϑm, ϕ → ψ eÐnai tupikèc apodeÐxeic apì tic upo-

jèseic Γ, tìte h akoloujÐa

ψ1, . . . , ψk, ϕ, ϑ1, . . . , ϑm, ϕ → ψ, ψ

eÐnai epÐshc tupik  apìdeixh (tou tÔpou ψ) apì to Γ.

Je¸rhma Apagwg c
Γ ` ϕ → ψ tìte kai mìnon tìte, ìtan Γ, ϕ ` ψ.

An Γ ` ϕ → ψ, tìte profan¸c Γ, ϕ ` ϕ → ψ kai Γ, ϕ ` ϕ. Apì thn parap�nw parat rhsh
blèpoume ìti Γ, ϕ ` ψ.

'Estw t¸ra ìti ψ1, . . . , ψn eÐnai mia tupik  apìdeixh, apì tic upojèseic Γ kai ϕ, tou
tÔpou ψ. Me epagwg  wc proc i ja deÐxoume ìti Γ ` ϕ → ψi (i = 1, 2, . . . , n).

PerÐptwsh 1. ψi eÐnai stoiqeÐo tou Γ. Tìte

1. ψi → (ϕ → ψi) (A1)

2. ψi (upìjesh tou Γ)

3. ϕ → ψi MR(1,2)

eÐnai mia tupik  apìdeixh tou ϕ → ψi apì to Γ.

PerÐptwsh 2. ψi eÐnai h upìjesh ϕ. Xèroume ìti ` ϕ → ϕ, �ra kai Γ ` ϕ → ϕ.

PerÐptwsh 3. ψi eÐnai axÐwma tou ProtasiakoÔ LogismoÔ. 'Omoia me thn perÐptwsh
1 èqoume ` ϕ → ψi, �ra kai Γ ` ϕ → ψi.

PerÐptwsh 4. ψi eÐnai �mesh tupik  sunèpeia twn ψm, ψj me ψj na eÐnai ψm → ψi

kai m < i, j < i. Apì thn epagwgik  upìjesh, lìgw m < i, j < i èqoume ìti
Γ ` ϕ → ψm, Γ ` ϕ → (ψm → ψi).
Epeid  ` (ϕ → (ψm → ψi)) → ((ϕ → ψm) → (ϕ → ψi)) (axÐwma A2), efarmìzontac dÔo
forèc thn parat rhsh 2 èqoume ìti Γ ` ϕ → ψi, pou eÐnai to zhtoÔmeno.

ShmeÐwsh. To Je¸rhma Apagwg c ekfr�zei gia thn tupik  sunèpeia mia idiìthta, pou
èqei kai shmasiologik  sunèpeia (parat. 2, sel. 19 kai �skhsh 27(g) ).

Pìrisma. ` (ϕ → χ) → ((χ → ψ) → (ϕ → ψ))
kai sunep¸c èqoume:

An Γ ` ϕ → χ kai Γ ` χ → ψ, tìte kai Γ ` ϕ → ψ.
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Gia na deÐxoume to ` (ϕ → χ) → ((χ → ψ) → (ϕ → ψ)) arkeÐ, efarmìzontac treÐc
forèc to Je¸rhma Apagwg c, na doÔme ìti ϕ → χ, χ → ψ, ϕ ` ψ. 'Eukola blèpoume ìti
h akoloujÐa ϕ → χ, χ → ψ, ϕ, χ, ψ eÐnai mia tupik  apìdeixh tou ψ apì tic upojèseic
ϕ → χ, χ → ψ, ϕ.

AntÐstoiqa me thn ènnoia thc shmasiologik c antifatikìthtac, orÐzetai h suntaktik 
antifatikìthta. Sugkekrimèna, lème ìti èna sÔnolo tÔpwn Γ eÐnai suntaktik� antifa-
tikì, ìtan up�rqei tÔpoc ψ, tètoioc ¸ste autìc kai h �rnhsh tou eÐnai tupikèc sunèpeiec
tou Γ, dhlad  Γ ` ψ kai Γ ` ¬ψ. An to sÔnolo Γ den eÐnai antifatikì, tìte lègetai
suntaktik� sunepèc.

IsqÔoun pollèc an�logec idiìthtec.

Parat rhsh 3. 'Ena sÔnolo Γ tÔpwn tou ProtasiakoÔ LogismoÔ eÐnai suntaktik� a-
ntifatikì tìte kai mìnon tìte, ìtan k�je tÔpoc eÐnai tupikì je¸rhma apì to Γ.

Ac upojèsoume ìti Γ ` ψ kai Γ ` ¬ψ. 'Estw ϕ opoiosd pote tÔpoc.
Epeid  ` ψ ∧ ¬ψ → ϕ (axÐwma A13),

` ψ → (¬ψ → ψ ∧ ¬ψ) (axÐwma A10)
èqoume diadoqik� Γ ` ¬ψ → ψ ∧ ¬ψ, Γ ` ψ ∧ ¬ψ, Γ ` ϕ.

To antÐstrofo eÐnai profanèc.

Parat rhsh 4. Γ ` ¬ϕ tìte kai mìnon tìte, ìtan Γ ∪ {ϕ} eÐnai suntaktik� antifati-
kì.

An Γ ` ¬ϕ, tìte Γ, ϕ ` ¬ϕ kai epeid  Γ, ϕ ` ϕ èqoume ìti to Γ ∪ {ϕ} eÐnai su-
ntaktik� antifatikì. AntÐstrofa, ac upojèsoume ìti to Γ ∪ {ϕ} eÐnai suntaktik� a-
ntifatikì. Tìte k�je tÔpoc eÐnai tupik  tou sunèpeia, �ra kai Γ, ϕ ` ¬ϕ. 'Eqoume
loipìn Γ ` ϕ → ¬ϕ kai profan¸c Γ ` ¬ϕ → ¬ϕ (Par�deigma b, sel.22). 'Opwc sthn
Parat rhsh 3 blèpoume ìti Γ ` (ϕ → ¬ϕ) ∧ (¬ϕ → ¬ϕ) (bl. �skhsh 36(g) ). Epeid 
(ϕ → ¬ϕ)∧(¬ϕ → ¬ϕ) → (ϕ∨¬ϕ → ¬ϕ) eÐnai axÐwma (A11) èqoume Γ ` ϕ∨¬ϕ → ¬ϕ.
To Γ ` ¬ϕ èpetai apì to ìti ` ϕ ∨ ¬ϕ (axÐwma A14).

Pìrisma. To sÔnolo {ϕ, ¬ϕ} eÐnai, profan¸c, suntaktik� antifatikì. 'Ara ϕ ` ¬¬ϕ.
'Epetai loipìn ` ϕ → ¬¬ϕ.

Gia na apodeÐxoume ìti kai ¬¬ϕ → ϕ eÐnai tupikì je¸rhma mporoÔme na basistoÔme
sthn akìloujh qr simh parat rhsh.

Parat rhsh 5. An Σ, ϕ ` ψ kai Σ, ¬ϕ ` ψ, tìte Σ ` ψ.
Dhlad , an ψ apodeiknÔetai tupik� apì tic upojèseic Σ kai ϕ, kai mporeÐ na apodeiqjeÐ

tupik� apì tic upojèseic Σ kai ¬ϕ, tìte mporeÐ na apodeiqjeÐ tupik� mìno apì to Σ.
AntÐstoiqh idiìthta thc shmasiologik c sunèpeiac ekfr�zei h �skhsh 33. H aitiolìgish
thc parap�nw parat rhshc perièqetai sthn �skhsh 38.

Pìrisma. 'Eqoume ¬¬ϕ, ¬ϕ ` ϕ, afoÔ {¬¬ϕ,¬ϕ} antifatikì. EpÐshc ¬¬ϕ, ϕ ` ϕ.
Sunep¸c isqÔei kai ¬¬ϕ ` ϕ. 'Ara ` ¬¬ϕ → ϕ.

DeÐxame parap�nw ìti ϕ → ¬¬ϕ kai ¬¬ϕ → ϕ eÐnai tupik� jewr mata. Gia to
` ϕ ↔ ¬¬ϕ kai ` ¬¬ϕ ↔ ϕ qreiazìmaste �llh mia idiìthta thc tupik c sunèpeiac.

Parat rhsh 6. Σ ` ϕ ↔ ψ tìte kai mìnon tìte, ìtan Σ ` ϕ → ψ kai Σ ` ψ → ϕ.
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Sunep¸c èqoume ìti Σ ` ϕ ↔ ψ tìte kai mìnon tìte, ìtan Σ ` ψ ↔ ϕ. H aitiolì-
ghsh eÐnai apl  kai basÐzetai sta axi¸mata A3, A4 kai A5.

Efarmìzontac tic parap�nw parathr seic mporoÔme na broÔme poll� tupik� jewr ma-
ta, qwrÐc na kataskeu�zoume tupikèc apodeÐxeic gia aut�. 'Etsi loipìn èqoume.

(Θ1) ` ϕ ↔ ¬¬ϕ
(Θ2) ` (ϕ → ψ) ↔ (¬ψ → ¬ϕ)
(Θ3) ` (ϕ ∨ ψ) ∨ χ ↔ ϕ ∨ (ψ ∨ χ)
(Θ4) ` (ϕ ∧ ψ) ∧ χ ↔ ϕ ∧ (ψ ∧ χ)
(Θ5) ` (ϕ → ψ) ↔ (¬ϕ ∨ ψ)
(Θ6) ` (ϕ ↔ ψ) ↔ (ϕ → ψ) ∧ (ψ → ϕ)
(Θ7) ` (ϕ → ψ) → (χ ∨ ϕ → χ ∨ ψ)
(Θ8) ` (ϕ → ψ) → (χ ∧ ϕ → χ ∧ ψ)
(Θ9) ` ¬ (ϕ ∨ ψ) ↔ ¬ϕ ∧ ¬ψ
(Θ10) ` ¬ (ϕ ∧ ψ) ↔ ¬ϕ ∨ ¬ψ

To Θ1 apodeÐqjhke pio p�nw. Gia to Θ2 arkeÐ, sÔmfwna me thn parat rhsh 6, na
doÔme ìti ` (ϕ → ψ) → (¬ψ → ¬ϕ) kai ` (¬ψ → ¬ϕ) → (ϕ → ψ). To sÔnolo
{ϕ → ψ, ¬ψ, ϕ} eÐnai suntaktik� antifatikì �ra ϕ → ψ, ¬ψ ` ¬ϕ. Apì to Je¸rhma
Apagwg c èqoume ϕ → ψ ` ¬ψ → ¬ϕ kai sunep¸c ` (ϕ → ψ) → (¬ψ → ¬ϕ). 'Omoia,
apì thn antifatikìththta tou {¬ψ → ¬ϕ, ϕ, ¬ψ} èqoume ¬ψ → ¬ϕ, ϕ ` ¬¬ψ. Epeid 
` ¬¬ψ → ψ, èqoume ¬ψ → ¬ϕ, ϕ ` ψ kai ìpwc parap�nw blèpoume ìti
` (¬ψ → ¬ϕ) → (ϕ → ψ).

Gia to Θ5 ac parathr soume ìti:

ϕ → ψ, ¬ϕ ` ¬ϕ, �ra kai ϕ → ψ, ¬ϕ ` ¬ϕ ∨ ψ,
ϕ → ψ, ϕ ` ϕ, �ra kai ϕ → ψ, ϕ ` ¬ϕ ∨ ψ. (bl. �skhsh 35),

kai b�sei thc Parat rhshc 5 ϕ → ψ ` ¬ϕ ∨ ψ.

Akìma èqoume ¬ϕ ` ϕ → ψ (afoÔ {¬ϕ, ϕ} antifatikì)
kai ψ ` ϕ → ψ (ψ → (ϕ → ψ) eÐnai A1)
kai sunep¸c: ¬ϕ ∨ ψ ` ϕ → ψ ( bl. �skhsh 38).

Apì to Je¸rhma Apagwg c, èpetai ìti ` (¬ϕ ∨ ψ) → (ϕ → ψ)
pou mazÐ me to prohgoÔmeno ` (ϕ → ψ) → (¬ϕ ∨ ψ)
deÐqnoun to zhtoÔmeno Θ5.

Ja deÐxoume akìma to Θ9. Ta Θ3, Θ4, Θ6, Θ7, Θ8 kai Θ10 èqoun ìmoiec aitiolog -
seic (ask seic 40,42,44).

Epeid  ` ϕ → ϕ ∨ ψ (axÐwma A8), apì to Θ2 èqoume
` ¬ (ϕ ∨ ψ) → ¬ϕ.

'Omoia ` ¬ (ϕ ∨ ψ) → ¬ψ. 'Ara ¬ (ϕ ∨ ψ) ` ¬ϕ, ¬ (ϕ ∨ ψ) ` ¬ψ.
Epomènwc ¬ (ϕ ∨ ψ) ` ¬ϕ ∧ ¬ψ (�skhsh 36 (g) ). Apì to Je¸rhma Apagwg c
` ¬(ϕ ∨ ψ) → ¬ϕ ∧ ¬ψ.

Gia to ` ¬ϕ∧¬ψ → ¬ (ϕ∨ψ), arkeÐ na parathr soume ìti to sÔnolo {¬ϕ, ¬ψ, ϕ∨ψ}
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eÐnai antifatikì. Autì prokÔptei apì ta:

¬ϕ, ¬ψ, ϕ ` ϕ ∧ ¬ϕ

¬ϕ,¬ψ, ψ ` ϕ ∧ ¬ϕ ({¬ϕ, ¬ψ, ϕ} antifatikì )

kai sunep¸c
¬ϕ, ¬ψ, ϕ ∨ ψ ` ϕ ∧ ¬ϕ.

1.12 Plhrìthta tou ProtasiakoÔ LogismoÔ
Kataskeu�zontac èna tupikì sÔsthma gia ton Protasiakì Logismì eis�goume mia nèa
ènnoia, pou mporoÔme na th qarakthrÐsoume wc suntaktik  ��al jeia��. JewroÔme ��a-
lhjinoÔc�� touc tÔpouc pou apodeqj kame wc axi¸mata kaj¸c kai tic tupikèc sunèpeiec
touc. Ja doÔme ed¸ ìti h suntaktik  ��al jeia�� tautÐzetai me th shmasiologik , dhlad 
ta tupik� jewr mata eÐnai akrib¸c oi logik� alhjinoÐ tÔpoi. Genikìtera, tautÐzontai oi
suntaktikèc kai shmasiologikèc ènnoiec sunèpeiac kai antifatikìthtac.

Prin diatup¸soume to basikì je¸rhma ja k�noume merikèc parathr seic.

Parat rhsh 1. K�je tupikì je¸rhma eÐnai logik� alhjinìc tÔpoc.
EÔkola mporoÔme na elègxoume ìti ta axi¸mata twn sqhm�twn (A1) - (A14) eÐnai

tautologÐec. Xèroume epÐshc ìti o kanìnac Modus Ponens odhgeÐ apì tautologÐec se
tautologÐa (bl. sel. 14). 'Epetai loipìn ìti k�je ìroc miac tupik c apìdeixhc eÐnai tau-
tologÐa. 'Ara k�je tupikì je¸rhma eÐnai tautologÐa.

To antÐstrofo, dhlad  to gegonìc ìti ìlec oi tautologÐec eÐnai tupik� jewr mata qa-
rakthrÐzetai wc plhrìthta tou tupikoÔ sust matoc. H aitiolìghsh thc plhrìthtac den
eÐnai tìso apl . BasÐzetai sto akìloujo teqnikì l mma.

L mma Gia k�je tÔpo ϕ tou ProtasiakoÔ LogismoÔ, up�rqoun tÔpoi ϕ′, ϕ′′ se kanoni-
k  suzeuktik  kai kanonik  diazeuktik  morf  antÐstoiqa, tètoioi ¸ste

` ϕ′ ↔ ϕ kai ` ϕ′′ ↔ ϕ

Ja perigr�youme mia apìdeixh tou l mmatoc, me epagwg  wc proc to pl joc twn sumbìlwn
sundèsmwn tou tÔpou ϕ. To zhtoÔmeno eÐnai fanerì gia tÔpouc me 0 sÔmbola sundèsmwn,
dhlad  gia tic protasiakèc metablhtèc. Ac upojèsoume ìti xèroume to zhtoÔmeno gia
tÔpouc me to polÔ n sÔmbola sundèsmwn. 'Estw ìti o tÔpoc ϕ èqei n + 1 sÔmbola
sundèsmwn. Tìte èqei mia apì tic morfèc

¬ψ, ψ ∨ χ, ψ ∧ χ, ψ → χ, ψ ↔ χ

ìpou ψ, χ èqoun to polÔ n sÔmbola sundèsmwn (�ra gia autoÔc isqÔei to zhtoÔmeno,
apì thn epagwgik  upìjesh). Ja exet�soume mìno thn pr¸th perÐptwsh, stic �llec h
aitiolìghsh eÐnai ìmoia. 'Estw ϕ eÐnai morf c ¬ψ.

Gia na broÔme ènan tÔpo ϕ′ se kanonik  suzeuktik  morf  me thn idiìthta ` ϕ′ ↔ ϕ qrhsi-
mopoioÔme thn Ôparxh tÔpou ψ′′ se kanonik  diazeuktik  morf  me thn idiìthta ` ψ′′ ↔ ψ.
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'Epetai ìti ` ¬ψ′′ ↔ ¬ψ ( J6, �skhsh 37, J2, �skhsh 43).
'Estw ìti o ψ′′ eÐnai ϑ1∨ϑ2∨ . . .∨ϑk, me stoiqei¸deic suzeuktikoÔc ϑi (i = 1, 2, . . . , k).

'Eqoume loipìn
` ¬(ϑ1 ∨ ϑ2 ∨ . . . ∨ ϑk) ↔ ϕ

'Eqoume ` ¬(ϑ1 ∨ϑ2 ∨ . . .∨ϑk) ↔ ¬ϑ1 ∧¬ϑ2 ∧ . . .∧¬ϑk ( �skhsh 45). Kajènac apì touc
tÔpouc ϑi eÐnai morf c χi

1 ∧ χi
2 ∧ . . . ∧ χi

mi
, ìpou χi

1 eÐnai metablht  h �rnhs  thc. Gia
k�je i = 1, 2, . . . , k èqoume

` ¬ϑi ↔ ¬χi
1 ∨ ¬χi

2 ∨ . . . ∨ ¬χi
mi

, (�skhsh 45)

An χi
j eÐnai metablht  µ, sumbolÐzoume me χi

j to ¬µ kai an χi
j eÐnai morf c ¬µ, sumbolÐ-

zoume me χi
j th metablht  µ. 'Eqoume profan¸c ` ¬χi

j ↔ χi
j (J1 kai Par�deigma b, sel.

22, Parat rhsh 6, sel. 25).
'Epetai ìti

` ¬χi
1 ∨ ¬χi

2 ∨ . . . ∨ ¬χi
mi
↔ χ i

1 ∨ χ i
2 ∨ . . . ∨ χ i

mi
(�skhsh 47)

O tÔpoc χ i
1 ∨χ i

2 ∨ . . .∨χ i
mi

eÐnai stoiqei¸dhc diazeuktikìc. Apì ta parap�nw blèpoume
ìti

` ¬ϑ1 ∧¬ϑ2 ∧ . . .∧¬ϑk ↔ (χ 1
1 ∨ . . .∨χ 1

m1
)∧ (χ 2

1 ∨ . . .∨χ 2
m2

)∧ . . .∧ (χ n
1 ∨ . . .∨χ n

mk
)

Ac sumbolÐsoume ϕ′ ton tÔpo pou eÐnai sto dexiì mèroc thc isodunamÐac, o opoÐoc eÐnai se
kanonik  suzeuktik  morf . 'Eqoume

` ϕ′ ↔ ϕ (bl. �skhsh 41)

pou eÐnai to zhtoÔmeno.

Parat rhsh 2. 'Estw ψ1, ψ2, . . . , ψn stoiqei¸deic diazeuktikoÐ tÔpoi, o kajènac ap' touc
opoÐouc perièqei mia metablht  kai thn �rnhs  thc. Tìte ` ψ1 ∧ ψ2 ∧ . . . ∧ ψn.

ArkeÐ na doÔme ìti ` ψi gia k�je i = 1, 2, . . . , n (bl. �skhsh 36(g) ) 'Estw ìti pi, ¬ pi

eÐnai ìroi tou ψi. Me pollapl  qr sh tou (A6), (J.3) kai tou apotelèsmatoc thc �skhshc
43(a), blèpoume ìti

` ψi ↔ (pi ∨ ¬ pi) ∨ ϑi,

ìpou ϑi apoteleÐtai apì touc upìloipouc ìrouc tou ψi. Xèroume ìmwc ìti ` pi∨¬pi (A14)
kai epomènwc ` (pi ∨¬pi)∨ ϑi (A8). Epeid  ` (pi ∨¬ pi)∨ ϑi → ψi, èqoume to zhtoÔmeno
` ψi.

KleÐnoume th par�grafo me to basikì je¸rhma, pou ekfr�zei thn plhrìthta tou axi¸ma-
tikoÔ sust matoc gia ton Protasiakì Logismì.

JEWRHMA PLHROTHTAS

Gia k�je tÔpo tou ProtasiakoÔ LogismoÔ

` ϕ tìte kai mìnon tìte, ìtan |= ϕ
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H Parat rhsh 1 lèei ìti an ` ϕ, tìte |= ϕ. Gia to antÐstrofo, ac upojèsoume ìti ϕ eÐnai
tautologÐa. Apì to l mma xèroume ìti up�rqei tÔpoc ϕ′ se kanonik  suzeuktik  morf 
me ` ϕ′ ↔ ϕ. Epeid  tìte |= ϕ′ ↔ ϕ, èpetai ìti ϕ′ eÐnai tautologÐa. 'Eqoume dei apì
parat rhsh ìti k�je stoiqei¸dhc diazeuktikìc ìroc tou ϕ′ perièqei mia metablht  kai thn
�rnhsh thc. Sunep¸c èqoume (Parat rhsh 2), ìti ` ϕ′. Lìgw tou ` ϕ′ → ϕ èqoume kai
` ϕ.

IsqÔei kai mia genÐkeush tou Jewr matoc Plhrìthtac apì to opoÐo èpetai ìti oi ènnoiec
shmasiologik c kai suntaktik c sunèpeiac kai antifatikìthtac tautÐzontai. Sugkekrimèna
èqoume

JEWRHMA

'Estw Γ sÔnolo tÔpwn, ϕ tÔpoc tou ProtasiakoÔ LogismoÔ

Γ ` ϕ tìte kai mìnon tìte, ìtan Γ |= ϕ.

Dhlad  o tÔpoc ϕ eÐnai suntaktik  sunèpeia tou Γ akrib¸c ìtan eÐnai shmasiologik  su-
nèpeia tou.

Apì to je¸rhma autì prokÔptei ìti èna sÔnolo tÔpwn tou ProtasiakoÔ LogismoÔ eÐ-
nai shmasiologik� antifatikì tìte kai mìnon tìte, ìtan eÐnai suntaktik� antifatikì.

H apìdeixh tou jewr matoc eÐnai sqetik� apl  sthn perÐptwsh peperasmènou sunìlou
upojèsewn Γ (�skhsh 48). H genik  perÐptwsh mporeÐ na basisteÐ s' èna je¸rhma (shma-
siologik  morf  Jewr matoc Sump�geiac) pou lèei ìti
��'Ena sÔnolo tÔpwn tou ProtasiakoÔ LogismoÔ eÐnai ikanopoi simo tìte kai mìnon tìte,
ìtan k�je peperasmèno uposÔnolo tou eÐnai ikanopoi simo��
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ASKHSEIS

1. 'Estw ìti oi protasiakèc metablhtèc p, q, r, s èqoun logikèc timèc 1, 0, 0, 1 antÐ-
stoiqa. BreÐte tic logikèc timèc twn tÔpwn:

(aþ) (p ∨ q) ∨ r (eþ) p ∨ q → q ∧ ¬ s

(bþ) p ∨ (q ∨ r) (�þ) p ↔ s → (¬ p ↔ s)

(gþ) q → r ∧ p (zþ) q ∧ ¬ s → (p ↔ s)

(dþ) q → (p → r) (hþ) (p ∨ ¬ q) ∨ r → s ∧ ¬ s

2. 'Estw ìti ϕ eÐnai ikan  sunj kh gia thn ψ. EÐnai h ϕ anagkaÐa gia thn ψ? EÐnai h
ψ anagkaÐa gia thn ϕ? EÐnai h ¬ϕ anagkaÐa gia thn ¬ψ? EÐnai h ¬ψ anagkaÐa gia
thn ¬ϕ?

3. Sumplhr¸ste ta parak�tw me mia apì tic fr�seic :
- ikan  all� ìqi anagkaÐa, - anagkaÐa all� ìqi ikan ,
- ikan  kai anagkaÐa, - oÔte ikan  oÔte anagkaÐa

(aþ)To na eÐnai yeud c h upìjesh eÐnai .... sunj kh gia thn al jeia thc sunepagwg c.

(bþ)H al jeia tou sumper�smatoc eÐnai .... sunj kh gia thn al jeia thc sunepagwg c.

(gþ)To na eÐnai yeud c h upìjesh eÐnai .... sunj kh gia na eÐnai yeud c h sunepagwg .

(dþ)To na eÐnai yeudèc èna mèloc thc sÔzeuxhc eÐnai .... sunj kh gia na eÐnai
yeud c h sÔzeuxh.

(eþ)To na eÐnai yeudèc èna mèloc thc di�zeuxhc eÐnai .... sunj kh gia na eÐnai
yeud c h di�zeuxh.

(�þ)To na eÐnai alhjèc èna mèloc thc isodunamÐac eÐnai .... sunj kh gia na eÐnai
alhj c h isodunamÐa.

4. ArkeÐ h plhroforÐa ìti h logik  tim  tou p eÐnai 0 gia thn eÔresh thc logik c tim c
twn parak�tw tÔpwn? An nai, breÐte aut  thn tim . An ìqi, deÐxte ìti kai oi dÔo
timèc eÐnai dunatèc.

(aþ) (p → q) → r (gþ)¬ (p ∨ q) ↔ ¬ p ∧ ¬ q

(bþ) p ∧ (q → r) (dþ) p ∧ q ↔ p ∨ r

5. Poiec apì tic parenjèseic stouc parak�tw tÔpouc mporoÔme na paraleÐyoume ( qwrÐc
na all�xei to nìhm� touc).

(aþ) ((p ∧ (q ∨ (¬ r))) → ((¬ s) ↔ r))
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(bþ) ((p ∨ q) ∨ r) ∧ (¬ s) ∧ ¬ (r ∨ s)

6. Gia poiec logikèc timèc twn metablht¸n tou, o tÔpoc (¬ p → q) ∨ ((¬ r → p) ∧ ¬ p)
èqei logik  tim  0?

7. Elègxte ìti oi tÔpoi p∧q, ¬ (¬ p∨¬ q) èqoun p�nta thn Ðdia logik  tim . Sumper�nete
ìti h sÔzeuxh mporeÐ na oristeÐ mèsw thc �rnhshc kai thc di�zeuxhc.

8. BreÐte orismì thc di�zeuxhc me th bo jeia thc �rnhshc kai thc sÔzeuxhc.

9. DeÐxte ìti o tÔpoc ¬ p ∨ q mporoÔme na ton deqjoÔme wc orismì thc sunepagwg c
p → q.

10. BreÐte orismì thc isodunamÐac me th bo jeia twn upìloipwn logik¸n sundèsmwn.
D¸ste èna orismì thc isodunamÐac mèsw thc �rnhshc kai thc di�zeuxhc.

11. DeÐxte ìti oi 4 monomeleÐc kai oi 16 dimeleÐc logikèc pr�xeic mporoÔn na oristoÔn
apì thn �rnhsh kai th di�zeuxh.

12. DeÐxte ìti ¬, ∨ orÐzontai apì ton sÔndesmo |. DeÐxte ìti orÐzontai kai apì ton
sÔndesmo ↓ (sel. 13).

13. DeÐxte ìti ta sust mata sundèsmwn eÐnai epark .

(aþ) {¬, ∨}
(bþ) {¬, ∧}
(gþ) {¬ ,→}
(dþ) {↓}
(eþ) {|}.

14. DeÐxte ìti den eÐnai epark  ta sust mata sundèsmwn

(aþ) {∧, ∨}
(bþ) {↔, ∧}
(gþ) {↔, ∨}

15. DeÐxte ìti gia k�je apotÐmhsh twn metablht¸n V kai opoiosd pote tÔpouc ϕ, ψ
isqÔei (jewroÔme tic logikèc timèc wc arijmoÔc):
V ∗(¬ϕ) = 1− V ∗(ϕ)
V ∗(ϕ ∧ ψ) = min(V ∗(ϕ), V ∗(ψ)) = V ∗(ϕ) · V ∗(ψ)
V ∗(ϕ ∨ ψ) = max(V ∗(ϕ), V ∗(ψ)) = V ∗(ϕ) + V ∗(ψ)− V ∗(ϕ) · V ∗(ψ)
BreÐte antÐstoiqec idiìthtec gia touc tÔpouc ϕ → ψ, ϕ ↔ ψ.

16. Elègxte ìti oi nìmoi tou ProtasiakoÔ LogismoÔ eÐnai tautologÐec.

17. Exet�ste poioÐ apì touc parak�tw tÔpouc eÐnai tautologÐec.

(aþ) (p → q) ↔ (¬ p → q)

(bþ) (p → q) ↔ (q → p)
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(gþ) (p ↔ q) ↔ (¬ p ↔ ¬ q)

(dþ) (p → (q ∨ ¬ q)) → p

(eþ) (p → q) → (p ∨ q)

(�þ) (p → (q → p)) → p

(zþ) (p → (q → r)) ↔ (p ∧ q → r)

(hþ) ((p → q) → p) → p

(jþ) (p ∨ q → r) ↔ ((p → r) ∨ (q → r))

(iþ) p ∨ ((¬ p ∧ q) ∨ (¬ p ∧ ¬ q))

(iaþ) (p ∧ q) ∨ (¬ p ∧ q) ∨ (p ∧ ¬q)

(ibþ) ((p ∧ q) → r) → ((p → r) ∧ (q → r))

(igþ) (p → (q ∨ r) ↔ ((p → r) ∨ (q → r))

(idþ) (p → q) → (r ∨ p → r ∨ q)

18. Elègxte an oi parak�tw tÔpoi eÐnai logik� isodÔnamoi

(aþ) p → q

(bþ) p → p ∧ q

(gþ) ¬ q → (p → q)

19. DeÐxte ìti an oi tÔpoi ϕ1 → ϕ2, ϕ2 → ϕ3, . . . , ϕn−1 → ϕn, ϕn → ϕ1 eÐnai tautolo-
gÐec, tìte oi tÔpoi ϕ1, ϕ2, . . . , ϕn eÐnai logik� isodÔnamoi.

20. DeÐxte ìti:

(aþ) an ϕ, ϕ → ψ eÐnai tautologÐec, tìte ψ eÐnai tautologÐa.
(bþ) an ¬ϕ, ϕ ∨ ψ eÐnai tautologÐec, tìte ψ eÐnai tautologÐa.
(gþ) èna mèloc thc di�zeuxhc eÐnai tautologÐa, tìte h di�zeuxh eÐnai tautologÐa.

IsqÔei to antÐstrofo?
(dþ) kai ta dÔo mèlh thc sÔzeuxhc eÐnai tautologÐec, tìte h sÔzeuxh eÐnai tautologÐa.

IsqÔei to antÐstrofo?
(eþ) an ψ eÐnai tautologÐa, tìte ϕ → ψ eÐnai tautologÐa.

21. DeÐxte ìti me opoiad pote seir� ektelestoÔn oi diazeÔxhc sto ϕ1∨ϕ2∨. . .∨ϕn p�nta
èqoume thn Ðdia logik  tim . (Autì dikaiologeÐ giatÐ den gr�foume parenjèseic stouc
tÔpouc san ton parap�nw). Diatup¸ste antÐstoiqh idiìthta thc sÔzeuxhc.

22. DeÐxte ìti eÐnai tautologÐec oi tÔpoi:

(aþ) ((¬ p ∨ q) → ¬ (p ↔ ¬q ∧ r)) → ((p ↔ ¬q ∧ r) → ¬(¬ p ∨ q)),

(bþ) (¬ (q → r) ∨ (q ↔ ¬ p)) ∨ ¬(¬(q → r) ∨ (¬ q ↔ p))

23. 'Estw ìti ϕn eÐnai o tÔpoc (. . . (p → p) → p) . . .) → p) (n forèc), dhlad  ϕ1 eÐnai p
kai ϕn+1 eÐnai (ϕn) → p. Gia poi� n o tÔpoc ϕn eÐnai tautologÐa?
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24. BreÐte mia kanonik  diazeuktik  morf  kai mia kanonik  suzeuktik  morf  gia touc
pio k�tw tÔpouc:

(aþ) p ∧ (q ∨ (¬ p ∧ r))

(bþ) p ↔ (q → (q → p))

(gþ) p → (q ∧ (¬ p ↔ q))

(dþ) p ∨ ((q ∧ p) → (q ↔ ¬ p))

25. Elègxte ìti eÐnai tautologÐec oi pio k�tw tÔpoi ( genikeÔseic nìmwn tou ProtasiakoÔ
LogismoÔ)

(aþ) p ∧ (q1 ∨ q2 ∨ . . . ∨ qn) ↔ (p ∧ q1) ∨ (p ∧ q2) ∨ . . . ∨ (p ∧ qn),

(bþ) p ∨ (q1 ∧ q2 ∧ . . . ∧ qn) ↔ (p ∨ q1) ∧ (p ∨ q2) ∧ . . . ∧ (p ∨ qn),

(gþ) ¬ (p1 ∨ p2 ∨ . . . ∨ pn) ↔ ¬p1 ∧ ¬p2 ∧ . . . ∧ ¬pn,

(dþ) ¬(p1 ∧ p2 ∧ . . . ∧ pn) ↔ ¬ p1 ∨ ¬ p2 ∨ . . . ∨ ¬ pn

26. ApodeÐxte ìti an oi upojèseic enìc sunìlou ∆ tÔpwn tou ProtasiakoÔ LogismoÔ
eÐnai tautologÐec kai ∆ |= ϕ, tìte kai o tÔpoc ϕ eÐnai tautologÐa.

27. DeÐxte tic pio k�tw idiìthtec thc shmasiologik c sunèpeiac:

(aþ) An ϕ eÐnai mia upìjesh apì to ∆, tìte ∆ |= ϕ.
(bþ) An ∆ |= ϕ kai ∆ ⊆ ∆′, tìte ∆′ |= ϕ.
(gþ) ∆ ∪ {ϕ} |= ψ tìte kai mìnon tìte, ìtan ∆ |= ϕ → ψ.

28. 'Estw ϕ1, ϕ2, . . . , ϕn, ψ tÔpoi. DeÐxte ìti:

(aþ) ϕ1, ϕ2, . . . , ϕn |= ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn,

(bþ) ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn |= ϕi gia k�je i = 1, 2, . . . , n,

(gþ) ϕ1, ϕ2, . . . , ϕn |= ψ tìte kai mìnon tìte ìtan ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn |= ψ,

(dþ) ϕ1, ϕ2, . . . , ϕn |= ψ tìte kai mìnon tìte, ìtan

|= (ϕ1 → (ϕ2 → . . . (ϕn → ψ) . . .))

29. DeÐxte ìti o tÔpoc ϕ ∧ ¬ϕ → ψ eÐnai tautologÐa. Sumper�nete ìti ϕ, ¬ϕ |= ψ.

30. Aitiolog ste thn orjìthta twn sullogism¸n (1)-(7)sth sel. 19.

31. Exet�ste an ta sÔnola tÔpwn
∆1 = {(p → q) ∨ r, r ↔ p ∧ q,¬ p ∨ ¬ q}
∆2 = {¬ p ∨ r, q ∧ ¬ r ↔ p, p ∨ (q → ¬ r)}
eÐnai sunep . Exet�ste an ∆1 |= s → ¬ p ∨ ¬ q, ∆2 |= q ∧ ¬ r → s.

32. DeÐxte ìti ψ |= ϕ kai ϕ |= ψ tìte kai mìnon tìte ìtan ϕ ≡ ψ.

33. DeÐxte ìti ∆ ∪ {ϕ} |= ψ kai ∆ ∪ {¬ϕ} |= ψ tìte kai mìno tìte ìtan ∆ |= ψ.

34. Exet�ste an eÐnai sunep  ta parak�tw sÔnola prot�sewn.
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(aþ) O exetast c eÐnai austhrìc all� dÐkaioc
O exetast c den eÐnai oÔte austhrìc oÔte dÐkaioc

(bþ) O arijmìc p eÐnai perittìc eÐte diaireÐtai me to 2.
O arijmìc p eÐnai �rtioc all� den diaireÐtai me to 2.

(gþ) Oi filìsofoi den meletoÔn Majhmatik�   ta jewroÔn �qrhsta.
Oi filìsofoi melètoun ta Majhmatik� e�n kai mìnon e�n ta jewroÔn �qrhsta.

35. DeÐxte ìti an Γ ` ϕ, tìte Γ ` ϕ ∨ ψ kai Γ ` ψ ∨ ϕ.

36. DeÐxte ìti:

(aþ) ϕ1, ϕ2, . . . , ϕn ` ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn

( me ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn ennooÔme ton tÔpo (. . . (ϕ1 ∧ ϕ2) ∧ . . . ∧ ϕn).
(bþ) An Γ ` ϕ1, Γ ` ϕ2, . . . , Γ ` ϕn kai ϕ1, ϕ2, . . . , ϕn ` ψ, tìte Γ ` ψ.
(gþ) An Γ ` ϕ1, Γ ` ϕ2, . . . , Γ ` ϕn, tìte Γ ` ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn.

37. DeÐxte ìti (a') ϕ ∧ ψ ` ϕ, ϕ ∧ ψ ` ψ
kai genikìtera (b') ϕ1 ∧ . . . ∧ ϕn ` ϕi (i = 1, 2, . . . , n)

38. DeÐxte ìti an Γ, ϕ ` χ kai Γ, ψ ` χ, tìte Γ, ϕ ∨ ψ ` χ ( Upod: Qrhsimopoi ste to
Je¸rhma Apagwg c, thn �skhsh 36(g') kai to axÐwma A.11).
Sumper�nete ìti an Γ, ϕ ` χ kai Γ, ¬ϕ ` χ, tìte Γ ` χ.

39. DeÐxte ìti Γ ∪ {¬ϕ} eÐnai suntaktik� antifatikì tìte kai mìnon tìte, ìtan Γ ` ϕ.
(Upod: ` ¬¬ϕ → ϕ).

40. DeÐxte ìti ϕ → ψ, ψ → ϕ ` ϕ ↔ ψ. Sumper�nete ìti

` (ϕ ↔ ψ) ↔ (ϕ → ψ) ∧ (ψ → ϕ)

41. DeÐxte ìti an Γ ` ϕ ↔ ψ kai Γ ` ψ ↔ χ, tìte Γ ` ϕ ↔ χ. (Upod. 'Askhsh 40)

42. DeÐxte ìti:

(aþ) ` (ϕ ∨ ψ) ∨ χ ↔ ϕ ∨ (ψ ∨ χ), (Upod. 'Askhsh 38)
(bþ) ` (ϕ ∧ ψ) ∧ χ ↔ ϕ ∧ (ψ ∧ χ), (Upod. Ask seic 36, 37)
(gþ) ` (ϕ → ψ) → (χ ∨ ϕ → χ ∨ ψ),

(dþ) ` (ϕ → ψ) → (χ ∧ ϕ → χ ∧ ψ).
(Upod: Gia to (g') deÐxte pr¸ta ìti ϕ → ψ, χ ` χ ∨ ϕ kai ϕ → ψ, ϕ ` χ ∨ ϕ
kai gia to (d'): ϕ → ψ, χ ∧ ϕ ` χ, ϕ → ψ, χ ∧ ϕ ` ψ).

43. DeÐxte ìti an ` ϕ ↔ ϕ′ kai ` ψ ↔ ψ′, tìte:

(aþ) ` ϕ ∨ ψ ↔ ϕ′ ∨ ψ′,

(bþ) ` ϕ ∧ ψ ↔ ϕ ∧ ψ′

44. DeÐxte ìti ` ¬(ϕ ∧ ψ) ↔ ¬ϕ ∨ ¬ψ.
(Upod. Qrhsimopoi ste to ` ¬(¬ϕ∨¬ψ) ↔ ¬¬ϕ∧¬¬ψ (J.9), thn �skhsh 43 (b')
kai to (J.2) ).
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45. Dikaiolog ste, epagwgik�, tic akìloujec genikeÔseic twn (J.9) kai (J.10)

(aþ) ` ¬(ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn) ↔ ¬ϕ1 ∧ ¬ϕ2 ∧ . . . ∧ ¬ϕn,

(bþ) ` ¬(ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn) ↔ ¬ϕ1 ∨ ¬ϕ2 ∨ . . . ∨ ¬ϕn.

46. DeÐxte ìti:

(aþ) ` ϕ ∧ (ψ1 ∨ ψ2 ∨ . . . ∨ ψn) ↔ (ϕ ∧ ψ1) ∨ (ϕ ∧ ψ2) ∨ . . . ∨ (ϕ ∧ ψn)

(bþ) ` ϕ ∨ (ψ1 ∧ ψ2 ∧ . . . ∧ ψn) ↔ (ϕ ∨ ψ1) ∧ (ϕ ∨ ψ2) ∧ . . . ∧ (ϕ ∨ ψn)

47. Dikaiolog ste, epagwgik�, thn ex c genÐkeush thc �skhshc 43.
An ` ϕ1 ↔ ϕ′1, ` ϕ2 ↔ ϕ′2, . . . ,` ϕn ↔ ϕ′n, tìte:

(aþ) ` ϕ1 ∨ ϕ2 ∨ . . . ∨ ϕn ↔ ϕ′1 ∨ ϕ′2 ∨ . . . ∨ ϕ′n,
(bþ) ` ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕn ↔ ϕ′1 ∧ ϕ′2 ∧ . . . ∧ ϕ′n.

48. ApodeÐxte thn akìloujh genÐkeush tou Jewr matoc Plhrìthtac:

ϑ1, . . . , ϑn ` ϕ tìte kai mìnon tìte, ìtan ϑ1, . . . , ϑn |= ϕ.



MEROS DEUTERO

KATHGORHMATIKOS LOGISMOS

Met� thn krÐsh pou eÐqan ta Majhmatik�, sto tèloc tou 19ou ai¸na, genn jhke h an�-
gkh pio austhr c tupopoÐhs c touc. Pollèc majhmatikèc jewrÐec xanadiatup¸jhkan se
austhr  gl¸ssa, upì morf  axiwmatik¸n susthm�twn.

O protasiakìc Logismìc dÐnei mia qondrik  melèth thc majhmatik c gl¸ssac. Me pio
leptomer  melèth thc dom c thc gl¸ssac, kaj¸c kai me touc trìpouc apìdoshc no matoc
sta sÔmbol� thc, asqoleÐtai ènac �lloc kl�doc thc Majhmatik c Logik c. O kl�doc
autìc lègetai Kathgorhmatikìc Logismìc   Logismìc Posodeikt¸n.

Stic majhmatikèc ekfr�seic ektìc apì touc logikoÔc sundèsmouc sunant�me kai �lla
sÔmbola. K�poia apì aut� qrhsimopoioÔntai gia thn perigraf  antikeimènwn (arijm¸n,
shmeÐwn, sunìlwn k.a.). 'Alla sÔmbola qrhsimopoioÔntai gia thn perigraf  idiot twn
twn antikeimènwn kai pr�xewn p�nw s' auta. Eidik� sÔmbola qrhsimopoioÔntai gia touc
legìmenouc posodeÐktec, pou paÐzoun spoudaÐo rìlo stic majhmatikèc ekfr�seic. 'Enac
apì touc skopoÔc tou KathgorhmatikoÔ LogismoÔ eÐnai h melèth twn kanìnwn swst c
qr shc thc gl¸ssac twn Majhmatik¸n, kai idiaÐtera twn posodeikt¸n.

Ja melet soume ed¸ èna eÐdoc sumbolik¸n glwss¸n, tic legìmenec prwtob�jmiec gl¸s-
sec, pou eÐnai plousiìterec apì th gl¸ssa tou ProtasiakoÔ LogismoÔ kai arkoÔn gia thn
tupopoÐhsh meg�lou mèrouc twn Majhmatik¸n.

H shmasiologik  kai h suntaktik  �poyh tou KathgorhmatikoÔ LogismoÔ eÐnai genikì-
terec apì tic antÐstoiqec tou ProtasiakoÔ LogismoÔ. Oi ekfr�seic twn prwtob�jmiwn
glwss¸n ermhneÔontai sth majhmatik  pragmatikìthta. Perigr�foun antikeÐmena ma-
jhmatik¸n q¸rwn kai idiìthtec touc. Oi tÔpoi twn prwtob�jmiwn glwss¸n epidèqontai
perisìterec ermhneÐec apì touc tÔpouc tou ProtasiakoÔ LogismoÔ. O Kathgorhmatikìc
Logismìc melet� mia genikìterh ènnoia tupik c apìdeixhc.

Poll� apì ta apotelèsmata tou ProtasiakoÔ LogismoÔ genikeÔontai sqetik� eÔkola,
�lla apaitoÔn dÔskola, mh stoiqei¸dh mèsa. Ja gnwrÐsoume èna sÔsthma axiwm�twn tou
KathgorhmatikoÔ LogismoÔ, to opoÐo eÐnai pl rec.
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2.1 Kathgor mata. PosodeÐktec
Oi ekfr�seic pou perigr�foun idiìthtec antikeimènwn kai sqèseic metaxÔ touc lègontai
kathgor mata h protasiakoÐ tÔpoi 4.
'Etsi p.q. oi ekfr�seic

“x eÐnai perittìc ��

“x mikrìtero tou y��

“x eÐnai mègistoc koinìc diairèthc twn y, z��

eÐnai kathgor mata miac, dÔo kai tri¸n metablht¸n antÐstoiqa. An oi metablhtèc enìc
kathgor matoc antikatastajoÔn apì antikeÐmena (tou q¸rou ston opoÐo anafèrontai),
prokÔptoun prot�seic.
Gia merik� kathgor mata sta Majhmatik� qrhsimopoioÔntai eidik� sÔmbola p.q. =, <, ≤,
∈, |.
Me th bo jeia twn logik¸n sundèsmwn sqhmatÐzoume pio sÔnjeta kathgor mata apì �lla
aploÔstera. P.q. h èkfrash

��x den eÐnai perittìc kai x eÐnai mègistoc koinìc diairèthc twn y, z��

eÐnai èna nèo kathgìrhma.

Nèa kathgor mata sqhmatÐzoume epÐshc me th qr sh twn lèxewn ��k�je�� kai ��up�rqei��.
Oi ekfr�seic

“ k�je x eÐnai perittìc��

“up�rqei x mikrìtero tou y��

“up�rqei x pou eÐnai mègistoc koinìc diairèthc twn y, z ��

eÐnai p�li kathgor mata. To pr¸to eÐnai prìtash. Ta �lla dÔo eÐnai miac kai dÔo meta-
blht¸n antÐstoiqa. Ta nèa kathgor mata, pou sqhmatÐsthkan me ton parap�nw trìpo,
eÐnai loipìn miac metablht c ligìterhc ap' aut� apì ta opoÐa prokÔptoun.

Oi lèxeic ��k�je�� kai ��up�rqei�� lègontai posodeÐktec, kajolikìc (  genikìc) kai
uparxiakìc antÐstoiqa. 5 Sta Majhmatik� qrhsimopoioÔme gia touc posodeÐktec eidik�
sÔmbola. TeleutaÐa epikratoÔn ta sÔmbola ∀, ∃ · palaiìtera pio sunhjismèna  tan ta∧

,
∨

 
∏

,
∑

.
Touc pososdeÐktec kai ta kathgor mata ja melet soume pio austhr� stic epìmenec

paragr�fouc.

ShmeÐwsh 1. An efarmìsoume posodeÐkth se èna monomelèc kathgìrhma ( dhl. se kath-
gìrhma miac metablht c) prokÔptei prìtash. To an h prìtash eÐnai alhj c   yeud c den
eÐnai, en gènei, apìluto. p.q. h prìtash ��up�rqei x ¸ste x¯ x = 1�� eÐnai alhj c an to 1
ermhneuteÐ wc o fusikìc 1 kai to ¯ wc pollaplasiasmìc fusik¸n arijm¸n, en¸ den eÐnai

4Den prèpei na gÐnetai sÔgqush twn protasiak¸n tÔpwn me touc tÔpouc tou ProtasiakoÔ LogismoÔ.
Stouc teleutaÐouc oi metablhtèc sumbolÐzoun prot�seic.

5Suqn� o kajolikìc posodeÐkthc diab�zetai��gia k�je��, ��gia ìla�� kai o uparxiakìc ��gia k�poia��,
��up�rqei toul�qiston èna��.
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alhj c an to ¯ ermhneuteÐ wc prìsjesh fusik¸n arijm¸n kai to 1 p�li wc o arijmìc 1. 6

ShmeÐwsh 2. En gènei, h fr�sh ��gia k�je x isqÔei P (x)�� sunep�getai thn ��up�rqei x ¸ste
P (x)��. Ac prosèxoume ìmwc ìti autì den sumbaÐnei sthn perÐptwsh pou anaferìmaste
se kenì q¸ro.

2.2 Prwtob�jmiec Gl¸ssec

S' aut  thn par�grafo ja perigr�youme to suntaktikì twn prwtob�jmiwn glwss¸n, pou
qrhsimopoioÔntai gia thn tupopoÐhsh poll¸n basik¸n majhmatik¸n jewri¸n. Oi jew-
rÐec autèc endiafèrontai gia k�poiouc majhmatikoÔc q¸rouc. Oi antÐstoiqec gl¸ssec
diajètoun metablhtèc gia ton sumbolismì antikeimènwn twn exetazìmenwn q¸rwn. Oi po-
sodeÐktec anafèrontai mìno sta antikeÐmena aut�7.

Oi sumbolikèc gl¸ssec faÐnontai dusan�gnwstec se sqèsh me thn fusik  gl¸ssa kai
oi ekfr�seic touc eÐnai sqetik� sÔnjetec. MporoÔme ìmwc q�rh s' autèc na tupopoi sou-
me austhr� tic basikèc gia ta Majhmatik� ènnoiec ìpwc sunèpeia, prìtupo, apìdeixh k.a.

Poll� sÔmbola eÐnai koin� gia ìlec tic prwtob�jmiec gl¸ssec. 'Alla epilègontai ka-
t�llhla gia thn jewrÐa kai antistoiqoÔn stic arqikèc ènnoièc thc.

Parak�tw eis�goume thn genik  morf  miac prwtob�jmiac gl¸ssac perigr�fontac to
alf�bhto thc kai touc kanìnec sÔntaxhc swst¸n ekfr�sewn.

Alf�bhto

Ta sÔmbola miac prwtob�jmiac gl¸ssac eÐnai ta ex c:

(a') sÔmbola metablht¸n: x1, x2, x3, . . .
(b') sÔmbola sundèsmwn: ¬, ∧, ∨, →, ↔
(g') sÔmbola posodeikt¸n: ∀, ∃
(d') sÔmbolo isìthtac: =
(e') parenjèseic: ( , )

Ta parap�nw sÔmbola qarakthrÐzontai wc logik� kai eÐnai koin� gia ìlec tic prwto-
b�jmiec gl¸ssec. Ektìc ap' aut� mporoÔn na up�rqoun kai �lla sÔmbola, pou lègontai
mh logik�.

Sugkekrimèna, gia k�je prwtob�jmia gl¸ssa up�rqoun trÐa sÔnola I, J, K pepera-
smèna (endeqomènwc ken�)   �peira (arijm sima   mh arijm sima), ta opoÐa kajorÐzoun,
antÐstoiqa, ta legìmena:

6Dustuq¸c den up�rqei apl , mhqanik  mèjodoc gia ton èlegqo al jeiac twn ekfr�sewn pou qrhsi-
mopoioÔn posodeÐktec, an�logh m' aut  twn 0− 1 pin�kwn ston Protasiakì Logismì.

7Up�rqoun kai �llec sumbolikèc gl¸ssec, oi opoÐec ektìc apì tic metablhtèc gia ta antikeÐmena twn
q¸rwn èqoun kai �llec gia ton sumbolismì uposunìlwn kai sqèsewn stouc q¸rouc. Oi gl¸ssec autèc
lègontai deuterob�jmiec
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(s') sÔmbola kathgorhm�twn: {Pi : i ∈ I}
(z') sÔmbola sunart sewn: {fj : j ∈ J}
(h') sÔmbola stajer¸n: {ck : k ∈ K}
Se k�je sÔmbolo kathgor matoc P antistoiqeÐ ènac jetikìc fusikìc arijmìc n(P ),

pou deÐqnei pìswn metablht¸n sqèsh sumbolÐzei to P . To sÔmbolo P lègetai n-jèsio,
ìtan n(P ) = n.

Se k�je sÔmbolo sun�rthshc f antistoiqeÐ ènac jetikìc fusikìc arijmìc m(f), pou deÐ-
qnei pìswn metablht¸n sun�rthsh sumbolÐzei to f . To f lègetai n-jèsio, ìtan m(f) = n.

Mia prwtob�jmia gl¸ssa kajorÐzetai pl rwc, ìtan dwjoÔn ta mh logik� sÔmbol� thc.
Perigr�fontac loipìn th gl¸ssa arkeÐ na poÔme poi� eÐnai ta sÔmbola twn kathgori¸n
(s'), (z'), (h') kai pìsec jèseic èqei to kajèna apì ta sÔmbola twn (s'), (z').

ShmeÐwsh 1. MerikoÐ orÐzoun tic prwtob�jmiec gl¸ssec me ligìtera logik� sÔmbola.
PaÐrnoun p.q. ligìtera sÔmbola sundèsmwn eÐte ènan mìno posodeÐkth. ArkeÐ to sÔnolo
sundèsmwn na eÐnai eparkèc (bl. sel.13). Ja doÔme argìtera pwc mporeÐ na oristeÐ o
genikìc posodeÐkthc me th bo jeia tou uparxiakoÔ kai antistrìfwc.

ShmeÐwsh 2. OrÐzontai kai prwtob�jmiec gl¸ssec qwrÐc isìthta. S' autèc to sÔmbolo
= den jewreÐtai logikì. Den exet�zetai kajìlou   katat�ssetai sta m  logik� sÔmbola.
Ed¸ to jewroÔme logikì sÔmbolo, diìti ja tou apodÐdetai p�nta h Ðdia ermhneÐa - h tau-
tìthta antikeimènwn.

ParadeÐgmata

1. Mia prwtob�jmia gl¸ssa gia thn arijmhtik  èqei wc mh logik� sÔmbola ta:

sÔmbola kathgorhm�twn: < me n(<) = 2
sÔmbola sunart sewn: +, · me m(+) = 2, m(·) = 2
sÔmbola stajer¸n: O, I

2. Gia thn arijmhtik  qrhsimopoieÐtai suqn� kai mia �llh prwtob�jmia gl¸ssa, h LA,
pou èqei èna akìma sÔmbolo sun�rthshc S me m(S) = 1 kai èna mìno sÔmbolo
stajer�c, to O.

3. Gia thn tupopoÐhsh thc jewrÐac sunìlwn arkeÐ mia gl¸ssa LΣ me èna mìno mh logikì
sÔmbolo, to 2-jèsio sÔmbolo kathgor matoc ∈. Kami� for� qrhsimopoieÐtai kai èna
sÔmbolo stajer�c, to ∅.

4. Gia thn jewrÐa om�dwn qrhsimopoeÐtai gl¸ssa me èna 2-jèsio sunarthsiakì sÔmbolo
kai èna sÔmbolo stajer�c. SunhjÐzontai ta ◦ kai e   + kai O.

5. Oi jewrÐec daktulÐwn kai swm�twn tupopoioÔntai se mia gl¸ssa me mh logik� sÔm-
bola ìmoia me ta sÔmbola sunart sewn kai stajer¸n thc gl¸ssac thc arijmhtik c.

'Oroi kai tÔpoi

Oi swstèc ekfr�seic miac prwtob�jmiac gl¸ssac eÐnai k�poiec peperasmènec akoloujÐec
sumbìlwn tou alf�bhtou. Up�rqoun dÔo eÐdh swst¸n ekfr�sewn: oi ìroi (  onìmata),
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pou perigr�foun antikeÐmena kai oi tÔpoi, pou perigr�foun idiìthtec twn antikeimènwn.
Parak�tw ja gnwrÐsoume austhroÔc kanìnec sqhmatismoÔ ìrwn kai tÔpwn.

O1. Ta sÔmbola metablht¸n kai stajer¸n eÐnai ìroi.
O2. An f eÐnai m-jèsio sÔmbolo sun�rthshc kai t1, . . . , tm eÐnai ìroi, tìte h èkfrash
f(t1, . . . , tm) eÐnai ìroc.

K�je ìroc loipìn prokÔptei apì pollapl  efarmog  sumbìlwn sunart sewn p�nw se
sÔmbola stajer¸n kai metablht¸n.

ParadeÐgmata. Oi ekfr�seic

x1, I, +(I, x1), ·(O, I), ·(+(I, x1), x2)

eÐnai ìroi thc gl¸ssac thc arijmhtik c, pou perigr�yame sto Par�deigma 1 thc proh-
goÔmenhc selÐdac. Mìno o pr¸toc kai o trÐtoc apì autoÔc eÐnai ìroi thc gl¸ssac LA

(Paradeigma 2).
'Alloi ìroi tic LA eÐnai p.q. oi

S(x3), S(S(S(O))), +(S(·(x1, S(S(O)))), x1).

Oi gl¸ssa LΣ thc jewrÐac sunìlwn, pou èqei mìno èna 2-jèsio sÔmbolo kathgor matoc
∈, èqei wc ìrouc mìno ta sÔmbola metablht¸n, afoÔ den perièqei sÔmbola sunart sewn
oÔte stajer¸n.

ShmeÐwsh. Lìgw majhmatik c par�doshc kai q�rin aplìthtac ja gr�foume polloÔc
ìrouc pio sÔntoma. 'Otan to sÔmbolo f eÐnai 2-jèsio antÐ gia ton ìro f(t, s) ja gr�foume
t f s. 'Etsi loipìn antÐ gia to ·(O, I) gr�foume O · I. To teleutaÐo apì ta parap�nw
paradeÐgmata gr�fetai kai S(x1 · S(S(O))) + x1.

Ta sÔmbola kathgorhm�twn perigr�foun sqèseic pou eÐnai arqikèc ènnoiec miac majh-
matik c jewrÐac. Pio sÔnjeta kathgor mata ekfr�zontai apì touc legìmenouc tÔpouc
thc gl¸ssac. Oi tÔpoi sqhmatÐzontai wc èxhc:

T1. An t, s eÐnai ìroi, tìte h èkfrash t = s eÐnai tÔpoc.
T2. An t1, . . . , tn eÐnai ìroi kai P eÐnai n- jèsio sÔmbolo kathgor matoc, tìte h èkfrash
P (t1, . . . , tn) eÐnai tÔpoc.
T3. An ϕ, ψ eÐnai tÔpoi kai x sÔmbolo metablht c, tìte oi ekfr�seic

(¬ϕ), (ϕ ∧ ψ), (ϕ ∨ ψ), (ϕ → ψ), (ϕ ↔ ψ), (∃xϕ), (∀xϕ)

eÐnai tÔpoi.

Oi tÔpoi pou dÐdontai apì touc kanìnec T1, T2 lègontai atomikoÐ tÔpoi.

ParadeÐgmata. Oi ekfr�seic

x1 +O = S(S(x2)), < (S(x3), O)
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eÐnai atomikoÐ tÔpoi thc gl¸ssac LA thc arijmhtik c. An deqjoÔme mia sÔmbash an�logh
m' aut n gia touc ìrouc, mporoÔme na gr�foume ton teleutaÐo tÔpo wc S(x3) < O. 'Alla
paradeÐgmata tÔpwn thc gl¸ssac LA eÐnai ta

(x1 < x2 ∨ x1 = x2)
(¬ (∀x4 O+ x2 = (x2 · x3) + x4))
(x2 < x1 → (∃x3 ((¬ (x3 = O)) ∧ x2 + x3 = x1)))

'Opwc kai ston Protasiakì Logismì, deqìmaste merikèc sumb�seic, pou mac epitrèpoun
na paraleÐpoume parenjèseic. Den gr�foume parenjèseic ìtan den up�rqei amfibolÐa pou
anafèrontai ta sÔmbola sundèsmwn kai oi posodeÐktec. 'Etsi p.q. den gr�foume tic exw-
terikèc parenjèseic.

EpÐshc, lìgw par�doshc, gr�foume t 6= s antÐ tou ¬ (t = s) kai t 6∈ s antÐ tou ¬ (t ∈ s),
sth gl¸ssa LΣ thc jewrÐac sunìlwn.

O teleutaÐoc apì touc parap�nw tÔpouc gr�fetai loipìn pio sÔntoma wc

x2 < x1 → ∃ x3(x3 6= O ∧ x2 + x3 = x1).

Ac doÔme merik� akìma paradeÐgmata tÔpwn. Oi atomikoÐ tÔpoi thc LΣ eÐnai morf c t = s
  t ∈ s, ìpou t, s eÐnai metablhtèc. 'Alloi tÔpoi thc LΣ eÐnai p.q. oi ekfr�seic
∀x3 (x3 ∈ x1 ↔ x3 ∈ x2) → x1 = x2

∃x1∀x2 x2 /∈ x1

ShmeÐwsh. Ac prosèxoume ìti oi ekfr�seic san thn

∃O (O < x1 ∨ x1 6= x2)

den eÐnai swstèc. SÔmfwna me ton kanìna T3, oi posodeÐktec sunodeÔontai apì metablh-
tèc. Den eÐnai epÐshc swst  h èkfrash

∃x1 x1 < x2 ∀x2

afoÔ oi posodeÐktec gr�fontai amèswc prin apì ton tÔpo ston opoÐo anafèrontai. Sthn
parap�nw èkfrash up�rqei as�feia, afoÔ den eÐnai fanerì an ennooÔme

∀x2∃x1 x1 < x2   ∃x1∀x2 x1 < x2

'Opwc ja doÔme argìtera, oi dÔo autoÐ tÔpoi den eÐnai logik� isodÔnamoi.

EleÔjerec kai desmeumènec metablhtèc

EÐnai aparaÐthto na gnwrÐzoume pìswn metablht¸n kathgìrhma perigr�fei ènac dosmènoc
tÔpoc mia prwtob�jmiac gl¸ssac.

AktÐna (epirro c) enìc posodeÐkth lème ton tÔpo ston opoÐo anafèretai o pososdeÐ-
kthc. Sugkekrimèna, o tÔpoc ϕ eÐnai aktÐna tou ∃ ston tÔpo (∃xϕ), kai an�loga eÐnai
aktÐna tou ∀ ston tÔpo (∀xϕ). Lème ìti o posodeÐkthc desmeÔei, sthn aktÐna epirro c
tou, th metablht  pou ton sunodeÔei. 'Etsi loipìn stouc tÔpouc (∃xϕ) kai (∀xϕ) ìlec oi
emfanÐseic thc metablht c x sto ϕ lègontai desmeumènec. Oi mh desmeumènec emfanÐseic
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miac metablht c lègontai eleÔjerec.

'Estw ϕ tÔpoc, x metablht . Lème ìti h x eÐnai eleÔjerh metablht  tou ϕ, an tou-
l�qiston mia emf�nis  thc sto ϕ eÐnai eleÔjerh. Lème ìti h x eÐnai desmeumènh meta-
blht  tou ϕ, an toul�qiston mia emf�nis  thc ston ϕ eÐnai desmeumènh. 'Opwc ja doÔme
parak�tw, mia metablht  mporeÐ na eÐnai s' ènan tÔpo sugqrìnwc desmeumènh kai eleÔjerh.

ParadeÐgmata.

1. Ston tÔpo ϕ:
∀x1 (O < x1 → ∃x2 (O < x2 ∧ x2 · x2 = x1))

ìlec oi emfanÐseic thc metablht c x1 eÐnai desmeumènec, afoÔ brÐskontai sthn aktÐna
tou ∀x1, pou eÐnai o tÔpoc ψ:

(O < x1 → ∃x2 (O < x2 ∧ x2 · x2 = x1)).

AktÐna tou ∃x2 eÐnai o tÔpoc (O < x2 ∧ x2 · x2 = 1). O pososdeÐkthc desmeÔei s'
autìn ìlec tic emfanÐseic thc metablht c x2. H metablht  x1 eÐnai eleÔjerh ston
tÔpo ψ. Den eÐnai ìmwc eleÔjerh ston arqikì tÔpo ϕ.

2. O tÔpoc x1 +x3 < x1 → x1 < O ∧ x1 < I den èqei posodeÐktec. 'Olec oi emfanÐseic
twn x1, x3 eÐnai eleÔjerec. Oi metablhtèc x1, x3 eÐnai loipìn oi eleÔjerec metablhtèc
tou tÔpou autoÔ.

3. Ston tÔpo
∀x1 (x1 6= O ∨ x1 + x2 = I) → ∃x2 x2 + x3 = x1 · x2

h pr¸th kai h deÔterh emf�nish thc x1 eÐnai desmeumènh, en¸ h trÐth eÐnai eleÔ-
jerh. H pr¸th emf�nish thc x2 eÐnai eleÔjerh, en¸ oi �llec dÔo emfanÐseic thc
eÐnai desmeumènec. H emf�nish thc x3 eÐnai eleÔjerh. O parap�nw tÔpoc èqei loi-
pìn eleÔjerec metablhtèc tic x1, x2, x3. Desmeumènec metablhtèc tou eÐnai oi x1, x2.

'Enac tÔpoc me m eleÔjerec metablhtèc parist�nei m-melèc kathgìrhma (kathgìrhma m
metablht¸n). Touc tÔpouc pou den èqoun eleÔjerec metablhtèc (ta 0-mel  kathgor mata)
touc lème prot�seic.

ParadeÐgmata. O tÔpoc ∀x1 (0 < x1 → ∃x2 (0 < x2 ∧ x2 · x2 = x1)) (Parad. 1 para-
p�nw) eÐnai prìtash. O tÔpoc thc LΣ

∀x3 (x3 ∈ x1 ↔ x3 ∈ x2) → x1 = x2

èqei eleÔjerec metablhtèc tic x1, x2. Den eÐnai loipìn prìtash. Efarmìzontac p.q. dÔo
forèc ton kajolikì pososdeÐkth mporÔme na desmeÔsoume tic metablhtèc x1, x2. O tÔpoc
pou prokÔptei

∀x1 ∀x2 (∀x3 (x3 ∈ x1 ↔ x3 ∈ x2) → x1 = x2)

eÐnai prìtash.

'Estw ϕ tÔpoc me eleÔjerec metablhtèc tic z1, z2, . . . , zn. O tÔpoc ∀z1, ∀z2, . . . , ∀znϕ
lègetai kajolik  kleistìthta tou ϕ. H kajolik  kleistìthta enìc tÔpou eÐnai prìta-
sh, afoÔ den èqei eleÔjerec metablhtèc ( bl. to teleutaÐo par�deigma).
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2.3 ErmhneÐec Prwtob�jmiac Gl¸ssac
Ja asqolhjoÔme t¸ra me thn apìdosh no matoc stic ekfr�seic twn prwtob�jmiwn glws-
s¸n. Ston Protasiakì Logismì oi metablhtèc thc gl¸ssac ermhneuìtan wc alhjeÐc  
yeudeÐc prot�seic, dhlad  wc stoiqeÐa tou sunìlou logik¸n tim¸n {O, I}. To nìhma twn
sumbìlwn logik¸n sundèsmwn  tan mia gia p�nta kajorismèno. K�je apotÐmhsh twn pro-
tasiak¸n metablht¸n ìrize monos manta th logik  tim  k�je tÔpou. K�ti an�logo, all�
pio polÔploko, sumbaÐnei kai ston Kathgorhmatikì Logismì. Oi metablhtèc ja paÐrnoun
timèc s' èna opoiod pote sÔnolo (majhmatikì q¸ro). Ta upìloipa logik� sÔmbola ja
èqoun p�nta thn Ðdia, anamenìmenh, shmasÐa. Up�rqoun ìmwc perissìterec dunatìthtec
apìdoshc no matoc sta mh logik� sÔmbola thc gl¸ssac.

AfoÔ dwjeÐ ermhneÐa sta sÔmbola tou alfab tou, k�je apotÐmhsh twn metablht¸n ja
orÐzei monos manta to nìhma twn suntaktik� swst¸n ekfr�sewn thc gl¸ssac. Oi tÔpoi,
kai eidik� oi prot�seic, apoktoÔn tim  alhjeÐac.

'Estw L prwtob�jmia gl¸ssa. Mia ermhneÐa A thc L apoteleÐtai apì:

1. 'Ena mh kenì sÔnolo A, pou lègetai sÔmpan   q¸roc thc ermhneÐac.

2. Mia antistoÐqish n-meloÔc sqèshc PA (dhl. PA ⊆ An), se k�je n-jèsio sÔmbolo
kathgor matoc P .

3. Mia antistoÐqish sun�rthshc m metablht¸n fA (dhl. fA : Am → A), se k�je m-
jèsio sÔmbolo sun�rthshc f .

4. Mia antistoÐqish stoiqeÐou cA tou sÔmpantoc ( dhl. cA ∈ A), se k�je sÔmbolo
stajer�c c.

'Etsi loipìn, mia ermhneÐa miac prwtob�jmiac gl¸ssac L, me sÔnola mh logik¸n sumbìlwn
ta {Pi : i ∈ I}, {fj : j ∈ J}, {ck : k ∈ K}, mporoÔme na th doÔme wc tetr�da

A =< A, {PA
i : i ∈ I}, {fA

j : j ∈ J}, {cAk : k ∈ K} >

ìpou A eÐnai to sÔmpan thc, PA
i ⊆ An (Pi) (gia i ∈ I), fA

j : Am (fj) → A (gia j ∈ J) kai
cAk ∈ A (gia k ∈ K).
Oi ermhneÐec twn prwtob�jmiwn glwss¸n eÐnai dhlad  k�poioi majhmatikoÐ q¸roi kai lè-
gontai domèc.

ParadeÐgmata.

1. 'Estw LO gl¸ssa, pou èqei wc mh logik� sÔmbola èna 2-jèsio sÔmbolo sun�rthshc
◦ kai èna sÔmbolo stajer�c e. Oi domèc < N, +N, 0 >, < Z, +Z, 5 >, < Q, ·Q, 1 >
eÐnai par�deigmata ermhnei¸n thc LO. To sÔmbolo ◦ ermhneÔetai sthn pr¸th dom 
wc h pr�xh +N : N×N→ N prosjèshc fusik¸n arijm¸n. Stic �llec domèc, ermh-
neÔetai wc prìsjesh akèraiwn +Z kai pollaplasiasmìc rht¸n arijm¸n, antÐstoiqa.
To sÔmbolo stajer�c e ermhneÔetai wc fusikìc arijmìc 0, o akèraioc 5 kai o rhtìc
1, antÐstoiqa.

2. H ermhneÐa N gia th gl¸ssa LA orÐzetai wc ex c:
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(aþ) To sÔmpan thc eÐnai to sÔnolo N twn fusik¸n arijm¸n
(bþ) To sÔmbolo kathgor matoc < antistoiqeÐ sth sqèsh <N di�taxhc twn fusik¸n

arijm¸n.
(gþ) To sÔmbolo sun�rthshc S antistoiqeÐ sth sun�rthsh SN, pou gia k�je fusikì

arijmì dÐnei wc apotèlesma ton epìmenì tou. Ta sÔmbola +, · antistoiqoÔn
sthn prìsjesh +N kai pollaplasiasmì ·N twn fusik¸n arijm¸n.

(dþ) To sÔmbolo O stajer�c antistoiqeÐ ston arijmì 0.

'Eqoume dhlad  <N=<N, SN = SN, +N = +N, ·N = ·N kai ON = 0. H parap�nw
ermhneÐa thc LA lègetai fusik  thc ermhneÐa kai gr�fetai wc dom 

N =< N, <N, SN, +N, ·N, 0 > .

ShmeÐwsh. Den prèpei na gÐnetai sÔgqush twn sumbìlwn thc gl¸ssac me thc ermhneÐec
touc, pou eÐnai antikeÐmena thc majhmatik c pragmatikìthtac. 'Etsi p.q. to + parap�nw
eÐnai èna gr�mma tou alfab tou thc LA, en¸ to +N eÐnai mia sun�rthsh.

AfoÔ kajorÐsoume thn ermhneÐa twn mh logik¸n sumbìlwn kai deqjoÔme ìti ta sÔmbola
¬, ∧, ∨, →, ↔, ∀, ∃, = èqoun th fusiologik  touc shmasÐa, k�poiec apì thc ekfr�seic
thc gl¸ssac apoktoÔn nìhma. P.q. o ìroc S(S(O)) sth fusik  ermhneÐa N thc LA

sumbolÐzei ton arijmì 2. Paramènei aìristo to nìhma twn ìrwn pou perièqoun metablhtèc
(p.q. S(x1) + S(O)) kai twn tÔpwn pou èqoun eleÔjerec metablhtèc (p.q. ∃x1 x1 < x2).
H shmasÐa touc exart�tai apì tic timèc twn metablht¸n.

'Estw L mia prwtob�jmia gl¸ssa kai A mia ermhneÐa thc me sÔmpan to sÔnolo A.
ApotÐmhsh twn metablht¸n thc L sthn A lème k�je antistoÐqish V stoiqeÐwn tou A
stic metablhtèc thc L ( dhlad  V : M → A, ìpou M to sÔnolo twn metablht¸n).

K�je apotÐmhsh V twn metablht¸n sth dom  A epekteÐnetai monos manta se apotÐmh-
sh V ∗ twn ìrwn thc L (dhl. V ∗ : O → A, ìpou O to sÔnolo twn ìrwn). Sugkekrimèna,
orÐzoume thn tim  V ∗(t) tou ìrou t (me epagwg  wc proc to pl joc twn sumbìlwn sunar-
t sewn ston ìro t) wc ex c:

1.V ∗(xi) = V (xi), gia ìrouc pou eÐnai metablhtèc
V ∗(c) = cA, gia ìrouc pou eÐnai sÔmbola stajer¸n

2. Gia ìrouc morf c f(t1, . . . , tm), ìpou f m-jèsio sÔmbolo sun�rthshc kai
t1, . . . , tm ìroi

V ∗(f(t1, . . . , tm)) = fA(V ∗(t1), . . . , V ∗(tm)).

ParadeÐgmata.

1. Sth dom  N gia th gl¸ssa LA gia thn apotÐmhsh V me V (xi) = 2i + 1, èqoume
V ∗(O) = ON = 0
V ∗(S(O)) = SN(V ∗(O)) = SN(0) = 1
V ∗(S(x1)) = SN(V ∗(x1)) = SN(V (x1)) = SN(3) = 4
V ∗(S(x1) + S(O)) = +N(V ∗S(x1)), V ∗(S(O)) = +N(4, 1) = 5

Ac parathr soume ìti gia thn eÔresh twn tim¸n V ∗ twn parap�nw ìrwn  tan arketì
na gnwrÐzoume mìno thn tim  V (x1) = 3.
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2. O ìroc ((x3 ◦ x1) ◦ (e ◦ x1)) thc gl¸ssac LO (parad. 1., sel.42) sth dom 
A =< N, +N, 0 >, gia mia apotÐmhsh V me V (x1) = 2, V (x3) = 7 paÐrnei thn tim 
V ∗(((x3 ◦ x1) ◦ (e ◦ x1)) = V ∗(x3 ◦ x1) +N V ∗(e ◦ x1) =
= (V (x3) +N V (x1)) +N V ∗(eA +N V (x1)) = (7 +N 2) +N (0 + 2) = 11.

EÔkola brÐskoume ìti o Ðdioc ìroc gia thn apotÐmhsh V me V ∗(x1) = 3, V ∗(x3) = 3
paÐrnei, sth dom  A, thn tim  9.

O Ðdioc ìroc sth dom  B =< Q, ·Q, 1 >, gia thn apotÐmhsh V me V (x1) = 2,
V (x3) = −1

3
paÐrnei thn tim 

V ∗(((x3 ◦ x1) ◦ (e ◦ x1)) = V ∗(x3 ◦ x1) ·Q V ∗(e ◦ x1) =
= (V (x3) ·Q V (x1)) ·Q (eB ·Q V (x1)) = (−1

3
·Q 2) ·Q (1 ·Q 2) = −4

3
.

Parat rhsh. 'Opwc eÐdame parap�nw gia thn eÔresh thc tim c V ∗(t) enìc ìrou t, tou
opoÐou oi metablhtèc eÐnai metaxÔ twn x1, . . . , xn, arkeÐ na gnwrÐzoume mìno tic timèc,
pou dÐnei h apotÐmhsh V stic metablhtèc x1, . . . , xn (bl. �skhsh 52 a'). An loipìn oi
metablhtèc tou ìrou t eÐnai metaxÔ twn x1, . . . , xn kai V (x1) = a1, . . . , V (xn) = an, antÐ
tou V ∗(t) gr�foume suqn� t[x1/a1, . . . , xn/an].

Th diadikasÐa apìdoshc shmasÐac stouc ìrouc miac gl¸ssac L se mia dom  A mporoÔme
na thn perigr�youme diaisjhtik� wc antikat�stash twn metablht¸n thc L me stoiqeÐa tou
sÔmpantoc thc A. K�ti parìmoio gÐnetai kai gia thn apìdosh no matoc (tim c alhjeÐac)
stouc tÔpouc thc L. Parak�tw ja gnwrÐsoume ton austhrì orismì pou ofeÐletai ston A.
Tarski.

'Estw L prwtob�jmia gl¸ssa, A mia ermhneÐa thc kai V mia apotÐmhsh twn metablht¸n
thc L sthn A. 'Estw ϑ tÔpoc thc L. Lème ìti o tÔpoc ϑ ikanopoieÐtai sthn A apì
thn apotÐmhsh V , kai gr�foume

A |= ϑ[V ]

ìtan:

1. ϑ eÐnai atomikìc tÔpoc morf c t = s, ìpou t, s ìroi:

A |= t = s [V ] e�n kai mìno e�n V ∗(t) = V ∗(s)

2. ϑ eÐnai atomikìc tÔpoc morf c P (t1, . . . , tn), ìpou P n-jèsio sÔmbolo kathgor matoc
kai t1, . . . , tn ìroi:

A |= P (t1, . . . , tn)[V ] e�n kai mìno e�n < V ∗(t1), . . . , V ∗(tn) >∈ PA

(dhlad  h diatetagmènh n-�da < V ∗(t1), . . . , V ∗(tn) >, ikanopoieÐ th sqèsh PA)

3. a)ϑ eÐnai sÔnjetoc tÔpoc kai èqei mia apì tic morfèc

¬ϕ, ϕ ∧ ψ, ϕ ∨ ψ, ϕ → ψ, ϕ ↔ ψ
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A |= (¬ϕ)[V ] e�n kai mìnon e�n den isqÔei A |= ϕ[V ] (gr�foume A 2 ϕ[V ])
A |= (ϕ ∧ ψ)[V ] e�n kai mìnon e�n A |= ϕ[V ] kai A |= ψ[V ]
A |= (ϕ ∨ ψ)[V ] e�n kai mìnon e�n A |= ϕ[V ] eÐte A |= ψ[V ]
A |= (ϕ → ψ)[V ] e�n kai mìnon e�n A 2 ϕ [V ] eÐte A |= ψ[V ]
A |= (ϕ ↔ ψ)[V ] e�n kai mìnon e�n A |= (ϕ → ψ)[V ] kai A |= (ψ → ϕ)[V ]

3. b) ϑ eÐnai sÔnjetoc tÔpoc morf c ∀xϕ   ∃xϕ.

Ac sumbolÐsoume me V (x/a) thn apotÐmhsh pou dÐnei sth metablht  x thn tim  a kai se
ìlec tic upìloipec metablhtèc thn Ðdia tim  me thn apotÐmhsh V

A |= ∀xϕ[V ] e�n kai mìnon e�n gia k�je a ∈ A A |= ϕ[V (x/a)]
A |= ∃xϕ[V ] e�n kai mìnon e�n up�rqei a ∈ A A |= ϕ[V (x/a)]

(ìpou A eÐnai to sÔmpan thc ermhneÐac A).

ShmeÐwsh. Sta logik� sÔmbola =, ¬, ∧, ∨, →, ↔, ∀, ∃ d¸same to sunhjismèno, fu-
siologikì touc nìhma. Ston Protasiakì Logismì eÐdame ìti o tÔpoc ϕ → ψ eÐnai logik�
isodÔnamoc me ton ¬ϕ ∨ ψ kai o tÔpoc ϕ ↔ ψ me ton tÔpo (ϕ → ψ) ∧ (ψ → ϕ).

Par�deigma. O tÔpoc (x1 · x2) + S(O) = x1 + x2 thc gl¸ssac LA ikanopoieÐtai sth
fusik  dom  apì k�je mia apotÐmhsh V me V (x1) = 4 kai V (x2) = 1. Pragmatik�, èqoume
tìte V ∗(x1 + x2) = 5 kai V ∗((x1 · x2) + S(O)) = 5.
'Ara V ∗((x1 · x2) + S(O)) = V ∗(x1 + x2). Sunep¸c N |= ((x1 · x2) + S(O) = x1 · x2)[V ], an
V (x1) = 4 kai V (x2) = 1.

O Ðdioc tÔpoc den ikanopoieÐtai sthn N apì thn apotÐmhsh V me V (x1) = 2, V (x2) = 3,
diìti èqoume V ∗((x1 · x2) + S(O)) = 7 kai V ∗(x1 + x2) = 5.
'Ara N 2 ((x1 ·x2) + S(O) = x1 + x2)[V ], gia V ìpwc parap�nw. SÔmfwna me ton orismì,
èqoume ìti
N |= ((x1 · x2 + S(O) 6= x1 + x2)[V ], an V (x1) = 2, V (x2) = 3.

O orismìc ikanopoÐhshc tÔpou tou Tarski, an kai faÐnetai polÔplokoc, eÐnai ennoiolo-
gik� aplìc. Prin d¸soume kai �lla paradeÐgmata ja k�noume mia shmantik  parat rhsh,
pou ja aplopoi sei tic diatup¸seic.

Parat rhsh. Gia na elègxoume an ènac tÔpoc ϑ ikanopoieÐtai se mia dom  A apì mia
apotÐmhsh V , arkeÐ na gnwrÐzoume mìno tic timèc pou dÐnei h V stic eleÔjerec metablhtèc
tou ϑ. Eidik� an ϑ eÐnai prìtash to A |= ϑ[V ] den exart�tai apì thn V . To parap�nw
eÐnai fanerì gia atomikoÔc tÔpouc (bl.parat rhsh sth sel. 44). Gia sÔnjetouc tÔpouc
mporeÐ na apodeiqjeÐ epagwgik� wc proc to pl joc twn logik¸n sumbìlwn sto tÔpo ϑ
(bl. �skhsh 52 (g') ). Gia thn perÐptwsh pou o tÔpoc ϑ eÐnai morf c ∀yϕ   ∃yϕ, arkeÐ na
parathr soume ìti an oi eleÔjerec metablhtèc tou ϑ eÐnai metaxÔ twn x1, . . . , xn, tìte oi
eleÔjerec metablhtèc tou ϕ eÐnai metaxÔ twn y, x1, . . . , xn.

Me b�sh ta parap�nw anti tou A |= ϑ[V ], ìtan oi eleÔjerec metablhtèc tou ϑ eÐnai metaxÔ
twn x1, . . . , xn kai V (x1) = a1, . . . , V (xn) = an, gr�foume A |= ϑ[x1/a1, . . . , xn/an]. Eidi-
k� an ϑ eÐnai prìtash ja gr�foume antÐ tou A |= ϑ[V ] apl¸c A |= ϑ, afoÔ h ikanopoÐhsh
prìtashc se dom  den exart�tai apì opoiad pote apotÐmhsh twn metablht¸n.

An mia prìtash ϑ ikanopoieÐtai se mia dom  A lème ìti eÐnai alhjin  sthn A.
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Par�deigma. 'Estw L gl¸ssa me monadikì mh logikì sÔmbolo èna 2-jèsio sÔmbolo ka-
thgor matoc P . ParadeÐgmata ermhnei¸n thc L eÐnai oi domèc
A =< N, <N>, B =< P(R), ⊆R>
(ìpou P(R) eÐnai to sÔnolo twn uposunìlwn tou sunìlou R twn pragmatik¸n arijm¸n
kai ⊆R eÐnai h sqèsh tou perièqesjai metaxÔ twn uposunìlwn tou R).

O tÔpoc P (x1, x2) ikanopoieÐtai sthn A apì k�je V me V (x1) = 3 kai V (x2) = 7, en¸ den
ikanopoieÐtai apì kamÐa V me V (x1) = 5, V (x2) = 4. 'Eqoume A |= P (x1, x2)[x1/3, x2/7]
kai A 2 P (x1, x2)[x1/5, x2/4], dhlad  A |= ¬P (x1, x2)[x1/5, x2/4]. Genikìtera
A |= P (x1, x2)[V ] e�n kai mìnon e�n V (x1) eÐnai mikrìteroc fusikìc arijmìc apì ton
V (x2).

Blèpoume eÔkola ìti A |= ∃x1P (x1, x2)[x2/2], afoÔ up�rqei a ∈ N ¸ste
A |= P (x1, x2)[x1/a, x2/2] (p.q. a = 1).

'Omwc A 2 ∃x1P (x1, x2)[x2/0], diìti den up�rqei sto N stoiqeÐo mikrìtero apì to 0. Gia
k�je a ∈ N èqoume A 2 P (x1, x2)[x1/a, x2/0], dhlad  A |= ¬P (x1, x2)[x1/a, x2/0]. Apì
ta parap�nw èpetai ìti A |= ¬∃x1P (x1, x2)[x2/0] kai epÐshc ìti A |= ∀x1¬P (x1, x2)[x2/0].

Ac exet�soume akìma thn prìtash ∀x2∃x1P (x1, x2). Gia to A |= ∀x2∃x1P (x1, x2) ja
prèpei gia ìla ta b ∈ N na isqÔei A |= ∃x1P (x1, x2)[x2/b]. EÐdame ìmwc ìti
A 2 ∃x1P (x1, x2)[x2/0]. Sunep¸c A 2 ∀x2∃x1P (x1, x2), dhlad  h prìtash ∀x2∃x1P (x1, x2)
den eÐnai alhjin  sthn dom  A.

Sthn dom  B ìmwc h parap�nw prìtash eÐnai alhjin . Pragmatik�, gia k�je Γ ∈ P(R)
up�rqei ∆ ∈ P(R) ¸ste ∆ eÐnai uposÔnolo tou Γ (p.q. ∆ = ∅). 'Ara gia k�je Γ ∈ P(R)
isqÔei B |= ∃x1P (x1, x2)[x2/Γ] epomènwc B |= ∀x2∃x1P (x1, x2).

ShmeÐwsh 1. Suqn� stic majhmatikèc ekfr�seic den faÐnontai kajar� oi posodeÐktec.
Gia thn tupopoÐhsh p.q. thc prìtashc ��k�je akèraioc eÐnai rhtìc�� mporoÔme na qrhsimo-
poi soume dÔo monojèsia sÔmbola kathgor m�twn A, P . H prìtash ∀x(A(x) → P (x)),
se kat�llhlh ermhneÐa, èqei to parap�nw nìhma. 'Etsi loipìn mporoÔme na tupopoi soume
wc prot�seic miac prwtob�jmiac gl¸ssac tic ekfr�seic thc klassik c logik c ��k�je S
eÐnai P ��, ��k�poio S eÐnai P ��, ��kanèna S den eÐnai P ��, ��k�poia S den eÐnai P �� (bl. �skhsh
62).

ShmeÐwsh 2. O posodeÐkthc ∃ shmaÐnei ��up�rqei toul�qiston èna��. Den qrei�zetai na
eis�goume, wc arqikì sÔmbolo stic prwtob�jmiec gl¸ssec, eidikì posodeÐkth gia thn
èkfrash tou ��up�rqei akrib¸c èna��. MporoÔme na orÐsoume to ∃!xϕ wc suntmhsh tou
tÔpou ∃x(ϕ∧ ∀y(ϕ(x/y) → y = x)), ìpou y eÐnai mia metablht  pou den emfanÐzetai ston
tÔpo ϕ kai ϕ(x/y) o tÔpoc pou prokÔptei apì thn antikat�stash me y k�je eleÔjerhc
emf�nishc thc x ston tÔpo ϕ. 'Eqoume ìti (bl. ask. 61) A |= (∃!xϕ)[V ] e�n kai mìnon
e�n up�rqei akrib¸c èna a ∈ A, tètoio ¸ste A |= ϕ[V (x/a)] se k�je ermhneÐa A kai gia
k�je apotÐmhsh V .
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2.4 Logik� alhjinoÐ tÔpoi
'Enac tÔpoc ϕ miac prwtob�jmiac gl¸ssac L mporeÐ se mia ermhneÐa A thc L na ikano-
poieÐtai apì mia apotÐmhsh V kai na mhn ikanopoeÐtai apì mia �llh apotÐmhsh W . MporeÐ
dhlad  na sumbaÐnei A |= ϕ[V ] kai A 2 ϕ[W ]. Up�rqoun ìmwc tÔpoi pou ikanopoioÔntai
se mia dom  A apì k�je apotÐmhsh twn metablht¸n. Tètoioi tÔpoi lègontai ègkuroi sth
dom  A.

Mia prìtash ϑ eÐnai ègkurh se mia dom  A, ìtan apl¸c ikanopoieÐtai sthn A. O orismìc
ègkurou se mia dom  tÔpou genikeÔei loipìn thn ènnoia alhjin c se mia dom  prìtashc.
Giautì an o tÔpoc ϕ eÐnai ègkuroc sthn A, ja lème ìti eÐnai alhjinìc sthn A kai ja
gr�foume A |= ϕ.

Par�deigmata.

1. O tÔpoc O 6= x1 → O < x1 eÐnai ègkuroc sth dom  A =< N, <N, 0 >, afoÔ gia
k�je n ∈ N èqoume

A |= (O 6= x1 → O < x1) [x1/n].

O Ðdioc tÔpoc den eÐnai ìmwc ègkuroc sth dom  B =< Z, <Z, 0 > afoÔ den ikano-
poieÐtai sthn B p.q. apì apotÐmhsh me V (x1) = −1.

2. Oi tÔpoi x1 = x1 kai P (x1) → P (x2) eÐnai ègkuroi se k�je (kat�llhlh gia th
gl¸ssa) dom .

Parat rhsh 1. Ac prosèxoume ìti an mia prìtash ϑ den eÐnai alhjin  se mia dom  A (dhl.
A 2 ϑ), tìte sthn A eÐnai alhjin  h �rnhs  touc (dhl. A |= ¬ϑ). Autì den sumbaÐnei
genik� gia opoiousd pote tÔpouc ϕ, afoÔ gia k�poiec apotim seic V, W mporeÐ na isqÔei
A |= ϕ[V ] kai A 2 ϕ[W ]. Tìte oÔte o ϕ oÔte o ¬ϕ den eÐnai ègkuroi sthn A, dhlad 
A 2 ϕ kai A 2 ¬ϕ.

Parat rhsh 2. EÔkola mporoÔme na elègxoume ìti an ènac tÔpoc ϕ eÐnai ègkuroc se
mia dom  A, tìte sthn A eÐnai ègkuroc kai o tÔpoc ∀xϕ, kai antistrìfwc. Genikìtera, an
oi eleÔjerec metablhtèc tou tÔpou ϕ brÐskontai metaxÔ twn x1, . . . , xn, tìte o tÔpoc ϕ eÐ-
nai ègkuroc se mia dom  A akrib¸c ìtan ikanopoieÐtai sthn A h kajolik  tou kleistìthta,
dhlad  o tÔpoc ∀x1 . . . ∀xnϕ.

Sto pr¸to apì ta parap�nw paradeÐgmata eÐqame ènan tÔpo pou eÐnai ègkuroc se mia
dom  kai den eÐnai ègkuroc se mia �llh. EÐdame epÐshc tÔpouc pou eÐnai ègkuroi se ìlec
tic domèc. An ènac tÔpoc ϕ miac gl¸ssac L eÐnai ègkuroc se ìlec tic ermhneÐec thc L,
tìte lègetai apl¸c ègkuroc   logik� alhjinìc. Gia touc logik� alhjinoÔc tÔpouc
gr�foume |= ϕ.

Lème ìti oi dÔo tÔpoi ϕ, ψ eÐnai logik� isodÔnamoi, kai gr�foume ϕ ≡ ψ, ìtan h
isodunamÐa ϕ ↔ ψ eÐnai logik� alhjinìc tÔpoc (dhl. |= ϕ ↔ ψ).

QrhsimopoioÔme touc gnwstoÔc apì ton Protasiakì Logismì sumbolismoÔc, afoÔ h
ènnoia tou logik� alhjinoÔ tÔpou ston Kathgorhmatikì Logismì eÐnai an�logh m' aut n
tou ProtasiakoÔ LogismoÔ. Up�rqei mia pio isqur  sqèsh metaxÔ twn dÔo ennoi¸n. Su-
gkekrimèna, eÐnai logik� alhjinoÐ oi tÔpoi pou èqoun ��tautologik  morf ��. Tètoioi eÐnai
p.q. oi tÔpoi

∀xP (x) ∨ ¬∀xP (x) , ∀x∃y(x < y) → ∀x∃y(x < y)
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¬(x = O ∨ ∃y(y + 1 = x)) ↔ ¬(x = O) ∧ ¬(∃y(y + 1 = x)),

pou prokÔptoun apì tic tautologÐec p ∨ ¬ p, p → p, ¬(p ∨ q) ↔ ¬p ∧ ¬q stic opoÐec oi
protasiakèc metablhtèc antikatast�jhkan apì tÔpouc miac prwtob�jmiac gl¸ssac. Pio
austhr�, apodeiknÔetai h akìloujh parat rhsh.

Parat rhsh 3. 'Estw Φ tÔpoc tou ProtasiakoÔ LogismoÔ me protasiakèc metablhtèc
p1, . . . , pn. 'Estw ϑ1, . . . , ϑn tÔpoi miac prwtob�jmiac gl¸ssac L. SumbolÐzoume me
Φ(p1/ϑ1, . . . , pn/ϑn) ton tÔpo thc L, pou prokÔptei apì ton Φ met� thn antikat�stash
twn p1, . . . , pn me ϑ1, . . . , ϑn antÐstoiqa. IsqÔei to ex c (bl. �skhsh 63 g '):

An Φ eÐnai tautologÐa, tìte Φ(p1/ϑ1, . . . , pn/ϑn) eÐnai logik� alhjinìc.

To ìti ènac tÔpoc ϕ miac gl¸ssac L eÐnai logik� alhjinìc mporoÔme na to apodeÐxoume
�mesa, elègqontac ìti se k�je ermhneÐa A thc L kai gia k�je apotÐmhsh twn metablh-
t¸n V isqÔei A |= ϕ[V ]. MporoÔme ìmwc na parathr soume k�poiouc kanìnec, pou mac
epitrèpoun na sqhmatÐzoume logik� alhjinoÔc tÔpouc apì �llouc gnwstoÔc. IsqÔoun
p.q. kanìnec an�logoi m' autoÔc pou gnwrÐsame ston Protasiakì Logismì (bl. ask. 20,
sel.32):

1. an |= ϕ kai |= ϕ → ψ, tìte |= ψ,

2. an |= ϕ   |= ψ, tìte |= ϕ ∨ ψ,

3. an |= ϕ kai |= ψ, tìte |= ϕ ∧ ψ,

4. an |= ϕ ∧ ψ, tìte |= ϕ kai |= ψ.

'Etsi p.q. gia na apodeÐxoume ìti gia k�poiouc tÔpouc ϕ, ψ isqÔei ϕ ≡ ψ, arkeÐ na deÐxoume
ìti |= ϕ → ψ kai ìti |= ψ → ϕ.

'Enac nèoc kanìnac eÐnai o pio k�tw kanìnac genÐkeushc.

|= ϕ e�n kai mìnon e�n |= ∀xϕ

H apìdeix  tou eÐnai apl  kai basÐzetai sthn Parat rhsh 2. 'Epetai ìti ènac tÔpoc ϕ
eÐnai logik� alhjinìc tìte kai mìnon tìte ìtan h kajolik  tou kleistìthta eÐnai logik�
alhjin  prìtash.

ShmeÐwsh. Prèpei na prosèxoume ìti o kanìnac genÐkeushc den lèei ìti ϕ ≡ ∀xϕ. 'Opwc
ja doÔme argìtera, en¸ èqoume |= ∀xϕ → ϕ gia opoiond pote tÔpo ϕ, en gènei den isqÔei
|= ϕ → ∀xϕ. Den eÐnai logik� alhjinìc p.q. o tÔpoc x 6= I→ ∀x(x 6= I) (bl. �sk. 64).

2.5 Nìmoi tou KathgorhmatikoÔ LogismoÔ
Ektìc apì touc tÔpouc pou èqoun tautologik  morf  up�rqoun polloÐ �lloi logik� alh-
jinoÐ tÔpoi twn prwtob�jmiwn glwss¸n. Oi pio gnwstoÐ ap' autoÔc lègontai nìmoi tou
KathgorhmatikoÔ LogismoÔ. Parak�tw ja gnwrÐsoume touc nìmouc pou aforoÔn stouc
posodeÐktec.

Ac parathr soume pr¸ta ìti oi posodeÐktec pou den desmeÔoun pragmatik� metablhtèc
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den all�zoun ousiastik� to nìhma twn tÔpwn. An s' ènan tÔpo ϕ h metablht  x den eÐnai
eleÔjerh tìte (bl. �sk. 66).

ϕ ≡ ∀xϕ kai ϕ ≡ ∃xϕ

Endiafèron èqoun loipìn mìno oi posodeÐktec pou desmeÔoun eleÔjerec metablhtèc. Giau-
tì to lìgo ja qrhsimopoi soume ed¸ lÐgo diaforetikì sumbolismì, pou jumÐzei ton su-
nhjismèno sta Majhmatik�. Ja gr�youme ϕ(x) gia na tonÐsoume ìti h x eÐnai eleÔjerh
metablht  ston tÔpo ϕ. Ton tÔpo pou prokÔptei apì thn antikat�stash ston ϕ(x) k�je
eleÔjerhc emf�nishc tou x me ènan ìro t, ja ton sumbolÐsoume ed¸ ϕ(t).

1. Nìmoi tou de Morgan gia pososdeÐktec

(aþ) ¬∀xϕ(x) ≡ ∃x¬ϕ(x)

(bþ) ¬∃xϕ(x) ≡ ∀x¬ϕ(x)

2. Nìmoi antikat�stashc
Mia apì tic arqèc thc klassik c logik c tou Aristotèlh mac lèei ìti : ��an mia
idiìthta thn èqoun ìla ta antikeÐmena, tìte thn èqei to k�je èna ap' aut���. H arq 
aut  perigr�fetai apì to akìloujo sq ma tÔpwn:

∀xϕ(x) → ϕ(t)

to opoio ìmwc gia k�poiouc ìrouc t den dÐnei logik� alhjinì tÔpo (bl. �sk. 68).
Den ja exhg soume ed¸ pìte h metablht  x ston tÔpo ϕ antikatast�simh apì ton
ìro t. Ja anafèroume ìmwc treÐc endiafèrousec, epitreptèc peript¸seic.

(aþ) |= ∀xϕ(x) → ϕ(x)

(bþ) |= ∀xϕ(x) → ϕ(a), an a ìroc qwrÐc metablhtèc.

(gþ) |= ∀xϕ(x) → ϕ(y), an y metablht  pou den emfanÐzetai ston ϕ.

Oi apodeÐxeic twn parap�nw nìmwn den eÐnai dÔskolec all� arket� epÐponec. Gia
to (g') mporoÔme na basistoÔme p.q. sthn ex c parat rhsh (h opoÐa mporeÐ na
apodeiqjeÐ me epagwg  wc proc to pl joc logik¸n sumbìlwn ston tÔpo ϕ(x)):
Gia k�je ermhneÐa A kai k�je apotÐmhsh twn metablht¸n V

A |= ϕ(y)[V ] ean kai mìnon e�n A |= ϕ(x)[V (x/V (y))].

3. Nìmoi afaÐreshc.
Ta parak�tw eÐnai eidikèc peript¸seic thc klassik c arq c pou lèei: ��an t eÐnai
par�deigma, tìte up�rqei par�deigma��.

(aþ) |= ϕ(x) → ∃xϕ(x)
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(bþ) |= ϕ(a) → ∃xϕ(x)

(gþ) |= ϕ(y) → ∃xϕ(x)

ìpou a kai y eÐnai ìpwc stouc nìmouc 2(b'), (g').

Touc nìmouc 3 mporoÔme na touc apodeÐxoume me b�sh touc 2 kai touc nìmouc tou
de Morgan. Qrei�zetai ìmwc na parathr soume ìti (bl. �sk. 67 g'):
(∗) An ψ ≡ ϑ, tìte ∀xψ ≡ ∀xϑ kai ∃xψ ≡ ∃xϑ.

4. EpimeristikoÐ nìmoi

(aþ) ∀x(ϕ(x) ∧ ψ(x)) ≡ ∀xϕ(x) ∧ ∀xψ(x)

(bþ) ∃x(ϕ(x) ∨ ψ(x)) ≡ ∃xϕ(x) ∨ ∃xψ(x)

(gþ) |= ∀xϕ(x) ∨ ∀xψ(x) → ∀x(ϕ(x) ∨ ψ(x))

(dþ) |= ∃x(ϕ(x) ∧ ψ(x)) → ∃xϕ(x) ∧ ∃xψ(x)

Shmei¸noume ìti oi antÐstrofec twn (g' ) kai (d') sunepagwgèc den eÐnai, en gènei,
logik� alhjinoÐ tÔpoi (bl. ask. 65 a',b').
Se eidikèc ìmwc peript¸seic èqoume:

An h metablht  x den eÐnai eleÔjerh ston tÔpo ϑ, tìte

(e') ∀x(ϑ ∨ ϕ(x)) ≡ ϑ ∨ ∀xϕ(x)

(σ') ∃x(ϑ ∧ ϕ(x)) ≡ ϑ ∧ ∃xϕ(x)

5. Nìmoi metafor�c posodeikt¸n
An h metablht  x den eÐnai eleÔjerh ston tÔpo ϑ, tìte

(aþ) ∀x(ϑ → ϕ(x)) ≡ (ϑ → ∀xϕ(x))

(bþ) ∀x(ϕ(x) → ϑ) ≡ (∃xϕ(x) → ϑ)

Gia na deÐxoume to 5(a') arkeÐ na efarmìsoume ton nìmo 4σ' me ¬ϑ sth jèsh tou ϑ
kai thn tautologÐa (a → b) ↔ (¬a ∨ b). Gia to 5(b') parathroÔme diadoqik� ìti:

∀x(ϕ(x) → ϑ) ≡ ∀x(ϑ ∨ ¬ϕ(x)) (p → q ≡ q ∨ ¬p (*) parap�nw)
∀x(ϑ ∨ ¬ϕ(x)) ≡ ϑ ∨ ∀x¬ϕ(x) (nìmoc 4e')
ϑ ∨ ∀x¬ϕ(x) ≡ ϑ ∨ ¬∃xϕ(x) (ask seic 67 b', g')
ϑ ∨ ¬∃xϕ(x) ≡ ∃xϕ(x) → ϑ (p ∨ ¬q ≡ q → p)

Epeid  h logik  isodunamÐa eÐnai metabatik  (bl. �skhsh 67 a'), èpetai ìti
∀x(ϕ(x) → ϑ) ≡ ∃xϕ(x) → ϑ.

6. Nìmoi monotonÐac
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(aþ) |= ∀x(ϕ(x) → ψ(x)) → (∀xϕ(x) → ∀xψ(x))

(bþ) |= ∀x(ϕ(x) → ψ(x)) → (∃xϕ(x) → ∃xψ(x))

To ìti oi parap�nw tÔpoi eÐnai logik� alhjinoÐ mporoÔme na to diapist¸soume p.q.
elègqontac thn egkurìthta touc se k�je dom . Oi antÐstrofec sunepagwgèc den
eÐnai p�nta logik� alhjinèc. An p.q. p�roume wc ϕ(x), ψ(x) touc tÔpouc
O < x, x < O èqoume prot�seic pou den ikanopoioÔntai sth dom  < Z, <Z, 0 >.

7. Nìmoi metanìmashc desmeumènwn metablht¸n.
An h metablht  y den emfanÐzetai ston tÔpo ϕ(x), tìte

(aþ) ∀xϕ(x) ≡ ∀yϕ(y)

(bþ) ∃xϕ(x) ≡ ∃yϕ(y)

Oi nìmoi autoÐ lène ìti se mia desmeumènh metablht  mporoÔme na d¸soume èna
nèo ìnoma qwrÐc na all�xoume to nohmatikì perieqìmeno tou tÔpou. P.q. oi tÔpoi
∀x x = x, ∀y y = y èqoun thn Ðdia shmasÐa. 'Omoia kai gia touc ∃xx|z, ∃y y|z.Den
eÐnai, ìmwc, en gènei alhjinìc o tÔpoc ϕ(x) ↔ ϕ(y). EÔkola mporoÔme na broÔme
paradeÐgmata tÔpwn ϕ kai dom¸n stic opoÐec h isodunamÐa aut  den ikanopoieÐtai
apì k�poiec apotim seic V twn metablht¸n me V (x) 6= V (y)8

8. Nìmoi antimet�jeshc posodeikt¸n

(aþ) ∀x∀yϕ(x, y) ≡ ∀y∀xϕ(x, y)

(bþ) ∃x∃yϕ(x, y) ≡ ∃y∃xϕ(x, y)

(gþ) |= ∃x∀yϕ(x, y) → ∀y∃xϕ(x, y)

Epitrèpetai h antimet�jesh dÔo posodeikt¸n tou Ðdiou tÔpou all� den epitrèpetai h
antimet�jesh posodeikt¸n diaforetikoÔ tÔpou.
H sunepagwg  ∀y∃xϕ(x, y) → ∃x∀yϕ(x, y) den eÐnai, en gènei, logik� alhjin 
(bl.ask. 65).

9. Nìmoc Ôparxhc paradeÐgmatoc

|= ∀xϕ(x) → ∃xϕ(x)

8An�logec peript¸seic sunant�me sta Majhmatik�. P.q. h antikat�stash tou k sthn èkfrash

n∑

k=1

2k me j dÐnei
n∑

j=1

2j

pou èqei to Ðdio nìhma. An se k�poio sullogismì to n eÐnai metablhtì, h allag  tou me p.q. m odhgeÐ
sthn èkfrash

m∑

k=1

2k,

pou mporeÐ na èqei �llo nìhma.
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H apìdeixh tou ìti eÐnai ègkuroc se k�je dom  o tÔpoc ∀xϕ(x) → ∃xϕ(x) basÐzetai
sto ìti to sÔmpan k�je dom c eÐnai èna mh kenì sÔnolo.

2.6 Prwtob�jmiec JewrÐec. Prìtupa
Oi prwtob�jmiec gl¸ssec èqoun meg�lh ekfrastik  dÔnamh kai arkoÔn gia thn tupopoÐhsh
poll¸n majhmatik¸n jewri¸n. Ta antikeÐmena pou endiafèroun mia jewrÐa sumbolÐzontai
apì tic metablhtèc. Gia tic arqikèc ènnoiec thc jewrÐac epilègoume kat�llhla mh logik�
sÔmbola. 'Etsi kajorÐzoume to alf�bhto miac gl¸ssac L. Ta jewr mata ekfr�zontai
apì touc tÔpouc thc L. H jewrÐa tautÐzetai me èna sÔnolo tÔpwn thc gl¸ssac L, me to
sÔnolo twn jewrhm�twn thc. Suqn� ta jewr mata miac jewrÐac perigr�fontai pio apl�,
wc sunèpeiec merik¸n arqik� apodekt¸n prot�sewn (axiwm�twn). Oi tÔpoi pou ekfr�zoun
ta axi¸mata perigr�foun pl rwc th jewrÐa (afoÔ kajoristeÐ h ènnoia thc sunèpeiac).

OrÐzoume genik� wc (prwtob�jmia) jewrÐa k�je sÔnolo tÔpwn miac prwtob�jmiac gl¸s-
sac. O genikìc autìc orismìc kalÔptei tic peript¸seic pou endiafèroun ta Majhmatik�.

Sthn epìmenh par�grafo ja eis�goume thn shmasiologik  sunèpeia kai argìtera thn
suntaktik  sunèpeia.

Ac doÔme merik� paradeÐgmata jewri¸n.

Par�deigma 1. Up�rqoun polloÐ trìpoi gia thn tupopoÐhshc thc jewrÐac om�dwn.

1. MporoÔme na qrhsimopoi soume mia gl¸ssa LG me mh logik� sÔmbola sunart sewn
◦ (2-jèsio),−1 (monojèsio) kai èna sÔmbolo stajer�c e. Tic domèc stic opoÐec eÐnai
ègkuroi oi tÔpoi
ϕ1 : x ◦ (y ◦ z) = (x ◦ y) ◦ z
ϕ2 e ◦ x = x ∧ x ◦ e = x
ϕ3 : x ◦ x−1 = e ∧ x−1 ◦ x = e
tic lème om�dec. To sÔnolo tÔpwn {ϕ1, ϕ2, ϕ3} eÐnai mia prwtob�jmia jewrÐa.

2. AntÐ thc LG suqn� qrhsimopoieÐtai mia gl¸ssa me mh logik� sÔmbola ta: +, −, O.
H jewrÐa pou apoteleÐtai apì touc tÔpouc
ϕ′1 : x + (y + z) = (x + y) + z
ϕ′2 O+ x = x ∧ x +O = x
ϕ′3 : x + (−x) = O ∧ (−x) + x = O
den diafèrei ousiastik� apì thn parap�nw.

3. H diafor� den eÐnai epÐshc ousiastik  an p�roume antÐ twn tÔpwn ϕ1, ϕ2, ϕ3 tic
kajolikèc touc kleistìthtec. Oi domèc thc LG stic opoÐec eÐnai ègkuroi oi tÔpoi
ϕ1 : ∀x∀y∀z x ◦ (y ◦ z) = (x ◦ y) ◦ z
ϕ2 ∀x(e ◦ x = x ∧ x ◦ e = x)
ϕ3 : ∀x (x ◦ x−1 = e ∧ x−1 ◦ x = e)
eÐnai akrib¸c oi om�dec (bl. parathr. 2 sel. 47)

4. H jewrÐa om�dwn tupopoieÐtai kai sthn gl¸ssa LO (sel. 42), pou èqei ligìtera mh
logik� sÔmbola. Om�dec eÐnai oi domèc gia thn LO, stic opoÐec eÐnai ègkuroi oi tÔpoi
ϕ1, ϕ2, ψ, ìpou ψ : ∃y (x ◦ y = e ∧ y ◦ x = e)
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5. Tèloc mporoÔme na p�roume wc jewrÐa om�dwn to sÔnolo pou apoteleÐtai apì touc
tÔpouc
ϕ1 : x ◦ (y ◦ z) = (x ◦ y) ◦ z
ϕ′′2 e ◦ x = x
ϕ′′3 : ∃y (y ◦ x = e)
afoÔ ìloi oi prohgoÔmenoi tÔpoi eÐnai ègkuroi se k�je dom  sthn opoÐa eÐnai ègkuroi
oi ϕ1, ϕ′′2, ϕ′′3.

Par�deigma 2.

1. H jewrÐa daktulÐwn tupopoieÐtai sthn gl¸ssa L∆ me mh logik� sÔmbola:

+, · 2-jèsia sÔmbola sunart sewn
− 1-jèsio sÔmbolo sun�rthshc
O sÔmbolo stajer�c

kai apoteleÐtai apì touc tÔpouc ϕ′1, ϕ′2, ϕ′3 (parap�nw) kai touc:

x · (y · z) = (x · y) · z
x · (y + z) = x · y + x · z
(y + z) · x = y · x + z · x

Ac sumbolÐsoume me T th jewrÐa daktulÐwn. H jewrÐa antimetajetik¸n daktulÐwn
eÐnai h T ′ = T ∪ {ϑ}, ìpou ϑ eÐnai o tÔpoc

x · y = y · x

2. An sthn L∆ episun�youme èna akìma sÔmbolo stajer�c e kai p�roume to sÔnolo
tÔpwn T ∪{ϕ2} (ϕ2 ìpwc sth sel.52) thc nèac gl¸ssac, èqoume th legìmenh jewrÐa
daktulÐwn me mon�da. JewrÐa swm�twn eÐnai h T ∪ {ϕ2, ζ}, ìpou
ζ : x 6= O→ ∃y (y ◦ x = e)

Par�deigma 3. To sÔnolo P0 twn parak�tw 9 tÔpwn thc LA eÐnai mia prwtob�jmia jewrÐa:
S(x) 6= O x + S(y) = S(x + y) ¬(x < O)
S(x) = S(y) → x = y x ·O = O x < S(y) ↔ x < y ∨ x = y
x +O = x x · S(y) = (x · y) + x x < y ∨ x = y ∨ x = y ∨ y < x
H arijmhtik  tou Peano eÐnai mia jewrÐa P , pou perièqei thn P0 kai èna �peiro pl joc
axiwm�twn (to legìmeno axiwmatikì sq ma epagwg c)9 morf c:

ϕ(O) ∧ ∀x(ϕ(x) → ϕ(S(x))) → ∀xϕ(x),

ìpou ϕ opoiosd pote tÔpoc thc gl¸ssac LA.

Par�deigma 4. To sÔnolo ìlwn twn prot�sewn pou eÐnai alhjinèc sth dom 
< R, <R, +R, ·R, 0, 1 > eÐnai mia prwtob�jmia jewrÐa (prwtob�jmia an�lush). Genikìte-
ra, gia k�je dom  A miac prwtob�jmiac gl¸ssac L, to sÔnolo Th(A) ìlwn twn prot�sewn
pou ikanopoioÔntai sthn A eÐnai mia jewrÐa (kai lègetai prwtob�jmia jewrÐa thc dom c

9H arq  thc epagwg c stouc fusikoÔc arijmoÔc den mporeÐ na ekfrasteÐ me ènan tÔpo prwtob�jmiac
gl¸ssac. H aitiolìghsh eÐnai dÔskolh kai qrhsimopoieÐ proqwrhmèna mèsa thc Majhmatik c Logik c
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A)

'Estw L mia prwtob�jmia gl¸ssa kai T mia jewrÐa sth gl¸ssa L. Prìtupo (  mo-
ntèlo) thc T lème k�je dom  gia thn L sthn opoÐa eÐnai ègkuroi ìloi oi tÔpoi thc T .
Gr�foume A |= T ìtan A eÐnai prìtupo thc T , dhlad  ìtan gia k�je tÔpo ϕ thc T isqÔei
A |= ϕ.

ParadeÐgmata.

1. K�je om�da eÐnai prìtupo thc jewrÐac om�dwn. Oi ermhneÐec < N, +N, 0 > thc L0

kai < Z, ·Z, −Z, 3 > thc gl¸ssac tou paradeÐgmatoc 1(a') den eÐnai prìtupa thc
jewrÐac om�dwn.

2. H fusik  dom  N eÐnai prìtupo thc jewrÐac P0 kai thc arijmhtik c P tou Peano.
Up�rqoun kai �llec, mh fusikèc, ermhneÐec thc LA, pou eÐnai prìtupa thc jewrÐac
P .

3. Mia jewrÐa T , pou perièqei mia prìtash ϕ kai thn �rnhs  thc den èqei kanèna
prìtupo. Den mporeÐ se mia dom  A na sumbaÐnei A |= ϕ kai sugqrìnwc
A |= ¬ϕ.

2.7 Sunèpeia
'Estw T sÔnolo tÔpwn, ϕ tÔpoc miac prwtob�jmiac gl¸ssac. Lème ìti o tÔpoc ϕ eÐ-
nai (shmasiologik ) sunèpeia tou T , kai gr�foume T |= ϕ , ìtan se k�je ermhneÐa
thc L, sthn opoÐa eÐnai ègkuroi ìloi oi tÔpoi tou T , eÐnai ègkuroc kai o tÔpoc ϕ. Me �l-
la lìgia, o tÔpoc ϕ eÐnai sunèpeia thc jewrÐac T , an eÐnai alhjinìc se k�je prìtupo thc T .

O parap�nw orismìc eÐnai parìmoioc me ton orismì thc shmasiologik c sunèpeiac ston
Protasiakì Logismì (bl. sel. 18).
H ènnoia thc sunèpeiac perigr�fei tic gnwstèc apì ta Majhmatik�, diadikasÐec diexagw-
g c sumperasm�twn. Giautì, ìtan èqoume T |= ϕ, ta stoiqeÐa tou T ta lème upojèseic
kai ton tÔpo ϕ sumpèrasma.

'Otan T = {ϕ1, . . . , ϕn}, antÐ gia {ϕ1, . . . , ϕn} |= ψ, gr�foume pio sÔntoma
ϕ1, . . . , ϕn |= ψ. 'Enac tÔpoc ψ eÐnai sunèpeia kenoÔ sunìlou upojèsewn ean kai monon
e�n eÐnai ègkuroc se ìlec tic domèc, dhlad  eÐnai logik� alhjinìc. Se tètoiec peript¸seic
qrhsimopoioÔme ton sumbolismì |= ψ, pou gnwrÐsame nwrÐtera.

ParadeÐgmata.

1. 'Estw T sÔnolo axiwm�twn gia th jewrÐa om�dwn (bl. parad. 1 sel.52). 'Enac
tÔpoc eÐnai sunèpeia tou T ìtan eÐnai ègkuroc se ìla ta prìtupa tou T , dhlad  ìtan
eÐnai ègkuroc se ìlec tic om�dec. Sunèpeiec tou T eÐnai loipìn ìla ta jewr mata
thc jwrÐac om�dwn. 'Etsi p.q. èqoume

T |= x ◦ x = x → x = e,
T |= x ◦ z = y ◦ z → x = y,
T |= ∃z x ◦ z = y.
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Den isqÔei ìmwc T |= x◦y = y ◦x, diìti up�rqoun prìtupa tou T , sta opoÐa h pr�xh
den eÐnai antimetajetik .

2. H prìtash ∀x O+ x = x eÐnai sunèpeia thc arijmhtik c tou Peano. Pragmatik�, se
k�je prìtupo B gia thn jewrÐa P èqoume B |= O+O = O kai
B |= ∀x(O+ S(x) = S(O+ x)) (trÐto kai tètarto axÐwma antÐstoiqa). 'Ara

B |= ∀x (O+ x = x → O+ S(x) = S(x))

O tÔpoc O+O = O ∧ ∀x (O+ x = x → O+ S(x) = S(x)) → ∀x (O+ x = x) eÐnai
èna apì ta axi¸mata epagwg c (gia ton tÔpo O + x = x). Epeid  ∀x (O + x = x)
eÐnai ègkuroc se k�je prìtupo gia thn jewrÐa P , èqoume P |= ∀x (O+ x = x).

'Omoia apodeiknÔetai ìti P |= ∀x∀y y + x = x + y kai ìti P |= ∀x∀y y · x = x · y,
dhlad  ìti se k�je prìtupo thc jewrÐac P oi ermhneÐec twn sumbìlwn +, · eÐnai
antimetajetikèc pr�xeic.

Parat rhsh 1. EÔkola mporoÔme na elègxoume ìti oi sunèpeiec miac jewrÐac eÐnai ègkurec
se k�je prìtupo thc. IsqÔei dhlad :

An T |= ϕ kai A |= T, tìte A |= ϕ ('Askhsh 75).

Pollèc idiìthtec thc shmasiologik c sunèpeiac tou ProtasiakoÔ LogismoÔ genikeÔontai
kai isqÔoun ston kathgorhmatikì Logismì (ask seic 73, 74). Oi gnwstoÐ sullogismoÐ
(bl. sel. 19) paramènoun orjoÐ. Stouc sullogismoÔc ìmwc, pou gÐnetai ousiastik�
qr sh posodeikt¸n, prèpei na eÐmaste pio prosektikoÐ. O èlegqoc thc orjìthtac enìc
sullogimsoÔ eÐnai pio dÔskoloc, diìti oi tÔpoi dèqontai perissìterec ermhneÐec ston Ka-
thgorhmatikì Logismì. H idiìthta thc apagwg c (Parat.2, sel. 19), pou en�gei ton
èlegqo sthn exètash an ènac tÔpoc eÐnai tautologÐa, den alhjeÔei sthn genik  tou morf 
ston Kathgorhmatikì Logismì (bl. ask. 77). IsqÔoun k�poiec asjenèsterec thc morfèc.

Je¸rhma Apagwg c

'Estw T sÔnolo tÔpwn, ψ tÔpoc kai ϑ prìtash miac prwtob�jmiac gl¸ssac L.

T ∪ {ϑ} |= ψ tìte kai mìnon tìte, ìtan T |= ϑ → ψ.

Upojètoume pr¸ta ìti ψ eÐnai sunèpeia tou T ∪ {ϑ}. 'Estw A opoiod pote prìtupo
tou T kai V mia apotÐmhsh twn metablht¸n. Ac upojèsoume ìti A |= ϑ[V ]. Epeid  ϑ
eÐnai prìtash, èqoume ìti A |= ϑ, dhl eÐnai ègkurh sto A. To A eÐnai loipìn prìtupo tou
T ∪ {ϑ} kai sunep¸c (lìgw thc upìjeshc T ∪ {ϑ} |= ψ) o tÔpoc ψ eÐnai ègkuroc sto A.
'Ara A |= ψ[V ]. EÐdame ìti A |= (ϑ → ψ)[V ] gia k�je apotÐmhsh V , dhl. ìti ϑ → ψ eÐnai
ègkuroc sth dom  A. Epeid  autì isqÔei se k�je prìtupo A tou T , èqoume to zhtoÔmeno
T |= ϑ → ψ.

Antistrìfwc, ac upojèsoume ìti T |= ϑ → ψ. 'Estw A |= T ∪ {ϑ}. Tìte A |= T , �ra
A |= ϑ → ψ. Lìgw tou A |= ϑ, èqoume kai A |= ψ (bl. �skhsh 72). Sunep¸c T ∪{ϑ} |= ψ.

'Opwc kai ston Protasiakì Logismì orÐzontai oi ènnoiec antifatikoÔ kai sunepoÔc su-
nìlou tÔpwn (bl. sel. 19).
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'Estw T sÔnolo tÔpwn miac prwtob�jmiac gl¸ssac L. To T lègetai (shmasiologik�)
antifatikì, ìtan up�rqei tÔpoc ϕ thc L, tètoioc ¸ste T |= ϕ kai T |= ¬ϕ. To T lègetai
(shmasiologik�) sunepèc, ìtan den eÐnai shmasiologik� antifatikì.

Ja shmei¸soume merikèc idiìthtec, antÐstoiqec me ekeÐnec pou gnwrÐsame ston Prota-
siakì Logismì. Oi apodeÐxeic touc eÐnai aplèc (ask seic 73 g', 76, 78).

Parat rhsh 2. To T eÐnai antifatikì e�n kai mìnon e�n k�je tÔpoc thc L eÐnai sunè-
peia tou T .

Parat rhsh 3. To T eÐnai sunepèc e�n kai mìnon e�n up�rqei dom  sthn opoÐa eÐnai
ègkuroi ìloi oi tÔpoi tou T (prìtupo tou T ). Shmasiologik� antifatikèc eÐnai loipìn oi
jewrÐec pou den èqoun kanèna prìtupo, kai mìnon autèc.

Parat rhsh 4. IsqÔei mia morf  thc legìmenhc ��anagwg c antifatikìthtac�� (bl. Para-
t rhsh 5, sel. 20). Sugkekrimèna èqoume:

T |= ϑ tìte kai mìnon tìte, ìtan T ∪ {¬ϑ} eÐnai antifatikì

gia opoiad pote prìtash ϑ.
H parap�nw idiìthta apodeiknÔetai eÔkola me b�sh to Je¸rhma Apagwg c (sel. 54).

KleÐnoume thn par�grafo me èna shmantikì je¸rhma tou KathgorhmatikoÔ LogismoÔ.
H apìdeixh tou k�je �llo par� apl  eÐnai kai qrhsimopoieÐ mh stoiqei¸deic mejìdouc.

Je¸rhma Sump�geiac

'Estw T sÔnolo tÔpwn miac prwtob�jmiac gl¸ssac. To T èqei prìtupo e�n kai mìnon
e�n k�je peperasmèno uposÔnolo tou T èqei prìtupo.

Mia isodÔnamh diatÔpwsh tou jewr matoc sump�geiac eÐnai h ex c:

To T eÐnai shmasiologik� sunepèc e�n kai mìnon e�n k�je peperasmèno uposÔnolo tou T
eÐnai shmasiologik� sunepèc.

2.8 Tupik  'Apoyh tou KathgorhmatikoÔ LogismoÔ
Ja gnwrÐsoume t¸ra mia diaforetik  �poyh tou KathgorhmatikoÔ LogismoÔ. Tic prw-
tob�jmiec gl¸ssec ja tic melet soume kajar� suntaktik�, ìpwc th gl¸ssa tou Prota-
siakoÔ LogismoÔ sthn par�grafo 1.11, qwrÐc na apodÐdoume nìhma stic ekfr�seic touc.
AfoÔ deqjoÔme k�poiouc tÔpouc wc logik� axi¸mata kai eis�goume thn ènnoia tupik c
apìdeixhc, tic prwtob�jmiec jewrÐec mporoÔme na tic doÔme wc tupik�, axiwmatik� sust -
mata.

H melèth eÐnai genik , koin  gia ìlec tic prwtob�jmiec gl¸ssec. 'Estw L mia tètoia
gl¸ssa.
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Logik� Axi¸mata

1. Deqìmaste ta sq mata axiwm�twn tou ProtasiakoÔ LogismoÔ (sel. 21). K�je
tÔpoc thc L, pou èqei mia apì tic morfèc (A1)-(A14) eÐnai logikì axÐwma (gia thn
L).

2. Axi¸mata gia touc posodeÐktec.

(A15) ∀xϕ → ϕ(x/t),

ìpou ϕ tÔpoc, t ìroc kai x metablht  antikatast�simh apì ton ìro t ston tÔpo
ϕ. To teleutaÐo shmaÐnei ìti kamÐa metablht  tou t den gÐnetai desmeumènh met�
thn antikat�stash twn eleÔjerwn emfanÐsewn tou x me ton ìro t. Me �lla lìgia
kamÐa eleÔjerh emf�nish tou x den brÐsketai se aktÐna posodeÐkth ∀y   ∃y gia kamÐa
metablht  tou t.

(A16) ∀x(ϕ → ψ) → (ϕ → ∀xψ),

ìpou h metablht  x den eÐnai eleÔjerh ston ϕ.

(A17) ∃xϕ ↔ ¬∀x¬ϕ

3. Axi¸mata isìthtac

(A18) x = x
(A19) x = y → y = x
(A20) x = y ∧ y = z → x = z

ìpou x, y, z opoiesd pote metablhtèc.

(A21) z1 = y1 ∧ . . . ∧ zm = ym → f(z1, . . . , zm) = f(y1, . . . , ym)

ìpou f m-jèsio sÔmbolo sun�rthshc kai zi, yi metablhtèc (i = 1, . . . , m)

(A22) z1 = y1 ∧ . . . ∧ zn = yn → (P (z1, . . . , zn) ↔ P (y1, . . . , yn)),

ìpou P n-jèsio sÔmbolo kathgor matoc kai zi, yi metablhtèc (i = 1, . . . , n)

Shmei¸seic. Kajèna apì ta 22 sq mata perièqei �peiro pl joc axiwm�twn. 'Etsi p.q.
gia k�je tÔpo ϕ thc L kai opoiad pote metablht  x o tÔpoc ∃xϕ ↔ ¬∀x¬ϕ eÐnai axÐwma
(sq ma A17). To sq ma (A15) antistoiqeÐ ston nìmo antikat�stashc (sel. 48). Eidikèc
peript¸seic axiwm�twn tou (A15) eÐnai oi tÔpoi morf c

∀xϕ → ϕ
∀xϕ → ϕ(x/a), an a ìroc qwrÐc metablhtèc
∀xϕ → ϕ(x/y), an y den emfanÐzetai ston ϕ
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diìti h x eÐnai antikatast�simh se opoiond pote tÔpo ϕ apì ton eautì thc, apì staje-
roÔc ìrouc kai apì metablhtèc pou den emfanÐzontai ston ϕ. Mia metablht  eÐnai epÐshc
antikatast�simh apì opoiond pote ìro se tÔpo pou den perièqei posodeÐktec, afoÔ den
up�rqei kÐndunoc dèsmeushc kamÐac metablht c tou ìrou.

To sq ma (A18) perièqei ta axi¸mata x1 = x1, x2 = x2, x3 = x3 klp., en¸ to (A19) ta:
xi = xj → xj = xi gia ìla ta i, j. Den upojètoume ìti oi metablhtèc twn sqhm�twn (A19)
- (A22) eÐnai diaforetikèc metaxÔ touc. 'Etsi loipìn o tÔpoc x4 = x2∧x2 = x4 → x4 = x4

eÐnai èna apì ta axi¸mata tou (A20).
To sq ma (A21) den perièqei kanènan tÔpo, an h gl¸ssa L den èqei sÔmbola sunart -

sewn (tètoia eÐnai p.q. h gl¸ssa LΣ gia th jewrÐa sunìlwn , sel. 38). 'Omoia, to (A22)
den dÐnei kanèna axÐwma, an h gl¸ssa L den èqei sÔmbola kathgorhm�twn (ìpwc p.q. h
gl¸ssa LG gia th jewrÐa om�dwn, sel. 51).

Ac doÔme merik� paradeÐgmata logik¸n axiwm�twn gia thn gl¸ssa LA thc arijmhtik c.

S(x1) < x2 → (x2 = O→ S(x1) < x2) (A1)
∃x1 (x4 + x1 = x3) ∨ ¬∃x1 (x4 + x1 = x3) (A14)
∀x1(x1 = x1) → O = O (A15)
∀x1∀x2 (x1 · x2 = x3 + x1) → x3 · x2 = x3 + x1 (A15)
∀x4 (x1 < x3 → x1 6= x4) → (x1 < x3 → ∀x4(x1 6= x4)) (A16)
x1 = x3 ∧ x2 = x4 → x1 + x2 = x3 + x4 (A21)
x1 = x2 ∧ x3 = x3 → x1 · x3 = x2 · x3 (A21)
x2 = x3 ∧ x1 = x4 → (x1 < x2 ↔ x4 < x3) (A22)

ApodeiktikoÐ kanìnec

Deqìmaste dÔo apodeiktikoÔc kanìnec, pou eis�goun thn ènnoia �meshc tupik c sunè-
peiac.Ektìc apì ton gnwstì kanìna apìspashc (bl. sel. 21), deqìmaste ton legìmeno
kanìna genÐkeushc (Generalisation Rule), Pou sqhmatik� parist�netai wc ex c

ϕ

∀xϕ

O kanìnac autìc lèei ìti, gia opoiond pote tÔpo ϕ kai opoiad pote metablht  x, o tÔpoc
∀xϕ eÐnai �mesh tupik  sunèpeia tou ϕ.

'Eqoume loipìn dÔo trìpouc diexagwg c �meshc tupik c sunèpeiac. P.q. o tÔpoc
∀x1(x1 = x1) eÐnai �mesh tupik  sunèpeia tou x1 = x1 (kanìnac genÐkeushc) kai o tÔpoc
O = O eÐnai �mesh tupik  sunèpeia twn tÔpwn ∀x1(x1 = x1) → O = O kai ∀x1(x1 = x1).

Shmei¸seic. Up�rqoun kai �lloi trìpoi epilog c logik¸n axiwm�twn kai apodeiktik¸n
kanìnwn gia ton Kathgorhmatikì Logismì. EÐnai ìmwc isodÔnamoi me ton parap�nw, diìti
dÐnoun ta Ðdia tupik� jewr mata tou KathgorhmatikoÔ LogismoÔ.

O kanìnac genÐkeushc èqei thn ex c shmasÐa sta Majhmatik�. Suqn� apodeiknÔetai
ìti ��isqÔei h idiìthta ϕ(x)�� qwrÐc na upojètoume otid pote gia to x. Tìte jewroÔme ìti
apodeÐqjhke to ��gia k�je x isqÔei ϕ(x)��.

Ac jumhjoÔme epÐshc ìti an o tÔpoc ϕ eÐnai logik� alhjinìc (|= ϕ), tìte o tÔpoc ∀xϕ
eÐnai logik� alhjinìc (|= ∀xϕ), sÔmfwna me ton shmasiologikì kanìna genÐkeushc (sel.
48)
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Tupikèc ApodeÐxeic

H ènnoia thc tupik c apìdeixhc ston Kathgorhmatikì Logismì genikeÔei ekeÐnh tou Pro-
tasiakoÔ LogismoÔ (bl. sel. 22). H mình diafor� eÐnai sto ìti ènac ìroc thc akoloujÐac
(apìdeixhc) mporeÐ na emfanisteÐ s' aut n wc �mesh tupik  sunèpeia k�poiou prohgoÔmenou
me b�sh ton kanìna genÐkeushc.

'Estw T sÔnolo tÔpwn thc L. Tupik  apìdeixh apì tic upojèseic T (apì to T )
lème k�je peperasmènh akoloujÐa ψ1, . . . , ψn tÔpwn thc L me thn idiìthta:
k�je ìroc ψi thc akoloujÐac (i = 1, . . . , n)

an kei sto T (eÐnai upìjesh tou T )
  eÐnai logikì axÐwma tou KathgorhmatikoÔ LogismoÔ
  eÐnai �mesh tupik  sunèpeia prohgoÔmenwn ìrwn (prohgoÔmenou ìrou).

To teleutaÐo shmaÐnei ìti   up�rqoun prin apì ton ψi tÔpoi ψj, ψm (j < i, m < i),
tètoioi ¸ste ψj eÐnai morf c ψm → ψi   up�rqei prin apì ton ψi tÔpoc ψk(k < i), ¸ste ψi

eÐnai morf c ∀xψk (x mia metablht ).

Akrib¸c ìpwc ston Protasiakì Logismì orÐzontai oi ènnoiec tupik c sunèpeiac apì to
T (tupikoÔ jewr matoc apì tic upojèseic T ). QrhsimopoioÔme touc Ðdiouc sumbolismoÔc
(T ` ϕ). Eidik� to ` ϕ (tupikì je¸rhma kenoÔ sunìlou upojèsewn) to diab�zoume kai wc
��ϕ eÐnai tupikì je¸rhma tou KathgorhmatikoÔ LogismoÔ��.

An doÔme to sÔnolo upojèsewn T wc mia prwtob�jmia jewrÐa, lème ta stoiqeÐa tou T
mh logik� axi¸mata thc jewrÐac T . An ϕ eÐnai tupik  sunèpeia tou T (dhl. T ` ϕ),
lème ìti ϕ eÐnai tupikì je¸rhma thc jewrÐac T .

Ac shmei¸soume pr¸ta merikèc aplèc parathr seic.

Parat rhsh 1. Ta logik� axi¸mata eÐnai tupik� jewr mata tou KathgorhmatikoÔ Logi-
smoÔ (èqoun apodeÐxeic m kouc 1). 'Omoia k�je mh logikì axÐwma miac jewrÐac T eÐnai
tupikì thc je¸rhma.

Parat rhsh 2. Oi tupikèc apodeÐxeic èqoun peperasmèno qarakt ra, dhlad  k�je mia
qrhsimopoieÐ mìnon peperasmèno pl joc (logik¸n kai mh) axiwm�twn. Blèpoume loipìn
ìti T ` ϕ e�n kai mìnon e�n T0 ` ϕ gia k�poio peperasmèno uposÔnolo T0 tou T .

EÐnai epÐshc fanerì ìti an T ` ϕ kai T ′ eÐnai upersÔnolo tou T , tìte T ′ ` ϕ.

Parat rhsh 3. An T ` ϕ kai T ` ϕ → ψ, tìte T ` ψ.
An T ` ϕ, tìte (gia opoiad pote metablht  x) T ` ∀xϕ.
IsqÔei kai to antÐstrofo, dhlad  an T ` ∀xϕ, tìte (epeid  ∀xϕ → ϕ eÐnai logikì axÐwma)
èqoume T ` ∀xϕ → ϕ kai sunep¸c T ` ϕ. Apì ta parap�nw èpetai ìti ènac tÔpoc eÐnai
tupikì je¸rhma miac jewrÐac T tìte kai mìnon tìte, ìtan h kajolik  tou kleistìthta
eÐnai tupikì je¸rhma thc T .

PolÔ qr simh eÐnai h parat rhsh ìti oi tÔpoi pou èqoun tautologik  morf  eÐnai tupi-
k� jewr mata tou KathgorhmatikoÔ LogismoÔ. Autì mac epitrèpei na brÐskoume poll�
tupik� jewr mata qwrÐc na kataskeu�zoume �mesa tupikèc apodeÐxeic.
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Parat rhsh 4. An Φ eÐnai tautologÐa tou ProtasiakoÔ LogismoÔ, tìte o tÔpoc
Φ(a1/ϑ1, . . . , an/ϑn) (bl. sel. 47) eÐnai tupikì je¸rhma tou KathgorhmatikoÔ LogismoÔ.

Pragmatik�, an Φ1, Φ2, . . . , Φm eÐnai mia tupik  apìdeixh tou Φ (up�rqei lìgw plhrì-
thtac tou ProtasiakoÔ LogismoÔ, bl. sel. 27), tìte h akoloujÐa

Φ1(a1/ϑ1, . . . , an/ϑn), Φ2(a1/ϑ1, . . . , an/ϑn), . . . , Φm(a1/ϑ1, . . . , an/ϑn)

eÐnai mia tupik  apìdeixh tou tÔpou Φ(a1/ϑ1, . . . , an/ϑn) (pou qrhsimopoieÐ mìno ta axi¸-
mata (A1)-(A14) kai ton kanìna apìspashc).

Me b�sh to parap�nw eÔkola genikeÔontai pollèc idiìthtec thc tupik c sunèpeiac, pou
gnwrÐsame ston Protasiakì Logismì.

Me k�poiouc periorismoÔc isqÔei kai gia thn suntaktik  sunèpeia h idiìthta thc apa-
gwg c.

Je¸rhma Apagwg c

'Estw L prwtob�jmia gl¸ssa. 'Estw T sÔnolo tÔpwn, ψ tÔpoc kai ϑ prìtash thc L.

T ` ϑ → ψ e�n kai mìnon e�n T ∪ {ϑ} ` ψ.

H aitiolìghsh eÐnai ìmoia me ekeÐnh sth sel. 23. H mình diafor� eÐnai sto ìti gia na
deÐxoume ìti T ` ϑ → ψi sthn perÐptwsh tÔpou ψi morf c ∀xψk ( me k < i), arkeÐ na
parathr soume ìti o tÔpoc ∀x(ϑ → ψk) → (ϑ → ∀xψk) eÐnai logikì axÐwma (A16). Apì
thn epagwgik  upìjesh (k < i) èqoume T ` ϑ → ψk, �ra T ` ∀x(ϑ → ψk). Sunep¸c
T ` ϑ → ∀xψk.

K�poiouc apì touc nìmouc tou KathgorhmatikoÔ LogismoÔ touc p rame wc logik� a-
xi¸mata. Oi upìloipoi eÐnai tupik� jewr mata. Ja to doÔme parak�tw gia merikoÔc apì
touc nìmouc.

Par�deigma 1. Nìmoc antimet�jeshc genik¸n posodeikt¸n:

∀x∀yϕ ↔ ∀y∀xϕ.

'Eqoume ` ∀x∀yϕ → ∀yϕ, ( axÐwma A15 )
kai ` ∀yϕ → ϕ, ( axÐwma A15 )
�ra ` ∀x∀yϕ → ϕ, ( bl. �skhsh 84 (a'))

Me b�sh thn parat rhsh 3 (sel. 58) èpetai ìti

` ∀x(∀x∀yϕ → ϕ).

Epeid  h metablht  x den eÐnai eleÔjerh ston tÔpo ∀x∀yϕ, o tÔpoc
∀x(∀x∀yϕ → ϕ) → (∀x∀yϕ → ∀xϕ) eÐnai logikì axÐwma (A16). Epomènwc èqoume

` ∀x∀yϕ → ∀xϕ

'Opwc parap�nw blèpoume diadoqik� ìti

` ∀y(∀x∀yϕ → ∀xϕ)
` ∀y(∀x∀yϕ → ∀xϕ) → (∀x∀yϕ → ∀y∀xϕ)
` ∀x∀yϕ → ∀y∀xϕ
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Dikaiolog same mia apì tic sunepagwgèc tou nìmou antimet�jeshc. H �llh dikaiologeÐtai
ìmoia. 'Ara èqoume (bl. ask. 84 (b') )

` ∀x∀yϕ → ∀y∀xϕ.

Par�deigma 2. Nìmoc tou de Morgan: ¬∀xϕ ↔ ∃x¬ϕ
'Eqoume ` ∃x¬ϕ ↔ ¬∀x¬¬ϕ (axÐwma A17)
Epeid  ` ¬¬ϕ ↔ ϕ (tautologÐa)
'Eqoume ` ∀x¬¬ϕ ↔ ∀xϕ, (�skhsh 85)

O tÔpoc (a ↔ b) → (¬ a ↔ ¬b) eÐnai tautologÐa tou ProtasiakoÔ LogismoÔ. 'Ara o
tÔpoc (∀x¬¬ϕ ↔ ∀xϕ) → (¬∀x¬¬ϕ ↔ ¬∀xϕ) eÐnai tupikì je¸rhma. 'Epetai ìti

` ¬∀x¬¬ϕ ↔ ¬∀xϕ,

pou mazÐ me to parap�nw ` ∃x¬ϕ ↔ ¬∀x¬¬ϕ mac dÐnei
ìti ` ∃x¬ϕ ↔ ¬∀xϕ ( bl. ask. 84 (st'))
kai epÐshc ` ¬∀xϕ ↔ ∃x¬ϕ ( �skhsh 84 (g ') )

'Omoia eÐnai oi aitiolog seic tou ìti oi upìloipoi nìmoi tou KathgorhmatikoÔ LogismoÔ
(sel. 71 - 74) eÐnai tupik� jewr mata tou. Stic tupikèc apodeÐxeic gÐnetai qr sh mìno twn
axiwmatik¸n sqhm�twn (A1)-(A17), den qrei�zontai ta axi¸mata isìthtac.

Qrhsimopoi¸ntac ta (A18)-(A22) mporoÔme na deÐxoume ìti gia opoiousd pote ìrouc
t, s, u thc gl¸ssac L èqoume

(I1) ` t = t
(I2) ` t = s → s = t
(I3) ` t = s ∧ s = u → t = u

To (I2) p.q. dikaiologeÐtai wc ex c. Apì to (A19) èqoume ìti ` x1 = x2 → x2 = x1. O
tÔpoc x1 = x2 → x2 = x1 den èqei posodeÐktec, epomènwc h x1 eÐnai antikatast�simh apì
ton ìro t.

'Ara o tÔpoc ∀x1(x1 = x2 → x2 = x1) → (t = x2 → x2 = t) eÐnai axÐwma (A15).
Epeid  èqoume ` ∀x1(x1 = x2 → x2 = x1) (Parat rhsh 3, sel. 59), èpetai ìti
` t = x2 → x2 = t. 'Omoia èqoume diadoqik�

` ∀x2(t = x2 → x2 = t)
` ∀x2(t = x2 → x2 = t) → (t = s → s = t)
` t = s → s = t

'Omoia apodeiknÔetai ìti gia k�je m-jèsio sÔmbolo sun�rthshc f kai k�je n-jèsio sÔm-
bolo kathgor matoc P thc L

(I4) ` t1 = s1 ∧ . . . ∧ tm = sm → f(t1, . . . , tm) = f(s1, . . . , sm)
(I5) ` t1 = s1 ∧ . . . ∧ tn = sn → (P (t1, . . . , tm) ↔ P (s1, . . . , sm))

ìpou si, t1 ìroi thc L.

Ac doÔme t¸ra merik� paradeÐgmata tupik¸n jewrhm�twn k�poiwn prwtob�jmiwn jew-
ri¸n.
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Par�deigma 3. Touc parak�tw treÐc tÔpouc thc gl¸ssac LG

x1 ◦ (x2 ◦ x3) = (x1 ◦ x2) ◦ x3

e ◦ x1 = x1

x−1
1 ◦ x1 = e

mporoÔme na p�roume wc mh logik� axi¸mata thc jewrÐac om�dwn G. Ja deÐxoume ìti
x1 ◦ x−1

1 = e eÐnai tupikì je¸rhma apì tic upojèseic G kai ja èqoume ìti G ` t ◦ t−1 = e,
gia opoiond pote ìro t thc LG. Mia aitiolìghsh ìmoia m' aut n thc (I2) parap�nw mac
dÐnei ìti gia opoiousd pote ìrouc t, s, u thc LG èqoume ìti oi tÔpoi:

t ◦ (s ◦ u) = (t ◦ s) ◦ u, (t ◦ s) ◦ u = t ◦ (s ◦ u), e ◦ t = t, t = e ◦ t, t−1 ◦ t = e

eÐnai tupik� jewr mata thc jewrÐac G. Eidik� eqoume

1. G ` x−1
1 ◦ (x1 ◦ x−1

1 ) = (x−1
1 ◦ x1) ◦ x−1

1

2. G ` ((x−1
1 )−1 ◦ x−1

1 ) ◦ (x1 ◦ x−1
1 ) = (x−1

1 )−1 ◦ (x−1
1 ◦ (x1 ◦ x−1

1 ))

3. G ` e ◦ x−1
1 = x−1

1

4. G ` x1 ◦ x−1
1 = e ◦ (x1 ◦ x−1

1 )

5. G ` (x−1
1 )−1 ◦ x−1

1 = e

Efarmìzontac to (I4) me f(x1, x2) ton ìro x1 ◦ x2 èqoume

6. ` x−1
1 ◦ x1 = e ∧ x−1

1 = x−1
1 → (x−1

1 ◦ x1) ◦ x−1
1 = e ◦ x−1

1

7. ` (x−1
1 )−1 = (x−1

1 )−1 ∧ x−1
1 ◦ (x1 ◦ x−1

1 ) = x−1
1 → (x−1

1 )−1 ◦ (x−1
1 ◦ (x1 ◦ x−1

1 )) =
(x−1

1 )−1 ◦ x−1
1

Epeid  ìmwc G ` x−1
1 ◦ x1 = e ∧ x−1

1 = x−1
1 apì to (6) èqoume

G ` (x−1
1 ◦ x1) ◦ x−1

1 = e ◦ x−1
1

To teleutaÐo mazÐ me ta (1) kai (3) mac dÐnei G ` x−1
1 ◦ (x1 ◦ x−1

1 ) = x−1
1

'Ara G ` (x−1
1 )−1 = (x−1

1 )−1 ∧ x−1
1 ◦ (x ◦ x−1

1 ) = x−1
1 kai lìgw tou (7) èqoume

G ` (x−1
1 )−1 ◦ (x−1

1 ◦ (x1 ◦ x−1
1 )) = (x−1

1 )−1 ◦ x−1
1 ,

pou mazÐ me ta (2) kai (5) èpetai ìti

8. G ` ((x−1
1 )−1 ◦ x−1

1 ) ◦ (x1 ◦ x−1
1 ) = e.

To (I4) mac dÐnei

` (x−1
1 )−1 ◦ x−1

1 = e ∧ x1 ◦ x−1
1 = x1 ◦ x−1

1 → ((x−1
1 ) ◦ x−1

1 ) ◦ (x1 ◦ x−1
1 ) = e ◦ (x1 ◦ x−1

1 )

kai ìpwc parap�nw katal goume sto

G ` ((x−1
1 ) ◦ x−1

1 ) ◦ (x1 ◦ x−1
1 ) = e ◦ (x1 ◦ x−1

1 ).
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Ap' autì kai ta (4),(8) èqoume telik�

G ` x1 ◦ x−1
1 = e

pou eÐnai to zhtoÔmeno.

Par�deigma 4. Ja deÐxoume ìti o tÔpoc ϕ:

x 6= O→ ∃y(S(y) = x)

eÐnai tupikì je¸rhma thc arijmhtik c tou Peano (sel. 53). Epeid 

ϕ(x/O) ∧ ∀x(ϕ → ϕ(x/S(x))) → ∀xϕ

eÐnai axÐwma thc jewrÐac P , arkeÐ na doÔme ìti
(1) P ` O 6= O→ ∃y(S(y) = O)

kai
(2) P ` (x 6= O→ ∃y(S(y) = x)) → (S(x) 6= O→ ∃y(S(y) = S(x))).

O tÔpoc a → (¬ a → b) eÐnai tautologÐa tou ProtasiakoÔ LogismoÔ.
'Ara ` O = O→ (O 6= O→ ∃y(S(y) = O))
kai epeid  P ` O = O, èqoume to (1).
O tÔpoc ∀y(S(y) 6= S(x)) → S(x) 6= S(x) eÐnai axÐwma (A 15).

'Eqoume loipìn ` S(x) = S(x) → ¬∀y(S(y) 6= S(x)) (�skhsh 84 )
�ra kai ` S(x) = S(x) → ∃y(S(y) = S(x)).

'Epetai ìti ` ∃y(S(y) = S(x)) (afoÔ ` S(x) = S(x)).
Qrhsimopoi¸ntac dÔo forèc to gegonìc ìti (bl. ask. 84 z' ) )
��An T ` ψ, tìte gia opoiod pote tÔpo ϑ èqoume T ` ϑ → ψ��,

èqoume P ` (S(x) 6= O→ ∃y(S(y) = S(x))
kai P ` (x 6= O→ ∃(S(y) = x)) → (S(x) 6= O→ ∃y(S(y) = S(x))
DeÐxame loipìn to (2).

Oi parak�tw orismoÐ eÐnai an�logoi m' ekeÐnouc pou gnwrÐsame ston Protasiakì Logi-
smì.

'Estw T sÔnolo tÔpwn miac prwtob�jmiac gl¸ssac L. To T lègetai suntaktik�
antifatikì, ìtan up�rqei tÔpoc ϕ thc L ¸ste T ` ϕ kai T ` ¬ϕ. To T lègetai sunta-
ktik� sunepèc, an den eÐnai suntaktik� antifatikì.

Parathr seic 5. EÔkola blèpoume ìti èna sÔnolo tÔpwn eÐnai antifatikì e�n kai mì-
non e�n k�je tÔpoc thc L eÐnai tupik  tou sunèpeia (p → (¬ p → q) eÐnai tautologÐa). Gia
na eÐnai loipìn suntaktik� antifatik  mia jewrÐa T , arkeÐ kai prèpei T ` x1 6= x1. Lìgw
tou peperasmènou qarakt ra twn tupik¸n apodeÐxewn (bl. Parat. 2 sel. 58) èqoume
ìti, an mia jewrÐa T eÐnai suntaktik� antifatik , tìte èna peperasmèno uposÔnolo T0 mh
logik¸n axiwm�twn thc T eÐnai suntaktik� antifatikì. Kai antÐstrofa, afoÔ profan¸c
upersÔnola antifatikoÔ sunìlou eÐnai antifatikì.

Parathr seic 6. Oi idiìthtec ��anagwg c thc antifatikìthtac�� kai ��apodeÐxewn me pe-
ript¸seic�� pou èqei h sunèpeia ston Protasiakì Logismì ( Parat. 5, sel. 20, �skhsh
33 kai Parathr seic 4,5, sel. 24) kai h shmasiologik  sunèpeia ston Kathgorhmatikì
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Logismì ( parat. 4, sel. 56 kai �skhsh 82), isqÔoun kai gia thn suntaktik  sunèpeia.
Sugkerimèna èqoume ìti:

An T sÔnolo tÔpwn, ψ tÔpoc kai ϑ prìtash tìte:

1. T ∪ {ϑ} eÐnai suntaktik� antifatikì e�n kai mìnon e�n T ` ¬ϑ

2. T, ϑ ` ψ kai T, ¬ϑ ` ψ e�n kai mìnon e�n T ` ψ

Oi parap�nw idiìthtec eÐnai aplèc efarmogèc tou Jewr matoc Apag¸g c gia thn tupik 
sunèpeia (sel. 58).

2.9 Plhrìthta KathgorhmatikoÔ LogismoÔ.
O Kathgorhmatikìc Logismìc genikeÔei thn ènnoia thc logik c alhjeÐac pou gnwrÐsmame
ston Protasiakì Logismì. Logik� alhjinoÐ eÐnai oi tÔpoi pou eÐnai ègkuroi se ìlec thc
sunatèc ermhneÐec. Den up�rqei ìmwc mèjodoc, an�logh m' ekeÐnh twn 0− I pin�kwn, pou
na epitrèpei gia tuqìn tÔpo na apofanjoÔme, met� apì peperasmèno pl joc stoiqeiwd¸n
bhm�twn, an autìc o tÔpoc eÐnai logik� alhjinìc.

Mia nèa ènnoia alhjeÐac eis�gei h tupik  �poyh tou KathgorhmatikoÔ LogismoÔ. Su-
ntaktik� alhjin� jewroÔme ta logik� axi¸mata kai tic tupikèc touc sunèpeiec, dhlad  touc
tÔpouc gia touc opoÐouc up�rqei tupik  apìdeixh.

Ja doÔme ìti oi dÔo autèc ènnoiec tautÐzontai. Logik� alhjinoÐ tÔpoi eÐnai ta tupik� je-
wr mata kai mìnon aut�. To tupikì sÔsthma pou kataskeu�same gia ton Kathgorhmatikì
Logismì eÐnai loipìn pl rec. AntÐstoiqo apotèlesma eÐqame kai ston Protasiakì Logi-
smì (bl. Je¸rhma Plhrìthtac, sel. ...). H plhrìthta tou KathgorhmatikoÔ LogismoÔ
apodeÐqjhke apì ton K. Gödel to 1930.

A' Je¸rhma Plhrìthtac

Gia k�je tÔpo ϕ miac prwtob�jmiac gl¸ssac

` ϕ e�n kai mìnon e�n |= ϕ

Genikìtera, tautÐzontai oi ènnoiec suntaktik c kai shmasiologik c sunèpeiac.

B' Je¸rhma Plhrìthtac

'Estw T sÔnolo tÔpwn kai ϕ tÔpoc miac prwtob�jmiac gl¸ssac

T ` ϕ e�n kai mìnon e�n T |= ϕ

To parap�nw shmaÐnei ìti h apìdeixh egkurìthtac enìc tÔpou ϕ se ìla ta prìtupa miac
prwtob�jmiac jewrÐac T mporoÔn na antikatastajoÔn me tupik  apìdeixh tou ϕ apì tic
upojèseic T .

H aitiolìghsh logik c al jeiac twn tupik¸n jewrhm�twn eÐnai apl  kai ekfr�zetai a-
pì to legìmeno Je¸rhma Egkurìthtac. H �llh kateÔjunsh tou Jewr matoc Plhrìthtac
eÐnai dÔskolh. H aitiolìghsh qrhsimopoieÐ mh stoiqei¸dh mèsa thc Majhmatik c Logik c
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kai eÐnai ektìc Ôlhc autoÔ tou maj matoc. Ja anafèroume parak�tw, qwrÐc apìdeixh,
to legìmeno Je¸rhma Sumbibastìthtac apì to opoÐo prokÔptei to deÔtero skèloc tou
Jewr matoc Plhrìthtac tou KathgorhmatikoÔ LogismoÔ.

Parat rhsh 1. Ta logik� axi¸mata eÐnai logik� alhjinoÐ tÔpoi (bl. sel. 94). EÐnai
epÐshc fanerì ìti h logik  al jeia diathreÐtai apì touc apodeiktikoÔc kanìnec apìspashc
kai genÐkeushc (bl. sel. 48). 'Epetai ìti k�je ìroc miac tupik c apìdeixhc eÐnai logik�
alhjinìc tÔpoc.

'Omoia blèpoume ìti ìloi oi ìroi miac tupik c apìdeixhc apì èna sÔnolo upojèsewn T ,
eÐnai ègkuroi se ìla ta prìtupa tou T .

DeÐxame loipìn to akìloujo

Je¸rhma Egkurìthtac

'Estw T sÔnolo tÔpwn kai ϕ tÔpoc miac prwtob�jmiac gl¸ssac.

An T ` ϕ, tìte T |= ϕ.

Eidik� èqoume: An ` ϕ, tìte |= ϕ.

Pìrisma 1. An mia prwtob�jmia jewrÐa èqei prìtupo, tìte eÐnai suntaktik� sunep c.
Pragmatik�, an T eÐnai suntaktik� antifatik , tìte T ` x1 6= x1 �ra T |= x1 6= x1.

Den up�rqei, se tètoia perÐptwsh, kanèna prìtupo gia th jewrÐa T .

Je¸rhma Sumbibastìthtac

'Estw T sÔnolo tÔpwn miac prwtob�jmiac gl¸ssac . An to T eÐnai suntaktik� sunepèc,
tìte up�rqei prìtupo tou T .

Pìrisma 2. An mia prwtob�jmia jewrÐa eÐnai shmasiologik� antifatik , tìte (epeid 
den èqei kanèna prìtupo) eÐnai kai suntaktik� antifatik .

Pìrisma 3. An mia prìtash ϑ eÐnai shmasiologik  sunèpeia miac jewrÐac T , tìte eÐnai
tupikì je¸rhma apì tic upojèseic T .

Pragmatik�, an T |= ϑ, tìte h jewrÐa T ∪{¬ϑ} den èqei prìtupo, �ra eÐnai suntaktik�
antifatik . Me b�sh thn idiìthta anagwg c thc antifatikìthtac (Parat rhsh 6, sel. 63)
èqoume T ` ¬¬ϑ, �ra kai T ` ϑ.

To parap�nw genikeÔetai amèswc gia opoiousd pote tÔpouc, diìti gia ènan tÔpo ϕ è-
qoume T |= ϕ (  T ` ϕ) e�n kai mìnon e�n to Ðdio isqÔei gia thn kajolik  tou kleistìthta
ϕ, dhlad  T |= ϕ (   T ` ϕ antÐstoiqa). 'Eqoume loipìn to zhtoÔmeno.

Pìrisma 4. 'Estw T sÔnolo tÔpwn kai ϕ tÔpoc miac prwtob�jmiac gl¸ssac.

An T |= ϕ, tìteT ` ϕ.
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ASKHSEIS

49. BreÐte ìlouc touc ìrouc kai touc tÔpouc pou perièqontai stouc parak�tw tÔpouc:

(aþ) (¬∃x∀y (((x ◦ y) ◦ I) ◦ x = y + z)) ∨ ∀x∀y (x ◦ I = y ◦ I→ x = y + z)

(bþ) ∀t∃s ((s ◦ t) + x = O) → ∀x (O ◦ z = x)

(gþ) ∀x1∀x2∀x3∃s∀t (t ∈ s ↔ (t = x1 ∨ t = x2) ∨ t = x3)

50. BreÐte tic eleÔjerec kai tic desmeumènec metablhtèc stouc tÔpouc

(aþ) ∃x (O < x) → (x = z) ∧ ∀x∀y (x < y)

(bþ) ∀x (x + I = y) → ∃x(x|y)

(gþ) ∃x ((x ◦ x) + (x + x) = I) ∨ ∃y (x + I = y + y)

51. D¸ste merik� paradeÐgmata gia th gl¸ssa LA (sel. 38)

52*. 'Estw L prwtob�jmia gl¸ssa kai A mia ermhneÐa thc.

(aþ) 'Estw t ìroc thc L me metablhtèc metaxÔ twn x1, . . . , xn kai V, W dÔo apotim -
seic twn metablht¸n sthn A tètoiec ¸ste V (x1) = W (x1), . . . , V (xn) = W (xn).
DeÐxte ìti tìte

V ∗(t) = W ∗(t)

(bþ) An epiplèon V (x1) = W (y), ìpou y metablht , deÐxte ìti

V ∗(t) = W ∗(t(x1/y)).

(gþ) 'Estw ϕ tÔpoc thc L me eleÔjerec metablhtèc metaxÔ twn x1, . . . , xn kai V, W
dÔo apotim seic ìpwc sthn (a') parap�nw.
DeÐxte ìti tìte

A |= ϕ[V ] e�n kai mìnon e�n A |= ϕ[W ]

53. 'Estw V h apotÐmhsh sto N me V (xk) = k2 + k + 1.

(aþ) BreÐte sth fusik  dom  N thc LA tic timèc V ∗(t) gia touc ìrouc t :
(x2 · x1) + S(x1), x1 + x3) · S(S(O)), ((x1 + x2) · S(S(O)) + S(S(S(O))) · x2.

(bþ) Elègxte an gia aut n thn apotÐmhsh ikanopoioÔntai sthn A oi tÔpoi:
(x1 + x3) · S(S(O)) < (x2 · x1) + S(x1),
∀x1∃x2 (x1 · S(S(O)) + x2 · S(S(S(O))) = S(S(S(S(O)))) · x3,
∃x1 (S(S(S(O))) < x1) ∧ ∀x2 (S(S(S(O))) < (x1 · x3) + S(O)).

54. Elègxte an oi parap�nw tÔpoi ikanopoioÔntai sth dom  < Z, <Z, idZ, +Z, ·Z, 1 >,
ìpou idZ h tautotik  sun�rthsh sto Z, gia mia apotÐmhsh me V (x1) = 1,
V (x2) = 2, V (x3) = 0.

55. BreÐte mia ermhneÐa thc LA sthn opoÐa ikanopoieÐtai h prìtash:
∃x∀y (O < y ∧ y < x).

56. D¸ste paradeÐgmata prot�sewn ϕ, ψ (kat�llhlhc gl¸ssac) tètoiwn ¸ste:
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(aþ) < N, <N>|= ϕ kai < Z, <Z>6|= ϕ,

(bþ) < Z, <Z>|= ψ kai < Q, <Q>6|= ψ

57. Gr�yte tÔpouc thc gl¸ssac LA thc arijmhtik c, twn opoÐwn h shmasÐa sth dom  N

eÐnai:

(aþ) x eÐnai �rtioc
(bþ) x eÐnai perittìc
(gþ) x diaireÐ to y

(dþ) x den eÐnai pr¸toc arijmìc
(eþ) x eÐnai pr¸toc arijmìc
(�þ) x eÐnai el�qisto koinì pollapl�sio twn y, z

(zþ) x eÐnai mègistoc koinìc diairèthc twn y, z

(hþ) gia k�je dÔo arijmoÔc up�rqei o mègistoc koinìc diairèthc touc
(jþ) k�je arijmìc diairoÔmenoc me to 2 dÐnei upìloipo 0   1
(iþ) den up�rqei o megalÔteroc fusikìc arijmìc

58. D¸ste par�deigma miac prwtob�jmiac gl¸ssac me ermhneÐa

A =< R, <R, +R, ·R, f, 0 >

ìpou f mia pragmatik  sun�rthsh miac metablht c (f : R→ R).
BreÐte tÔpouc aut c thc gl¸ssac, twn opoÐwn h shmasÐa sthn A eÐnai:

(aþ) den up�rqei arijmìc me arnhtikì tetr�gwno,
(bþ) h f èqei rÐza,
(gþ) h f èqei akrib¸c mia rÐza,
(dþ) metaxÔ dÔo arijm¸n up�rqei trÐtoc,
(eþ) den up�rqei el�qistoc arijmìc,
(�þ) h f eÐnai fjÐnousa,
(zþ) h f eÐnai monìtonh

59. 'Estw A ⊆ R. Se kat�llhlh prwtob�jmia gl¸ssa, gr�yte tÔpouc, twn opoÐwn h
shmasÐa sth dom  < R, A, ≤R> eÐnai:

(aþ) to A den eÐnai kenì,
(bþ) x eÐnai �nw fr�gma tou A,
(gþ) to A eÐnai �nw fragmèno,
(dþ) x eÐnai �nw pèrac (supremum) tou A.

60. BreÐte prot�seic ϕ1, ϕ2 gl¸ssac qwrÐc mh logik� sÔmbola, tètoiec ¸ste gia k�je
dom  A me sÔmpan A.

(aþ) A |= ϕ1 e�n kai mìnon e�n A èqei akrib¸c èna stoiqeÐo,
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(bþ) A |= ϕ2 e�n kai mìnon e�n A èqei akrib¸c dÔo stoiqeÐa.
BreÐte an�logec prot�seic ϕk gia k�je fusikì k (k 6= 0).

61∗. 'Estw ϕ kai y mia metablht  pou den emfanÐzetai sto ϕ.
DeÐxte ìti o tÔpoc ∃x (ϕ∧∀yϕ(x/y) → y = x)) (shm.2, sel. 46) ikanopoieÐtai se mia
dom  A gia mia apotÐmhsh V , e�n kai mìnon e�n up�rqei akrib¸c èna a sto sÔmpan
thc dom c A, ¸ste A |= ϕ[V (x/a)]. ApodeÐxte ìti to Ðdio sumbaÐnei kai gia ton tÔpo

∃xϕ ∧ ∀y∀z(ϕ(x/y) ∧ ϕ(x/z) → y = z),

ìpou y, z metablhtèc, pou den emfanÐzontai ston tÔpo ϕ.

62. Ekfr�ste ta klassik� kathgor mata: ��K�je S eÐnai P ��, ��K�poia S eÐnai P ��,
��Kanèna S den eÐnai P ��, �� K�poia S den eÐnai P �� wc tÔpouc prwtob�jmiac gl¸ssac
me duo monojèsia sÔmbola kathgorhm�twn S, P .

63∗. 'Estw Φ tÔpoc tou ProtasiakoÔ LogismoÔ me protasiakèc metablhtèc metaxÔ twn
p1, . . . , pn. 'Estw ψ1, . . . , ψn tÔpoi miac prwtob�jmiac gl¸ssac L. SumbolÐzoume me
Φ(p1/ψ1, . . . , pn/ψn) ton tÔpo thc L pou prokÔptei apì thn antikat�stash ston Φ
twn p1 me ψi(i = 1, . . . , n) antÐstoiqa.

(aþ) 'Estw A dom  gia thn L kai V apotÐmhsh twn metablht¸n sthn A. OrÐzoume
thn apotÐmhsh Ṽ twn protasiak¸n metablht¸n wc ex c.

Ṽ (pi) =

{
1, an A |= ψi[V ]
0, an A 2 ψi[V ]

(i = 1, . . . , n)

ApodeÐxte ìti Ṽ ∗(Φ) = 1 e�n kai mìnon e�n A |= Φ(p1/ψ1, . . . , pn/ψn)[V ]

(bþ) ApodeÐxte ìti an Φ eÐnai tautologÐa tou ProtasiakoÔ LogismoÔ, tìte o tÔpoc
Φ(p1/ψ1, . . . , pn/ψn) eÐnai logik� alhjinìc tÔpoc tou KathgorhmatikoÔ Logi-
smoÔ.

64. Exet�ste an eÐnai logik� alhjinoÐ oi tÔpoi:

(aþ) x + I = O,

(bþ) x + I 6= O,

(gþ) ¬ (x < y) → (y < x ∨ x = y),

(dþ) ∀x (x 6= I) → x 6= I,
(eþ) x 6= I→ ∀x (x 6= I),
(�þ) ∀xR(x1 x),

(zþ) R(x1 x),

(hþ) R(x, y) → R(y, x),

(jþ) ∃x∃yR(x, y) → ∃y∃xR(x, y),

(iþ) ∃x∃yR(x, y) → ∃y∃xR(y, x),

(iaþ) ∃x∃yR(x, y) → ∃x∃yR(y, x),

(ibþ) ∃xP (x) ∧ ∃x¬P (x),
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(igþ) ∀xP (x) ∨ ∀x¬P (x),

(idþ) ∃x (x · y < x + y) → (∀x(x · y = 0) → ∃x(x · y < x + y)),

(ieþ) f(x, y) = I→ (f(x, y) 6= I→ x < O),

ìpou P, R sÔmbola kathgorhm�twn (monojèsio kai 2-jèsio antÐstoiqa), f sÔmbolo
sun�rthshc (2-jèsio) kai O, I sÔmbola stajer¸n.

Gia kajènan apì touc parap�nw tÔpouc breÐte, an up�rqoun paradeÐgmata dom¸n
stic opoÐec eÐnai ègkuroi.

65. DeÐxte ìti den eÐnai logik� alhjinoÐ oi tÔpoi:

(aþ) ∀x (P (x) ∨Q(x)) → ∀xP (x) ∨ ∀xQ(x),

(bþ) ∃xP (x) ∧ ∃xQ(x) → ∃x (P (x) ∧Q(x)),

(gþ) (∀xP (x) → ∀xQ(x)) → ∀x(P (x) → Q(x)),

(dþ) (∀xP (x) ↔ ∀xQ(x)) → ∀x(P (x) ↔ Q(x)),

(eþ) ∃xP (x) → ∀xP (x),

(�þ) ∀x∃yR(x, y) → ∃y∀xR(x, y),

(zþ) P (x) → ∀xP (x).

66. DeÐxte ìti an h metablht  y den eÐnai eleÔjerh ston tÔpo ϕ tìte ∀yϕ ≡ ϕ kai
∃yϕ ≡ ϕ.

67. ApodeÐxte ìti:

(aþ) an ϕ ≡ ψ kai ψ ≡ ϑ, tìte ϕ ≡ ϑ,

(bþ) an ϕ ≡ ψ, tìte gia k�je tÔpo ϑ : ϑ ∨ ϕ ≡ ϑ ∨ ψ, ϑ ∧ ϕ ≡ ϑ ∧ ψ,

(gþ) an ϕ ≡ ψ, tìte ∀xϕ ≡ ∀xψ kai ∃xϕ ≡ ∃xψ,

(dþ) ∀xϕ ≡ ¬∃x¬ϕ kai ∃xϕ ≡ ¬∀x¬ϕ.

68. DeÐxte ìti an p�roume wc ϕ ton tÔpo ∃y y 6= x, tìte o tÔpoc ∀xϕ(x) → ϕ(y) den
eÐnai logik� alhjinìc. SugkrÐnete me ton nìmo antikat�stashc (2g') sth sel. 49.

69. BreÐte tÔpouc logik� isodÔnamouc me tic arn seic twn parak�tw tÔpwn kai stouc
opoÐouc to sÔmbolo ¬ thc �rnhshc anafèretai mìno sta sÔmbola kathgorhm�twn.

(aþ) ∀xP (x) ∧ ∀xQ(x),

(bþ) ∃xP (x) ∧ ∃xQ(x),

(gþ) ∀x∃y R(x, y),

(dþ) ∃x∀y∀z S(x, y, z),

(eþ) ∀x (P (x) → Q(x)),

(�þ) ∃x (P (x) ∧Q(x)).
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70. Me th qr sh twn nìmwn tou de Morgan, deÐxte ìti h �rnhsh tou tÔpou

∀ε(ε > 0 → ∃m∀n (m < n → |a(n)− g| < ε))

eÐnai logik� isodÔnamh me ton tÔpo:

∃ε (ε > 0 ∧ ∀m∃n(m < n ∧ ¬(|a(n)− g| < ε))).

71. BreÐte tÔpouc logik� isodÔnamouc me touc parak�tw, stouc opoÐouc emfanÐzontai
wc logik� sÔmbola

(aþ) mìnon ta ¬, ∧, ∀, (b') mìnon ta ¬, ∨, ∃
(i) ∃x (x < y ↔ x|s ∨ x|t),
(ii) O < x ∧ ∃y(x < y) ∨ ∀x(z < y ∧ z < x).

72. ApodeÐxte ìti gia k�je dom  A kai tÔpouc ϕ, ψ:

(aþ) An A |= ϕ kai A |= ϕ → ψ, tìte A |= ψ.
(bþ) An A |= ϕ → ψ kai h metablht  x den eÐnai eleÔjerh ston ϕ, tìte

A |= ϕ → ∀xψ.

73. ApodeÐxte tic parak�tw idiìthtec thc shmasiologik c sunèpeiac:

(aþ) An ϕ eÐnai stoiqeÐo tou T , tìte T |= ϕ.
(bþ) An T |= ϕ kai T ⊆ T ′ ( T uposÔnolo tou T ′), tìte T ′ |= ϕ.
(gþ) T eÐnai antifatikì e�n kai mìnon e�n gia k�je tÔpo ϕ isqÔei T |= ϕ.

74. ApodeÐxte ìti

(aþ) ϕ, ϕ → ψ |= ψ,

(bþ) ϕ, ¬ϕ |= ψ,

(gþ) ϕ, ψ |= ϕ ∧ ψ,

(dþ) ϕ1, . . . , ϕn |= ϕ1 ∧ . . . ∧ ϕn,

(eþ) ϕ ∧ ψ |= ϕ, ϕ ∧ ψ |= ψ,

(�þ) ϕ1 ∧ . . . ∧ ϕn |= ϕi (i = 1, . . . , n),

(zþ) ϕ |= ∀xϕ,

(hþ) ∀xϕ |= ϕ

75. DeÐxte ìti an A |= T kai T |= ϕ, tìte A |= ϕ.

76. DeÐxte ìti èna sÔnolo tÔpwn T eÐnai shmasiologik� antifatikì e�n kai mìnon e�n
den èqei prìtupo.

77. DeÐxte ìti an |= ϕ → ψ, tìte ϕ |= ψ. DeÐxte ìti to antÐstrofo den isqÔei an p�roume
wc ϕ, ψ touc tÔpouc x 6= O kai ∀x(x 6= O) antÐstoiqa.
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78. DeÐxte ìti an T eÐnai sÔnolo tÔpwn kai ϑ prìtash, tìte:

T ∪ {¬ϑ} eÐnai antifatikì e�n kai mìnon e�n T |= ϑ

DeÐxte ìti to parap�nw den isqÔei an sth jèsh thc prìtashc ϑ p�roume ton tÔpo
x = O kai wc T to sÔnolo {∃x x = O} (  to kenì sÔnolo).

79. O sullogismìc

Up1: K�poioi foithtèc eÐnai èxupnoi
Up2: O Gi�nnhc eÐnai foitht c
S: O Gi�nnhc eÐnai èxupnoc

perigr�fei sumbolik� wc ex c: ��{∃x(P (x) ∧Q(x)), P (c)} |= Q(c).��.
EÐnai orjìc o parap�nw sullogismìc? (dhlad  isqÔei to
{∃(P (x) ∧Q(x)), P (c)} |= Q(c); ).
Exet�ste ìmoia an eÐnai orjoÐ oi sulogismoÐ:

(aþ) 'Oloi oi akèraioi eÐnai rhtoÐ
MerikoÐ pragmatikoÐ eÐnai rhtoÐ
'Oloi oi akèraioi eÐnai pragmatikoÐ

(bþ) 'Oloi oi akèraioi eÐnai rhtoÐ
MerikoÐ pragmatikoÐ eÐnai akèraioi
MerikoÐ pragmatikoÐ eÐnai rhtoÐ

(gþ) Kanènac filìsofoc den xèrei Majhmatik�
K�poioi xèroun Majhmatik�
Den eÐnai ìloi filìsofoi

(dþ) K�je Logikìc eÐnai formalist c   idealist c
Den eÐnai ìloi oi LogikoÐ formalistèc
MerikoÐ LogikoÐ eÐnai idealistèc.

80. ApodeÐxte ìti

(aþ) ∀x(P (x) → Q(x)), ∀x(Q(x) → R(x) |= ∀x(P (x) → R(x)),

(bþ) ∀x(P (x) → Q(x))), ∃x¬Q(x) |= ∃x¬P (x),

(gþ) ∀x(P (x) → Q(x), ∀x(P (x) |= ∀xQ(x)

81. 'Estw T sÔnolo tÔpwn thc gl¸ssac L, tètoio ¸ste gia k�je prìtash ϑ thc L:
T |= ϑ   T |= ¬ϑ. ApodeÐxte ìti se k�je prìtupo A tou T isqÔei:
Gia k�je prìtash ϕ thc L

A |= ϕ e�n kai mìnon e�n T |= ϕ.
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82. DeÐxte ìti an ϑ eÐnai prìtash, ψ tÔpoc, T sÔnolo tÔpwn, tìte

T, ϑ |= ψ kai T, ¬ϑ |= ψ e�n kai mìnon e�n T |= ψ.

83. DeÐxte ìti h suntaktik  sunèpeia èqei tic idiìthtec:

(aþ) An T ` ϕ kai T ` ϕ → ψ, tìte T ` ψ.
(bþ) An T ` ϕ, tìte T ` ∀xϕ.
(gþ) An T ` ∀xϕ kai x antikatast�simh apì ton ìro t ston ϕ, tìte T ` ϕ(x/t).
(dþ) T ` ϕ e�n kai mìnon e�n T ` ϕ, ìpou ϕ kajolik  kleistìthta tou ϕ

(eþ) An T ` ϕ → ψ kai x den eÐnai eleÔjerh ston ψ, tìte T ` ϕ → ∀xψ.

84. Qrhsimopoi¸ntac kat�llhlec tautologÐec tou ProtasiakoÔ LogismoÔ kai thn idiì-
thta apìspashc ( 83. (a') ) deÐxte ìti:

(aþ) An T ` ϕ → χ kai T ` χ → ψ, tìte T ` ϕ → ψ.
(bþ) T ` ϕ ↔ ψ tìte kai mìnon tìte, ìtan T ` ϕ → ψ kai T ` ψ → ϕ.
(gþ) T ` ϕ ↔ ψ tìte kai mìnon tìte, ìtan T ` ψ ↔ ϕ

(dþ) T ` ϕ kai T ` ψ tìte kai mìnon tìte, ìtan T ` ϕ ∧ ψ

(eþ) T ` ϕ → ψ tìte kai mìnon tìte ìtan T ` ¬ψ → ¬ϕ

(�þ) An T ` ϕ ↔ χ kai T ` χ ↔ ψ, tìte T ` ϕ ↔ ψ

(zþ) An T ` ϕ, tìte gia opoiond pote tÔpo ψ isqÔei T ` ψ → ϕ

(hþ) T ` ϕ e�n kai mìnon e�n T ` ¬¬ϕ

85. DeÐxte ìti an T ` ϕ ↔ ψ, tìte T ` ∀xϕ ↔ ∀xψ.

86. DeÐxte ìti eÐnai tupik� jewr mata oi nìmoi tou KathgorhmatikoÔ LogismoÔ.

87. DeÐxte ìti:

(aþ) An T ` ϕ ↔ ψ, tìte T ` ∃xϕ ↔ ∃xψ.
(bþ) An T ` ϕ(x/t) kai x eÐnai antikatast�simh apì ton ìro t ston tÔpo ϕ, tìte

T ` ∃xϕ.

88. DeÐxte ìti T, ϕ ` ψ e�n kai mìnon e�n T, ϕ ` ψ, ìpou ϕ eÐnai h kajolik 
kleistìthta tou ϕ.

89. DeÐxte ìti an ϕ1, ϕ2, . . . , ϕn ` ψ kai T ` ϕ1, T ` ϕ2, . . . , T ` ϕn, tìte T ` ψ

(Upod: Qrhsimopoi ste thn �skhsh 88 kai to Je¸rhma Apagwg c).

90. DeÐxte ìti k�je mia apì tic parak�tw sunj kec eÐnai ikan  kai anagkaÐa gia na eÐnai
suntaktik� antifatik  mia jewrÐa T :

(aþ) Gia k�je tÔpo ϕ thc gl¸ssac T ` ϕ

(bþ) T ` x1 6= x1

(gþ) Up�rqei peperasmèno T0 ⊆ T pou eÐnai suntaktik� antifatikì.
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91. DeÐxte ìti an ϑ eÐnai prìtash, tìte

T ` ϑ e�n kai mìnon e�n T ∪ {¬ϑ} eÐnai suntaktik� antifatikì .

92. DeÐxte ìti an ϑ eÐnai prìtash, tìte

T, ϑ ` ψ kai T, ¬ϑ ` ψ e�n kai mìnon e�n T ` ψ.

93. DeÐxte ìti gia opoiosd pote ìrouc t, s, u isqÔei

(aþ) ` t = t

(bþ) t = s → s = t

(gþ) ` t = s ∧ s = u → t = u

94. DeÐxte ìti ta logik� axi¸mata (A1)-(A22) eÐnai logik� alhjinoÐ tÔpoi tou Kathgo-
rhmatikoÔ LogismoÔ.

95. ApodeÐxte to Je¸rhma Sump�geiac tou KathgorhmatikoÔ LogismoÔ (sel. 56), qrh-
simopoi¸ntac to Je¸rhma Plhrìthtac tou KathgorhmatikoÔ LogismoÔ.

96. ApodeÐxte to b' Je¸rhma Plhrìthtac me b�sh to a' Je¸rhma Plhrìthtac kai to
Je¸rhma Sump�geiac
(Upod. DeÐxte pr¸ta ìti ϕ1, ϕ2, . . . , ϕn |= ψ e�n kai mìnon e�n
ϕ1 ∧ ϕ2 ∧ . . .∧ ϕn |= ψ. DeÐxte to Ðdio gia th suntaktik  sunèpeia. Qrhsimopoi ste
to Je¸rhma Apagwg c).


